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The Motion of a Solid in Infinite Liquid under 
no Forces. 


By A. G. Greenumi, F. R. S., Woolwich, England. 


The theory is sketched out in Thomson and Tait’s “ Natural Philosophy,” and 
a complete solution for a solid of revolution is given in Kirchhoff's *' Vorlesungen 
über Mathematische Physik," IX; the treatment is developed at length in the 
“Motion of a Solid in a Liquid," by Dr. Thomas Craig (Van Nostrand, 1878), 
and in Halphen's “Fonctions elliptiques,” t. II, chap. IV, and the subject in 
general has attracted the attention of a large number of writers, for which the 
Fortschritte der Mathematik may be consulted. 

The object of the present paper is to examine closely the elliptic function 
expression of all the dynamical quantities involved, and to explore the analytical 
field by working out completely the simplest Pseudo-Elliptic cases to serve as 
landmarks, utilizing for this purpose the analysis developed in the paper on 
" Pseudo-Elliptie Integrals and their Dynamical Applications,” Proc. London . 
Math. Society, vol. XXV, and carrying this out in continuation of the manner 
employed for a similar purpose in the papers on the “Dynamics of a Top" and 
on the ' Associated Motion of a Top and of a Body under no Forces,” Proc. 
London Math. Society, vols. XXVI, XXVII. 

The lectures delivered last year by Professor Klein at Princeton University 
have placed the analytical treatment of the motion of the top, and of Jacobi’s 
two allied motions à la Poinsot, in a much clearer light and in a more elegant 
manner; à similar treatment of the present problem will certainly prove equally 
valuable, but meanwhile the special cases, developed at length here, will serve 
. as oases, so to speak, in the infinite region of the general elliptic function 
solution. 

Simple experimental illustrations of the motion can be observed in the 
evolutions of a plate or coin or bubble in water, or of a disc of paper or card- 


board in the air, as well as in the motion of a projectile or torpedo. 
1 


2 GREENHILL: Motion of a Solid in Liquid. 


1. The notation employed is that given in Basset's " Hydrodynamics,” vol. 
I, Appendix III, and also in the “ Applications of Elliptie Functions,” p. 342; 
the body may for simplicity be taken as a smooth homogeneous solid of revolu- — 
tion, having component linear and angular velocities u, e, w and p, g, v; and 
now the total kinetic energy 7'of the body and of the surrounding infinite fric- 
tionless liquid stirred up by the motion of the body is given by an expression of 
the form | | 


T—4 P( + 0) + 4 Ru ER AC + P) E OP, (A) 


where P, E, A, C are constants depending on the shape of the body and on the 
density of the solid and liquid. | | 

The more general form of 7' assumed by Halphen, due to certain modifica- 
tions in the shape of the body, which still leads to Elliptic Function solutions, 
may be considered separately in its modification of the results, as also the effect 
of the circulation of the liquid, which may exist with a ring-shaped or perforated 
body. | 

To realize practically the condition that no external forces act upon the 
body, even in & field of gravity, we may make the density of the body and of 
the liquid the same, so that the buoyancy and weight cancel, and the apparent | 
weight is zero, as in the case of a fish and a submarine boat or torpedo; and now 
the Hamiltonian equations of motion lead to | 


du 


Po — 5 Po + qltw —0, | (1) 
dv u 

PC Iiw-rPu-0, | (2) 

RS? — gPu + pP» — 0, | | | (3) 
dP y TE 

Ar — 14g + qOr —wPo + viw = 0, (4) 

A — pCr + vÀp — ufiw + wPu = 0, (5) 

C T- —gAp + pág — vPu + uPo= 0; (6) | 


gome of the equations being capable of obvious simplifications. 
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2. To make the memoir complete, it will be advisable to repeat to a certain 
extent the ordinary treatment; thus, multiplying (1) by Pu, (2) by Pv, (3). by 
Hw, and adding, 


du dv dw __ 
and integrating, 
P? (i$ +) + Ru? = F* (B) 


where the constant F represents the resultant linear momentum of the system. 
Similarly it can be shown that 


Au Pp + AvPq + CwoEr-—G, (C) 


where G is a constant, representing the resultant angular momentum of the 
system. 
From equations (A) and (B), 


A (p? + P) = 2T — Cr? — Ba? — P (i? + v) 
= 27 — 0P — Le A (O Re), 


and from equation (3), 


dw? _ NM 
34g P (ug vp) 


= P (è Hep +7) — P (up + og) 
eae 
+ (27— CI == 


R 


FN FP— Rw 6G — Owlry 
B. A C | ) m 
thus determining w or Rw as an elliptic function of t. 


3. By the Principles of the Conservation of Energy and Momentum, T will 
remain constant, while F' will represent a constant linear momentum in a fixed 
direction, Oz suppose; so that denoting by yı, Ys, y, the cosines of the PAR 
between Oz and the axes OA, OB, OC fixed in the body, 


Pu = Fas, Po = Pya, Rw = Fyz; . (8) 
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and, introducing Euler's angles 6, $, 4j, 


yı = — sin 0 cos, y= sin 0 sin, y, — cos 6; (9) 
p= sin $ 0 — sin 0 cos $ À, 
q — cos $ + sin 0 sing 4), 


r= $ + cos 6 Y, | | | (10) 
80 that 
P (up + vq) = F'sin 0 (— p cos $ + q sin Ÿ) 
= F sin? 0 ^ (11) 
Or di .G—CrF cos 0 | | 
— LI 12 
di AF sin? ð ` (12) 
Split up into two partial fractions, 
| dy _ dy, dh | | 
| di dp di P 
where di, |G—CrF 1 
di —— 2ÀF  1—cosÓ' 
dy, | G+ Crk 1, (14) 
dt IAF 1+ cos @’ 
and then = r— oos 0 E 
= (1— C). + th. (15) 


4. Writing z for cos 0, or Fz for Rw in equation (D), then 


dz ^ ; AU ae mw NEIL /Orfz— G 
dB fae » (2T oe RY Ak AnF Ty (16) 


where TE cer p o XX. 
| ont = (pp) ZU uu) 


and according as the body is prolate or oblate, so is P>R or P< R, or an’ is 
positive or negative. 

To distinguish these two cases, we take a= +1 for prolate bodies and. 
a = — 1 for oblate bodies; so that 


"LES 0000009 
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and now dz 


where | 
= a (d — 1) — (27— Cr — T E : cT (20) 
and | 
dv — G — Cre | (21) 
dz | AnF(1—2)4Z' | : 


Following the notation employed in . the discussion of the motion of a top, it 
is convenient to put 


oT "m | . (29) 
‘and PP — CES — 
0 P-P cb E. 
so that = Or Fz — G0? 
| Z-a(&— 1(& —1—aD) (TES), (24) 
Es i pa m a | 
Z —a(&— ig —1—aE) (PS), (25) 


5. Starting now with the general elliptic integral of the first kind, 


dz 
uc f 7 (26) 
Z = af + Ab? + 6c2 + 4dz +e, (27) 


where the quartic 


and 4 denotes the elliptic argument (a different use of the letter w to that 
employed previously to denote a component velocity ; these two meanings will 
not however be found to clash); we make use of a theorem, supposed to be due. 
to Weierstrass, but first employed by Biermann in his Dissertation, “ Proble- 
mata quadam mechanica functionum ellipticarum ope soluta," 1865, which 


asserts that we can put 


F(z, %) F AEAN 


p (u -e us) = 7 (a — ay (E) 


where | 
F(z, %) = adj + 2e (2, + z) +e (À + 42 + &) + Au + %) +e, (28) 


the second polar of Z; uw, and w denoting the elliptic arguments corresponding 
to 2, and z. | 
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6. When the roots e., eg, e, of the discriminating cubic 
4e* — g,e — gs = 0 (29) 


are known, in which g, and g, are the quadrinvariant and cubinvariant of the 
quartic Z, given by 








J, = ae — 4bd + 3c, (30) 
gs = ace + 2bcd — ad? — eb? — c, (31) 
the above theorem (E) can be replaced by 
p (ts + us) — e, 
=a{¥ Gh A La) (85 gg « Sy — 2) FEV (y= hyp — Ra) AV (ei Bp 12 i. (32) 
2 (zy — 23) 
where Zo, Za, Zg, % denote the roots of the quartic Z= 0, so that 
Z = a (&— %)(% — 2,)(2 — vg)(2 — z,). | (33) 
With the form of Z in (20), | | 
ty tt tity +m =O, " (34) 
a (20 + Za)(Ze + 2y) + A (22a + Zey) = — 2a — D — Ag (35) 
P , 
A 22% p%, — a + D mE An P . . (36) 


Thence, denoting by v, and e, the values of the SAONE argumens correspond- 
ing to | 
C» p oq 


AE 87) 


LZ, = — 
p (v, + V3) — 6, 


ir te ET 


3 n (2 
= if + 22 (2-2, —9a—D— À di s bat D— an me (38) 


G 
€ , P(r + v) — 6 = Ea (a + 8) — Lp ’ (39) 


p (01 — 0a) — = Fa (20 + 2a) — or (40) 


GREENHILL: Motion of a Solid in Liquid. 7 


80 that lo (m +2 = - p te (a Ho) — e iod (41) 
= GF, Hean) e (42) 


7. It is convenient to employ the notation of Darboux in the corresponding 
motion of the top (Proc. London Math. Society, vol. X XVII), and to put 


G _ 2L Cr 2B. 








AP MU A " 
2 
go paat Z— a(& —1) —1—aD)—4(P* t (44) 
Hf | 
a(g — 1 —1—aE)— 4 (I Py, (45) 
and dy 9 L— Bz 
de ^ MQ-—S4AZ m 
Also . | sr. LR (47) 


where M is a homogeneity factor to be determined in the de and sis a new 
variable defined by 


ar sca E i) 

where | S= 4s (s + x) —i(y + 1)s — y}, (49) 

z and y being the quantities defined by Halphen in his ‘ Fonctions elliptiques,” 
t. l, p. 103; and when resolved into factors, we put 

N = 4 (8— 8,)(8 —eg)(s— 8,), or 4(s— &)(s — &)(s — sg). (50) 


8. Now putting 
M+ y=, | (51) 


(again a different signification of v to that employed at the outset) and denoting 
by o or s (v) the value of s or s (u) corresponding to u — v, equation (41) becomes 


tal (a + gy = D - o — s, 


aM, , (52). 
suppose ; so that 
$M (% + 2) — M, 
$M (a + %) = M, 


3 M (2 + %) = Ny. | (53) 
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Taking 8,7» 847» 84, and employing relation (34), we find that when a= +1, 


as for & prolate solid, | 
Mz, = + M + M — N: 
Ma, = — N, — Ny — Ns; 
while for a = — 1, and an oblate solid, 
Mz, = + N, + MN, 
Mz, = + N — N, is Ns, 
Mz, = — N + N, + Ns, m 
Ma = — N — N,— N53. 
9. Now, rewriting the expressions for Z, in this new notation, 
B= a(e— n) — n) ne — 2) 
MN. (Ns — N} H N, (Ns — Ny | 
= pus 4 EC TAE Ru Dee 
a}? 2 Ty ^ gt 2 ut 


=a(t—o Mi MoM Torta 
ED 


z p 8 


(54). 


(85) 


NP NI ONENE GNIS ANNE) (50) 


+ n 
so that, putting z = + 1 in (56) and (44), (45), 
4 | a 
ae py Be Eu 








M" 

u B-—Lw 
| lue zi 
NP-CONPOSCND NNN, Q,O0NPD Bee. —2NINS.... 

ia a EE 
_ Qf(BH D 
B -—34(7« 
Subtracting, iga NNN, 18 BL 
E M* 
or BLM = aN, N; N;, 
so that * Or 2B L o, NNA, 
An M LM? ' 
with | G _ 2b 
= An M 


(57) 


(58) 


(59) 


(60) 


(61) 
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Multiplying equations (57) and (58) by a, and adding, 





joa MPA NINE, Nit Ni + Nj — NPN} — 2NINI — oNN? 
an | (AM : 
Sdn bos a 
__, MMM D 
| E DM M 
LM: — 2 (N? + N? + N2 — 2a1?) PM | 
+ (Né-+....— INEN — ....) LP H 4aN3NEN3 = 0, 
D (MP — M — N? — N? + 2aD?y = 4 (D — aN?\L7 — a NZ) — aN?) 


| = 4 (8 —o)(& — 9)(83 — 0) = —X, (62) 
where X denotes the value of S in (50) when s =c ; and thus | | 
CPEMEN+M-uD-NES, 0 (63) 

thus determining the homogeneity factor M. | 


10. Equating the coefficients of 2, 


p 
M? 


Po ae 
mad EA. 


2a + D +4 
| Los M EINEN. 
M? ? 


(64) 
go that R= ge US 

rn ee a ES 
| J—E.. | | (65) 


and —» L—B | (66) 


“But otherwise, equating the coefficients of 2°, | 
DO p 
Op agp deg | 
à i 3 E ` 
ğ ard EE (67) 


AD (N? +N} + Npa) Ly —S+a(Nit ee NENG.) (gg) 


Cned 


CTHS # 
2 
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and : 
N? + M + N? = 3a D? + 3agv, (69) 
Nf4....— 2NINB.... — — 815 — 61? M?pv + 9. M*gv — 2M*gv; (70). 
80 that- quem (I? 4- 3 M*pvy y — — (— X) —2 Mpv | 71) 


an expression analogous to that in equation (214), p. 581, Proc. London Math. 
Society, vol. XXVII. 


We may also write E=—9 x. mE | (72) 
and then by analogy, | 
| D= 2 = (73) 
where Tem Va $9 


again a different use of w. 


11. Another resolution of the quartic Z can be given, by means of the 
elliptic functions of the argument «eg, which corresponds to the infinite value 
ofz; namely, . 


| — PVs | 
— g) = ————— , 75 
cM | f ) 
Va(a—a)o MPU (76) 

gu — pus Ug — €, 
Differentiating, 
ua Z — PUP 
VU) TN qu = (gu — pos 

=p (u— v) — p(u +), (77) 


and integrating, mu 
v (a) z= & (u + v) — 6 (u — vy) — £v; 
na (u — vs) — #20 
p (u — v) — ev, 
= 9 (u— vs) + p'(u + v). | 
El hu) plu F o m 
and squaring, 


az = p (u — v) + p(u + v) + pans. (79) 
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12. Putting t4 = uw = u in formula (E) leads to Hermite transformation 


pau = — £ | (80) 
where H is the Hessian of the quartic Z, namely, | 

H = (ac — b’) A+ 2 (ad — be) B+ (ae --2bd — 3c?) 2+ 2 (be — ed) z + ce — d. (81) 

Since 6 = 0 in our form of the quartic Z (20), then corresponding to g-- o, 

pan = — o, (82) - 

or 6p2v, is the coefficient of — # in Z; so that 


p= La + ED 


=a +E +A 
2a MAMAN 
I? 
= 35 +P (0 %) (83) 
2 | | 
" p (0, + va) = P20 — D; (84) 
and, by analogy, l 
B? 
p (v, — vy) = p20 — uy | (85) 
2 
" (0 F(ndw)mdaEE-igs (2 (86) 
| e(n.—5) — pa +D m; (87) 
while from (72) and (73), 
W (v + v) = — E 
: BD 
ig (v, — v) = 2M (90) 


So also Hermite's formula _ 
p2u-—-— | (91) 
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where Q denotes the sextic covariant of Z, leads for the infinite value of z to 


p 2v, — coefficient of 4z in Z, 
a/a | 


or | B 

p 2v, = da (92) 
We notice that v, is a fraction of the real or the imaginary period, according 
asa is +1 or — 1, or as the body is prolate or oblate; and, sometimes, by 
retaining a, we are able to state the results in a general form, suitable for all 
cases. 


a 


13. The annexed diagrams are intended to illustrate the various cases which 
may arise, and to exhibit to the eye the separation of the roots of the quartic Z; 
the curves on the left hand are the typical graphs of the function Z, while the 
concentric circles on the right show the correspondence of g on the outer circle 
with the elliptic argument u on the inner circle, the shaded portion representing 
the limits of the actual variation of z. 

Case I applies to the prolate body for which a = + 1; and all four roots of 
Z are e roal, and arrauged in the order 


o > h> l >artirar>-lb>ar_—e, 
so that @,, o denoting the real and imaginary periods of pu, and the letter f 
being employed to denote generically any fraction, 


v; = fos, Ve = 0 + fas, ty = fay, 
D OF w = v + Va = Q4 + fO, 


u = 9g + fay. 
Case IT, an oblate body, a = — 1; all four roots of Z real and arranged in 
the order | 
PPL >a ri ra rg ri >na Tl >, 
Ui, Ug, Ug, V, w = fas, 
U = og + fo, or jo. 
Case IIT, an oblate body, a = — 1; two real roots of Z and two imaginary : 


o >l 44 banalo; 
Vi; Ug, Ug, U, W — fas, 


u = fo. 








te 





pp: 


PS | 
^N 


£i 
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Cases IV and V represent the conditions for an oblate body when the 
kinetic energy assumes the more general form discussed by Halphen and others, 
in consequence of which Z takes the more general form, with a = — 1, 


Bu — LX“? 





=— (gd — 1)(2 — 4bz — 1 + D) —4( > 





- — (f — 19 — 4b2 — 1 + E) — 4 (2 T) (93) 


and now in 
Case IV, ORAS AMeim5Lm24Lm»-—1rf5-—c, 
v, — ài + fos, vy and Vg = fas, 
v and w= a, + fog. 
Case V. o>1 >a >e>e —ivmulL—c, 
| v, and v= fag, Vy = a + fo, 


v and w= o + fog. 


The term 6 may arise from the external shape or from circulation in the 
liquid when the body is perforated or ring-shaped (Basset, Hydrodynamics, 
I, $193), but the absence of b simplifies considerably the elliptic-function expres- 
 Bions. | 


14. Putting z = + 1 in (77) and (79), 
B — dn gt; gv, 














24/ (— à) Coe OAE . (94) 
20 (— a NEA Guia = P (o — v) — p (0 + v); (95) 
a = p (vx — vg) + P (vv + vs) + p2ws, (96) 
a = p (Va — Ve) + p (Va + vy) + p20. (97) 
TRE g(n—a)cáa—ikehytw(—2) 7, (0) 
(v +%) = $a — 42v, m (— a) P T (99) 
p (os — v) = b a — i p20, + / (— Em (100) 
EIS 


(v, + v) = £a — 2 2v — / (— a) (101) 
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Again, putting z= + 1 in (78), - 


p' (ey — 0) — 9120 = 2Va {p (v — v) — pu, 




















B | B—1HL 
plu m9) = 2a yg Fa beo + Ca) x 
- aa DF — 3 Jak — 27 aT Lait 
and | 7 
e! (v — v) + 9 (v, + v) = 24/ a ip (v; — %) — P (v, + vs) 
| i salt, * 
| : = 
p (tm) = — IW a Fe Eb VET Vaga + DE rn 
Similarly : 
B i 2 f 
e! (6 — 03) = Va m + tal + a iar 25D A 
p (00 + 09) = — Was —$ Val — Wama tA., 
Thus | 2 | 
| p (v — v) — P (vs + 4) = 24 (— a) Se, 
p (v. — u) — 9 (o Ho) = Ava D + Ai 
.80 that | 7 
p’ (v — v) — P (va Hv) — . L : 
B e(n—vw-—b»(n tw) "Hv 
and squaring, | | | | 
piv Fo) +rta—n) E e(n Ju) — D — sy (aL. ra 
| 1 2 1 b 2. 8/ — M? | M : 
ut p (v — €) + p (n + v) =a — po, — 2 (— a) o; 
80 that mE 


"ZA D 
p (vi + va) = p2v, — FF ’ 


agreeing with equation (84). 


15 
(102) 


(103) 


(104) 


(105) 


(106) 
(107) 
(108) 


(109) 


(110) 


| (111) 


(118) 


(113) 
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Similarly, 
p (v + v) — p (v +v) = ?4(— a) + 
p (vx + o) + Pit 0) = — 4a 2% BL aul 


M à 
p (v; + v5) T£ (v, + v) E. eae . 
fev rupes pen RT - ae Y A on 


so that, squaring, 





p (V — v) + p (ui + vs) + p (ue + v) = — =~ BW (—a) y — +a. (116) 
en p (ei + vy) + p (vt v) = a — p 2v — 2A/ (— 2) a (116) 
t 
ome p (v, — %) = pw — n (117) 


agreeing with equation (85). 
15. Again, from (110), 


pae CU) lei a UR 118 
p(n t w)—P (v; — vg) | M dn ) 





and 
, np 
p (0; + 0%) — p (01 — %) = ev — Fe — ha à gto — A (— a) —— 
| =f h— "P mud (119) 
therefore 


| 


9 (i — va ip (vi + GM vs) 


(i= a va) {de NT (—a) Ë 


p (v 4- v) 





| 


I^ W^" 
— 27 a D + 3 Wa + 2a a ijs — — 9$ —— — r 


sy, (120) 


as before in (89). 
So also, from (114), 


pP (m 2e) — lato) — g (vi + vy) — e (Va + s) 
p (0, — U5) — P (Eu) p (v1 + vs) — e (vs + vy) 


. B 
= ir tva, | (121) 
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and 














(n —*) — pv + o) = 92% — y — ha + hp + (C o) 244 
-iD4/(-27 p^ 
therefore 
"iom (Hg + Va) {D + (0 ap 
— aT EVaD— Wa Fe — StS LS 


agreeing with (90). 
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(122) 


| (123) 


These verifications are useful in fixing the signs of the various expressions, 


in the ambiguous cases, of frequent occurrence in these calculations. 


16. Returning to (75) and putting in it «=%, and z — 1, 


^/ a 1--2 = I," N 
o) 901 —- Us 
so that | Ja(1—2) = ZT gv (pu — pv) . 


(pv, — pvz) (pu — pvz) ! 
and similarly, 
Stinson Pape) 

( ) (po, — pva (pu — $v3) 


Also, from (24), (25), (44), (45) and (77), 


G—CrF L—B . 1 gv, pug 
2AnF ^ M ^  294(—a) (pv, — pu)! 

G+CrF L+B_ 1 PV pO | 
2AnF = M |  24(—a) (gv,— pu)’ 


so that in (14) 
dhit = .G—OrF 1 
du 2AnF 1—2 
— i gv, (pu mE p") 
(po, — pus) (pu — pu) 
- gu go 
CE C ~~ Pv; D rer pu — pu 
iin + v) + 44 (v — v) — $v 
— &é(u — vj) +40 (u + vi) + £v. 
3 








(124) 


(125) 


(126) - 


(127) 


(128) 


(129) 
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Similarly 
A es C LOF 1 
2ÀnF 1 + 2 


z F £v, (pu — pus) 
um gus) (pu— pus) 








=i Te ig 


= b +0) +A (n— 0) — Tu 
— $6 (u — vy) +3 ¢ (u + Va) + vs. 


Integrating (129) and (130), - 


Vim dE + v) +E (0 — 9) né + Hog get nd, 


vi 


ai = 440 (vo + vs) + Clon — v) nt + 4 log SUT 0) QG) 


(u =a) 
and adding, aeia n 
| {u + v,) G(u + v, 
Wis OU Ob Cig OO Ucn) 

where | Q = S(t + va) E t) EC + va) + 5 (vs — 9). 


By a theorem of Elliptic Functions, 


flog Stu MO EME 4 tog a 


+ fr 
6 (u vj) 6 (u — vy) — v) gt 
where v, + Ug == v, 
and a (po; — pos) p'u 
ig», (pu — po) — tv, (pu — pus) 
= gin! ot 


"P a/ | (pu — pvi) (pu — pus)(pu — po)! 
so that we can put | : 


e ! 6 (u + v) 
Jii Qi + Gt h log e t2, 


(130) 
(131) 
(132) 


(133) 


(134) 


(135) 


(51) 


(136) 


(137) 


and we have now practically added the parameters a and v, of two Elliptic 


Integrals of the third kind into a single parameter v. 
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17. We now introduce the Elliptic Integral of the third kind, with elliptic 
parameter v, in the standard form we shall employ and denote by Z(v), namely, 


I(o) = TE (v)(8 — 5) —/— È 


(e — o)/ S 
469 — J)e (or nt 
= ilg eme gens fa) es E (138) 
with 
Jt or M | (139) 


where P (v) or P is a certain function of v, to be defined hereafter, so chosen as 
to cancel the secular term when the integral l(v) is pseudo-lliptic, in conse- 
quence of the parameter v being an aliquot part of a period. 

Now from (138), 


$ log élu = i (v) — nio — Fi gy nt, (140) 





and thus | 
Vii it + vs) + C (va — vy) — 6 (vi d vs) 
+ (va + v) + E (vi — vs) — 6 (01 + 9) — i| nt + iI (v) + £i. (141) 
But, from (99) and (100), 


C (vy + 5) + Ë (v — vs) — 6 (mi + vy) 
| =s lp (v vg) +P ( er ee ) 








- lis irm 25 - | 
3 
Hair ed i erm — gri 
I? | | 
| =y fa} (=a) — gn = it +a, (142) 
and similarly, P E | | 
č (at va) + C(m— vs) — $ (v1 + v) = i g — Na. (143) 


To settle the ambiguity of sign, we may also employ the formulas 


: , T p (% + v) — 9 (vy—- vg) 
g(a, + va) + E (0s — vs) — En 9) = Ti p (v, + va) — P (0 — Vs) | 
y p' (v, + v) — 9 (vi— v) 

(vs + 05) + J(u — v) — E (0 +03) ——3 9 (v + v) — P (V; — v3) d (144) 
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and thus 
. * L - P s * 
di == (i+ hi)" + 2 (v) + £i, 


and, dropping the factor 4, 


y = ES RU (v) nt + (v) + &, (145) 

or y. —- pt = I(v) +£, | .. (146) 
where p L-—iP() 

cd m MH ^ | Ug 


a different p to the component angular velocity about OA in $81. Without this 
preliminary determination of pt, the secular term in +, the consideration of 
the pseudo-elliptie solutions would be hopeless. 


18. The next chief object of the present paper is the discussion of the 
Pseudo-Elliptie cases which arise when the parameter v is made an aliquot part, 
one n9, of & period, so as to be of the form 


v= a =, or a (148) 


according as the body is prolate or oblate; and when P (v) is at the same time 

so chosen as to make /(v) an inverse circular function; the preliminary analysis 

will be found in the paper on ‘‘ Pseudo-Elliptic Integrals,” Proc. London Math. 

Society, vol. XXV, from which the results required in the sequel will be taken. 
In such cases it will be found that we must take 


iP) ., m. | 
"ap dr HM 
and iL) = dog C+ De . (150) 
where “ ga EUN s= A E (151) 
7i n 


and now tJ (v) is the logarithm ofa function, analogous to the sn, cn or dn function, 
which is considered in Halphen's ‘ Fonctions elliptiques,” I, p. 224, the function 
being the n° root of a rational function of pu and p'u. 
Further, by taking 
L=4 P (v), (152) 
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the secular term pt is cancelled in the equations and all trace of elliptic trans- 
cendentalism is eliminated, so that the various curves described by points in the 
axis of the body are, relatively to the moving origin O, purely algebraical 
curves; these special cases are interesting to discuss and to represent diagram- 
matically and stereoscopically, like the analogous algebraical Spherical Catena- 
ries and Gyrostat Curves, investigated in the Proc. London Math. Society, vol. 
XXVII, and drawn by Mr. T. I. Dewar. 


19. The curve described by the projection of the moving origin O on a 
plane perpendicular to Oz is intimately associated with the cone described by 
the axis of figure OO round Oz; for, denoting the coordinates of the projection 
of O by a, B, and the advance of O parallel to Oz by y, then, according to the 
equations given in Kirchhoff's * rose " ia 240, 


Fa = BE + Eur T FALL | (153) 


_ oT " a | 
aeos e SE ud (154) 
pe uote), (a 


where wu, v, w again denote the component velocities of O in the directions 
OA, OB, OC; and a,, a4, a, denote the cosines of the angles between O'a 
and OA, OB, OC; and £,, Bz, Bs the cosines of the angles between O'S and 
OA, OB, OC; O'a, O/B, O'y being three fixed axes in space, drawn through a 
fixed origin (©, O'y being drawn parallel to Oz. | 

Expressed by means of Euler's angles 0, 9, 4, 


"E cos Ü cos @ cos à — sin $ sin v, 
as = — cos Ô sin $ cos d — cos > sin y, 
as = sinÜcosw; | (156) 


B= cos 0 cos Q sind + sin $ cos vj, 
Ba = — cos 0 sin $ sin 4j + cos $ cosy, 


B= sin@siny; (157) 
while p= sin pô — sin 0 cos $i, 

q= cos 6 + sin 6 sin od, 

r= $ + cos Op; = (158) 


| aux 
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80 that, after reduction, 
Fa = A cos J£ + (Cr — A cos 61) sin 0 sin Ÿ. | 
FG = A sin 49 — (Cr — A cos th) sin 0 cosy, (159) 


2m 


di 
re — a Án? sin 0 cos 0 sind, 


= a. An? sin 6 cos 0 cos 4, 





dy . P à ens? 
FT P +adn XR 0. | (160) 
20. Changing to polar coordinates p, w in the plane Q'a, so that 
a=pcosu, B= sin, | (161) 
then 
F(a + Bi) = Fpe™ = 1.40 — à sin 0 (Cr — À cos hh) T e", (162) 
and _ y _ AnVZ 
RON on DN 
_ Pp sin (j.— w) = (Cr — A cos 6i) sin 6 
_ CrF — Q cos 0 
ieee Ee (164) 


Thus, squaring and adding, 


Pig = A FZ + (CrF— Gay 


F^ (1—z) | 
= A*n?*a (aH + 1— 2); | -~ (165) 
and, dividing, 
| ^. OrF —— Gs 
puce) AZ (166) 
u 1 CrF— Gz 
NT ve 
OrF — G cos 0 
-— —1 
ui | F*p sin 0 
vA ! (167) 


=y pO aan 


so that, from equation (146), 5 "T" 
m" . 4 Cr F — G cos 
w = pt + I(v) + E + sim Phan) (168) 


and w and ẹ depend upon the same elliptic integral Z (v). 
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We find in fact, by differentiation of (167), 


do = dy + a sin} Or — Gz 

dz dg dz An FA/ 1a (1— zY((a.E +1— 25) 
., G —Crbz 1 s 
= InFUi—®) VZ 


Or F — Gz 


q Anil {ali 2 )(aE +17); Gara a IPIE 


FGETS) 


=Í G— OrFz . G n Cr I — =x + Or Fz — G2? at oz 
X LdnF(1—5) Anf  AnF (i — * AnF(aE + 1—#) Z 


= LEICA EI (169) 
Now if w,, w, denote the values of the elliptic argument u corresponding to 
aE1—2— ; (170) 
it follows by Abel's theorem and the theory of elliptic functions that 
t + w = v, FH 0, — v. | (171) 
So also i£ 4, 4 denote the values of u corresponding to 
aD+1—#=0, |. (172) 
then i — h — v, — vy = w. (173) 
21. From equations (125) and (126), 
be PE cine pos) 
(pv. — pus) (pus — pus)(pu — pu.) 


-— Gun) Eu +) (uuta. 
EL 6? (u — v) © (u tw is 


and from (133), 


ai — 6 (u + 0) 6 (u + vy), qnt, | (175) 


S(u—vw)G(u—w) i 
so that by multiplication, 
MEET 6 (u + v, ei ent (176) | 


St) (we my) 
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Or, in Klein's manner, with the stereographic projection, 
G (u + v) 6 (u + vg) 
Wi — q! 1 2) dOnt. 
tan 40e" = C CREE Scy Cres our (177) 
Similarly we find 
qu G (u + w,) G (u + w) tani 178 
6 (u — vg) 6 (u + vs) Í ( ) 
so that the expressions in Halphen's equations (52), F. E. II, p. 164, appear to 
require correction; however, the curve of (a, 8) is intimately connected with the 
cone of (0, +), arid the two are pseudo-elliptic, and even algebraical, at the same 
time. | p 
As for u,v and p,q, they depend upon the same elliptic functions as 
Huler’s angle ©; for 


per = 





P(ut+vi)=— F sin 0e, | | (179) 
| p + qi = (— sin bb + iĝ e-* 
| 95 — 2 i: NZ | 
— _; i eh | (180) 
which are pseudo-elliptic together with $; and this is the case when 
D — Vg = 4 — h = W (181) 


is an aliquot part of a period; but these cases are not so interesting from the 
dynamical point of view. | 


22. In the pseudo-elliptic case of the motion of a prolate solid, when the 
parameter 


o= o, + A, (182) 


where n is an odd integer, the expressions for 4 and w must be of the form: 


Hg Hg 
o a Rep Kn? 
n Pera OR 


; || 1 a RP + he? up = 
“SS ceto Vs — 2a) 


d Jf + Jg? 
= — sin =i RTE =l (23 — 2.2 — 2). (184) 
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But with a parameter | R$ ow 
v= @ + an ; ` (185) 
n 
where n is an integer, the z, and z, or & must change places, as well as the 


cos ! and sin, taking > as positive at the start. 


With an oblate body the parameter v is a fraction of the imaginary period, 
and when : _ & 4 


v (186) 


where n 18 an Integer, we must have 


1 og) HP E Ha eee N me n) 


ar dr be (1— gy 
(od sa AE + Re PO + ee + EL. o 
=- sin PELLI o auie—————— i gy 1 a (23 2.8—5) (187) 


with a similar expression for w — pt. 
When, in the motion of an oblate body, the parameter 


20g 
! 


= (188) 


D = 
where n is an odd integer, the quartic Z will not be divided into quadratic fac- 
tors, and we must have 


1] + Hg... H, 
a (1— zi 

1 ro Kee + Ke +... KE. JZ, (189) 
n (1 — gy 


with a similar expression for w — pt. 


23. Having now chosen a simple numerical value of n, for a case worked 
out in the paper on “Pseudo-Elliptic Integrals,” and having expressed the 
81, 83; 8 in (50), or Halphen’s c and y in (49), in terms of a single parameter c, 
as well as c, V— X and P(w), and having chosen an arbitrary value of L, the 
quickest practical procedure for the determination of the coefficients H, K and 

4 
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I, J, appears to be effected from the identical equations obtained by squaring 
and adding, and also from the differentiation of the two equivalent forms for 
| and w. 


Thus in consequence of the relations 
— = n Z, (19) 


ay _ G — Or Fs 








| d ^ AFG—2)’ us 
we have dj , L—Bz 1. | 
a U 2 ies 
and putting | | 
vy — pt = y, (190) 
dy 4, L—B 1 p 1 
dz M (1— 2) NZ m NZ 
a dy L— Bz p L5 
(1 2) NT 2 pu À) 
= Cor Fp [APO (191) 
So also 
(aE + 1— 2) SAAE D 
= Et etapa e+). (192) 


24, Begin with the simplest pseudo-elliptic case of all, in which 


| va, and pv = 0; (198) 
so that, from (72), L0. . (194) 
or ` E = 0. | (195) 


When Z=0 or G=0, 


dí , B Z 

æ "M uü—284Z' 229) 
dw _ B z 

ue ~ °F (aE +1— NVZ p 
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where Z is a quadratic in 2, so that taking 2 as independent variable, } and w. 
are non-elliptic, and integrating, 


ai 
198 
y= $sin^! A0—3) -J E (198) 
28 VZ 
c | M l 199 
w = $ sin A(EGi-—2) ( ) 


where A denotes the discriminant of Z. 
For a prolate body, a= + 1, 


| = (d — 2) — sg), (200) 
and - IR NES | (1 NN BA — ae 
= oo ea (4 —3)1 —#) 
we in"! (zi jo voie : 
= sin y (n — #4 — 2)' i (202) 


in^! (E +1— aya a —#) 
dns: Viet dE --1— 2) 


= = costy Stee) (202) 


(ai — a)CE + 1— J 


" which may be written | 
— sin e = a (1 — z)/ (2 — 2) + iv (A — 1) (23 — 2), (203) 
và — 8) -i ae =v (d — —E)v/ ($ — 2) + iv (E +1— (4 — 2), (204) 


and these acidi prove that the cone describéd by the axis OC -round the 
fixed direction Oz is a quadrie cone, while the curve of (a, 8) is a conic section, 


an ellipse. 
For an oblate body, a= — 1; and in Case II, 
Z = (8 — #2 — À) | | (206) 
and À (eae ee) 
y= cos MEE ED 


(Gi — a)(1— 2) 


28 " GREENHILL: Motion of a Solid in Liquid. 


1 /4=1+ Be 


= sin-! D. 1 À Es — 2) | 
= Je (4 39 —14 E) sb 
A/ (a — 2) sin 0e" = A/ (1 — A (2 — À) + iv (1 — A (2 — 2), (208) 


VB — A) 4 pe (4 —14- E) (9 — 2) +i (4 —14- BW (4 — 2), (209) 
so that OC describes a quadrie cone, and (a, 8) describes an ellipse, as before: 


In ease III, with L = 0, we must put 


= (4 + 28 — 2), (210) 


and now 
A/ (à + %) sin fe" =v (1— a)/ (+ 2) + (1 + åw (a — à), (211) 
a/ (zi + j= pe — / (3 — 1+ E)A/ (A+) +t (—3—1-4 E) (3— 2). (212) 


The curve of (a, @) is still a conic section, and OC describes a quadric 
cone relatively to Oz, but the azimuth wy oscillates between 


z z ino! 1+ 41,3 
+ cos apa + § 84^ (213) 





obtained by putting z — 0. 
Next, with Æ = 0, we have 





Zza(f$—1y—4 mos ^ (214) 


With an oblate body, a= — 1, and Z is always negative, so that no solu- 
tion exists, 


But with a prolate body and a = + 1, 


Z= (1—2-5. $ eS 245 —2), | (218) 
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B le. 
| (Dee: 
and du ( M M ) 
: OP 
NE? 
EAE uc 
aua tur cir) 
| A/ 24/ (1 — 2°) 
SR S 
— M 
where pf od 
(Os dude Ve 


as may be verified by differentiation. 
Also, with E = 0, 


BO that dw 
2 


and thus’ m = V(1—23p tH À 


25. With r = 0 or B = 0, the case of no rotation round OO, 
| wv — Q, ; 


E 3 

and Z-—a(à —1(f—1—aD)—4 35 
ES EE” Dos 
= a( A 1—a )— 545 3 


29 


(216) 


(216a) 


(217) 
(218) 


(219) 


(220) 


(221) 


(222) 
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and now equations (19) and (12) ean be integrated by means of the ordinary 
Jacobian elliptic functions of the second stage. 
When B — 0, then either k or N, = 0, according as the body is prolate 
or oblate ; so that 
L= v (sı — 0), or — V(& — o), 
and. M= y (o — s) — A/ (6 — $), or "Tn o); 


(A (o — 83) + v (0 — 8) dr A/ (& — 6) — v (& — 9))*, 
Lap jv a) (verd reca 
and 


am [e D 3*7 ite m) vi a] | 


RES RE 


With an oblate body we shall find that this makes H= 0, K — 1, K:—0,...., 
. while in the case of a prolate body the parameter must be of the form (182) for 
similar reductions to take place; and for the parameter in (185) we shall have 
H= K-—$42,when B and N —0. | 


26. Passing on to the next simplest pseudo-elliptic case of bisection of 
a period, by taking a parameter 


= + (223) 


for a prolate body, and writing x for 4, — pt throughout, the result must be of 


the form | 
y= bcos? “ET A M (gy — 5.25 — 2) 
— isi init T (a z — &) | (224) 


— with Æ?+ H=1. | (225) 
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The solution must be built up from the associated pseudo-elliptic integral. 


Motto) c f 75 — 2(c + €) 3, 





e-— sS 
EM vi +e —s.c-—s[ 
= À sin E. 
— —1 A/8 | 
| = i cos pic (226) 
in which 
8 — (1d 0, a=, 8-0; — (227). - 
P (v) —1, s—c+é V—2 = 2(c+ è). (228) 
Then, with tne preceding notation of (54), * 4 
N? = I? —1—e, 
N= L2+0+6e, 
. N= P+o0+e+24, (229) - 
so that | 
N3 + N? Ng = Lt (230) 
N-P =e+e, (231) 
N? + Ni = (232) 
and from (59) and (03) - 
B _. NN. | 
ac | (238) 
M=L—ito+o— +2, 
LM* = 21? — L+(L—2)N;, 
Mz =—N,+ NM + ™;, 


Ma —-EN—MN TN, 
Me, =+N + N,— Ns, 
arranged in the order 
ery Pl re ri rar>—l>ay>—e; 
with NLN << Ns. 
To determine the coefficients H, H, K, ki in equations ( 334), differentiate 
with respect to z; then since 


9 Ns 


(2% — &)(% — 9) = 9 — 2- 2 + z, 


e—a (e—a) =P 4 25 s + 08, (236) 
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Xx — 
dz 
| N, 
— BEA (oo etm)! gg "Re AP 2z 
1— 2 M Hz +A, DENTES 1—7? 
M 
ama aa 
| Kz +K TEN Jy 
$ athi (2 +242 ot ue) ERE RIVE, uo 
| EG áp ee) 


Es (g—2 ne I—?)+(2— Y) (H+ H1 —2)4- t Uo Hi 225 ataga) 
he, 
Ee fainted a—2) (e+ a) (Ket I) (1 29) + 22 (Ke-+ K,)(2 + 222 3g nt) s 

| (z+ H1—28)Z 


each of which can be equated to (191), so that 


(Ket RE à —4 + Fe | 





— H(#—2 2 z+ am (1) +(2— " + H)(2— 1) —2(Hz-- Hay(2— 258 223g -+ fs) 


= 0.2 (— Hk qd H)? Hi — Qe) H+ 3 le +, | |. (288 








2L — P B 21 + P 


=— K(#+2 Dau (1) (e+ HEt AN — 1) + 2G? + (2 + 27 s + zs) 
Z 0.24 E (— FPR) At] Qtaa) K+ STE)... (238 


and equating the coefficients in these identities gives us equations enough, and to spare, to determi: 
H, Hy, K, Ky. 
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Putting z = +1, gives the relations 





DR +R) = (E+ H)(1— 248 ta), 
NH-H) VA = (K+ K)(1+24h a). 





M 





2(H— H) vA = (RER) 2 +2), 


M 


which are useful forms to serve for verification. 


Working in this manner we find after considerable reduction that | 


K N, ‘| H N, 

and, squaring and adding in (224), 

Kk? + AP=1, 

so that 1 AK | H 2 
HK H K N’ 

or | (Nj 
2HK = =e, 

and K A_oM 
H K ON,| 

.80 that NN, 

E RE — P= : ; 
mo P4 MN 
24} | 
mP MN, 

Also H — (L4-1y— NN, 
K M 
Gyan, 
H M 

so that H, Ki Ns 

| RH cep 
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(239) 


(240) 


inus. 
(242) 
d 
(244) 


(245) 


(246) 
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as is verified by squaring and adding; and all other relations are also found to 
verify. 


27. In the case of the oblate body with parameter 


| v = $ oz, (247) 
we must take 
y=} cos EE Ph y (a — 2.8 — Za) 
= bein? Eh (s Z — %), (248) 





and build up upon the pseudo-elliptic il 
a PU + 20) + c + 8) — 2 (1 + 2c)(e + e) 
Mit Un ds 
ES ce, ee i 


i gstete i 
—4 (1 + 2c) /6 
TaTTi (249) 


so that, with the same s, Sa, 8,, we take 
P(vjor P=1 + 2, c — —c—c0, W—5=32(1+2c){(c+c); (250) 
and now, with (52), 


— i cos 





Ni=s8s,—o— L, | 
N? = 1 + 3c + 28 — IP, 
` N? = C + 2c! — LP, i 
| Nee add Si (251) 
so that - | Ni + N; = P°— 21}, | 202) 
. MEL =c+é,. : (253) 
and from (59) and (63), | 
B  — NNN; 
y Ts (255) 


M=1 + be + 5° [p 20b? FC 


= P+ M—9F (N + D) (266) 
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Proceeding as before, we now find 








H_ NN--DP K_ NNI 
K PN,’ H PN, ' 
and HRK -—]1.. 
N: 
H + E= n 
| EN, + D? 
IP = AIT, 
9 NN, —L 
A 9]? ^' 
M (L— PP + NN 
K PM 
K _ (L— Pf — NN, 
H PM 


and now all the conditions are found to be satisfied. 


28. Both results for the prolate and oblate body with parameter 
| v =Q + $05, Or 0g, | 


can be incorporated in the form 











gd eot ET (a. Z — Z) Or (z — 2.8 — %) 
= tain? E A — x. 2 — 2) or Ve 2 — %), 
with |. H+ aK*=1, 
Pa = am, 
PN, 
2HK = Dn 


If we try to cancel the secular term pt by putting 
|». L-iPc-i,or à(14- 2%), 
Nic—k&-—oe,or M= t£, 


we find 


thus leading to imaginary results. 
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(257) 


(258) 
(259) 


(260) 


(261) 


(262) 


(263) 


(264) 


(265) 
(266) 


(267) 


(268): 
(269) 
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As verifications we may take the numerical case for a parameter v — 04-193, 
worked out on p. 534 of “Les fonctions elliptiques et leur applications," Green- 
hill-Griess, 1895. 

l'or a parameter v = $ oz, take, as a special case, 


B=0, NM-—0, N=Iite, M=c, 
L=—V(et+e), Mod %{V(1 + 0) + wel, 
p | L—&P VW(i+c)+wve. 


-m 


n M 9 (1 + 20) ' 
and now | ; 
| gre _ a e {A(1 +o) — vet 
Ÿ De i ag | it % | 
A/(1 +e) + Ve 
=t sin? VERTE) y[(1420){V(1 +e) —/e pi #1. (2690) 


29. Proceeding to the next case where the parameter 


`. v=o t+ $605, Or Faz, (270) 
both results for the prolate and the oblate body can be incorporated in the form 


= boos HE Bek Tus Z — z) or A/(z — 2. 2 — 2) 
Kg + Kye + K 
ley 


= + sin”! A/ (my, — 2.2 — m) Or Wa — 2.£ — %). (271) 


With à parameter 
v= + $ 0, (272) 


we should have to interchange the suffixes 3 and 0, in the first form. 
In the associated pseudo-elliptic integrals (Proc. London Math. Society, 
XXV, p. 218), corresponding to the parameters in (270), 


Htc), dm. (cc); | (273) 
P — $(2—oc)(1— 2c), or &(1+ec)(2 — c), (274) 
o = 2c(1—c)*, or — 2c + 26, (275) 


J/—> = 2 (1 — c)(2 — e((1— 2e), or 2e(1— o)(14- e)(2— c). (276) 


| Differentiating as before, and equating coefficients, will serve to determine 
the unknown coefficients H and K; the work, which is very long and laborious, 
has been carried out for me by Mr. T. I. Dewar, and he has found that 
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while squaring and adding in (271) gives 
K*+aH’=1, 


whence K and H being determined, the other coefficients readily follow. 


Thus, for the prolate Bé v= o tos, 


_ DL — (9— e)y(1— 2e) NN, 
== 2 [? 
TË + (2— eY1— 2e) NN, 
cim 218. 
80 that 
| gg = DU NS 02) x, 


while for the oblate body, v = $0, 
CE ———FB o — — ^ 4 


2L 
_ (1+ 0(2— e) NN, — LP 
| ——— 21? 
so that | 2 HR = (1 + iS c) — I? N, 


If we try to cancel the secular term by putting 


L=}P=4(2—c)\(1— 2c), or &(1 + Nee) 
we find 
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(277) 


(278) 


(281) 


(282) 


(283) 


9N?— EE 54 2024-20), or DM = —a(1+ o3 — 91 — agp, (284) 


and these are negative for the region 0 «c « 1, so that algebraical cases cannot 


be constructed. 


As a numerical verification with a parameter v = o, +40;, we may take 
the case worked out in the ‘Applications of Hlliptic Functions,” p. 348, in which 


u B ETE i | 
|j — nt = $ cos! MA A/( — 21/72 + 6) 

La ee a (— À + ap ae 

xix TG ar: 


(284a) 
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With B — 0 anda parameter © = o, + $ og, 
N=0, MN, —(1-— 2c), N = (1 — o) v (1 — c), 
L-4(1—2e.1— e), M= c4 (1— e)— eA/(1— 9c), 
P — $ (1 -F o)y(1— 2%), | 


a uai. A + Ae + A, N,— N, 
v: pt = 3 cos” aie 1e B j= | 
neue = x (284b) 


in which H= 0, K=1, K,—0, H,—0, 


H =3 2 -ütovü-x + O2) (I~ e). 
7 
oe ee ad temp 
K,— = i] : 


N, — N; 





With B= 0, and a parameter v = $ as, 
N3=0, L= —v7v (1 — e. 2 — ê) 
M= A+), N= (2 — e), 
M — 4/(1— e) + A/(2e — e), 


V — pt = à cos NUS [5-5 2) 


in which > 
H=0, H=—82 =(2-dw(I—e) + (1+ e)v/(2e — 8), H,— 0; 


M | 
NGA HV —é) + (209—289. 


Lek XA c0. A 
30. These algebraical calculations aré too long and complicated to be 
inserted here, and the complexity compelled us, as in the corresponding work for 
the Spherical Catenary, in the Proc. London Math. Society, XXVII, to turn 
elsewhere for some clue to the values of the leading coefficients H and K, upon 
which the remainder depend by simple linear relations. 
As in the Spherical ests we turn to the degenerate form assumed 
when we take 
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The preceding cases enable us to infer that the MC form of the solution 
for a parameter 


v=o, + m d 2E nd (285) 
where n is odd, can be written 


1 HF +... 


— —1 — poc i | == LN 
qe Con Te a w^ %.2—2%), Or a/(% — 2.2 — 2), 
| or A/(z — z,.2 — 23) 
— 1 ° She + eee a "m = - 
=p HR goma Ve), or (a2. 8— a), 
| Or A/(2zy— £. 2 — 2), (286) 
but for parameters | 
= 28 D 
v= @ + m? T mi (287) 


and n even, we must take 


n—1 . 
pma I Ta s re or pcnc 
E uli ro 
= — sing rer mé. 2— 5), OF A (2 —8. 4 — 4). (288) 
Squaring and adding in (286) and (288) shows that | 
IP ORE? -1, or P— E= (— y, (289) - 


according as the body is prolate or oblate ; and putting z= œ, 


ad Ne 1 ži 





= = 008! (r — sp or E cos! (H? + K*)(— 1)". (290) 


But, by means of the formula, 


p (u — n) — p (u — v). _ E EE va) © (u + v) Cu + vy) (291) 
p(u + v) — p (u + v) G(2u +v, + ow) G (u — v,) 6€! (u — n)’ 


we may write equation (133) 
<9 cdd EU log P (u — 0) — p (u — vj) 
" SUME CT 9 + gelée) ete) 
—ipt-Eiil(uv) + flog ft o) —el—e) (292) 


p (u + v) — p (u + 03)’ 
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thus adding the amplitudes and parameters of the two Elliptic Integrals of the 
Third Kind in 44 and 4. 
Putting z = o and u = v, in this last relation, then from (96), (97), 


p (vs — vi) — p (vs — v) = —] 











' (293 
P (vs + v1) — p (vs + vs) id 
while 7(2v,, v) is the value of the pseudo-elliptic integral when u = 2v, or 
o7 Pws p (vrt o) = r> Q4) 
&—0 = 17, | - -(295) 
8 — 8, = aN?. (296) 
The form of Z (v) being given by | 
L[(v) = I gin EM Ae — 8) is 8a) 
(s — oa)" 
— 1 1 GN (8 — 88. 8— 8,) 
| EMIT COS | (s — gy i (297) 
therefore, when z = œ and 4j — pt is replaced by y, | 
2 = (26s, v) + 4 log (— 1); |. (298) 
or, disregarding for a moment the ambiguities of sign, | 
D 56 DJ AN Ad... do +3 
v gin Ta^ = -pz SiD 2H Ka, (299) 
I oos- MN, Ll qos (2 — 
| COS is = og cos * (H? — aK’), (300) 
E | 2HK = P (301) 
H* — af? = + Sy, | (302) 


and these equations, together with (289), determine the leading coefficients 
H and K, upon which the other coefficients depend by simple linear relations. 

Since 2 — o in (167) makes w = 4, we see that the leading coefficients 
I and J in (184) are determined at the same time, by taking I= K and J= H 
or I= Hand J = K, according to circumstances. 


31. To make quite sure of the plus and minus signs, which are apt to be 
baffling, it is well to make a recapitulation of all the various cases which may 
occur, according as the body is prolate or oblate, and n is even or odd. 
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When the body is prolate, and the parameter of the form 
v = a, + — (303) 


then, when n is even, we must take 


MEM HEE HO + en 
z _ sin} Hec CP ne EN — z,.2——2,), (304) 
and when 7 is odd, | 
y = — oos! igi ae IEEE NA Z — 2) 
= sin St yy Z.Z — gy). (805) 
But with a parameter | 
o— pA, (306) 
where n is an odd number, 
p= Low Pr — 
= = sin RU . M (25 dk (307) 


obtainable from the preceding case (306) by an interchange of z% and z, or 
z and %. 
In all these cases of the prolate body 





RR (308) 
and HET: | | (309) 
Putting 2 = c, " 
__ 1 —] AK 1. zd tu cd —1 3 
x = — tan Tw, En alii = — cos (H* — I), (310) 
and at the same time 
ed cd. c. 3 1 CAN 
X = b 1( 205, v) = sin Up =o ig OOP "e ce (311) 
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80 that 


32. When the body is oblate and the parameter is of the form 
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we must take | 


W ce 


so that, allowing for the effect of the +1 log (— 1) in (298), we may put 


s|- sl 


— FN, 
BK UH. 
P= aoi 


v= — 


Ws 


Be yp.’ ‘n H 


COS = Seg eee ea) 
n1 
gin! Hu ii pg GV ea g — 2) 


Putting z = o and u = v, ` 


1 
n 


tan 1 


Kv _ 1 a 
H | 9n 


L.. 


and n is an odd number, we must take 


with 


1 


C 


and proceeding to z = œ, 


X. 


1 = 
= — tan"! 
n 


ME He + Hg p.. 


n 12HKi(—1iy- Pi cos! (H? + K*)(— 1)", 








(i — zy 


(312) 


(313) 


(314) 


(815) 


(316) 


(317) 


(318) 


(319) 


(320) 


(321) 


(322). 


(323) 
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At the same time the associated pseudo-elliptic integral 


— 1 a F _ 1 . 1 ONN; Ni 

I (293, 2) pos Fe = 7, Btn E; À 
80 that oO F 
dici dae c 


— a "By 
2HK = je EE 


so as to make o = 0 in (294), and now, when z= o, 


pu Nr 
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(324) 


(325) 


(326) 


(327) 


(328) 


The resolution of the cubic S in (50) is not required now, because symmetric 


functions only of the roots 61, s,, 8, occur; thus from (63), 
M = NE NP NE + 20 NT 
= 8 +8 +& — DB. 


=} (+= w pF, 


LM’ = — ay + 44 (y +1) — 8s} L — PP 


= Mig + 3LM'pv — LP, 
as in Lamé’s equation of the second order. 


34. With s = Z2, 


— S= (ay + (y + 1) PP — 4P? (e+ Dy — 5,5, 


where D= zy + 2zL + (y -- 1) P? + 277, 
S = «y — aL + (y + 1) D — 2D. 


At the same time we shall find that we can put 


$ I (20$, v) = 1 gin^! 4 + BI se = a —— 
| 1: ,.4— BL4 OP, .... 


(329) 


(330) 


(331) 


(382) 


(333) . 
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while with z = o, 


am = Bu K = = cos! a E (334) 


. 80 that py A+ BL-cCI-4.... 
K or a= ST of a(n VS) 


A— BL + CL? — | 
Horse Vu (835) 


thus deter pid the leading coefficients, when the parameter v = 4a,/n. 


35. For instance, with n = 3, and taking the corresponding pseudo-elliptic 
integral, with P= 4, 


= sete. | 
Tho) = 3 zr ri e ror 





M 218—606. 1 : 478 
Ose jg; — sin Eo (336) 
. we have qw p ES 
i 2 LA | 
A/(c + I? — 2I? 
go MES M, (337) 
Then LM =e +4L— L, (338) 
B_ NNN; dA (e DPY— 40°} 
M. LM? c + 4 L— L’ 


o Vilt TP — amp | | 
| £ 2: i- aL (298) 
and the result is of the form : 


_, HZ + A+ He + Mm De CU 
(Ig) ae Te 
By squaring and side and by differentiation, we A 
Ë = 1— 6L K 


ap — pt = $ cos M4. (340) 























2M | | 
kami h=—1 m, 
ay RU 
Hi voti b iL K+ FR A 
ee E EE 
zu ae pr E 
Se eran ar 


"M net P—215) K | 
= — 41-2 +4(1 -D at GC (341) 
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. If we cancel the secular term by putting 


L=}P=t, 

then H,=0, i, =0;, Ay = 0, 
d : , K 
an Hotz. 


# |. H= (54e 4 1), 

| | ^| K=  w(b4c+2), 
9M? = 54e + 2 — KP, 
8M= — K, H,——1, 


and now 


1,17 (54e + TE 1 
p= eoi ET 


= $ sint —* V / |— (54e + 2)4 + — N + 1)g— 


(1—3y 
This can also be written, with H for 4/(b4c + 1), 


(1— Pet Ae — 1 + da/1— (HP +1) 24 + 324 2Hz — 3}, 


which by differentiation will be found to verify the relation 


dy .. L — Bz 
de — "HIP WE,’ 
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(342) 


(343) 


(344) 


(345) 


(346) 


od thus (345) represents an algebraical case of the motion of the axis oc of 


an oblate body, relatively to a line Oz fixed in direction. ’ 


At the same time the curve of (a, @) or (p, w) will be given by a relation of 


the form 
w = Ł cog 42 E i pedo 
E ($—1- E) 
yor dz ty 
= $sin @—14 Ey" ^ 
where | I= K=,/(H’+1) and J= H, 
Or F Wi y F | << i 
Lu (pe )^ xm (a + 82)1) 


= IP + Dg + let dd (Je + Aw, 


(347) 


(348) 


(349) 
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and we shall find that with 


H* —1 3H. H*4-9H 


E = Hi h= PI i=) h— — Tay D J,= 3, (350) 
the differential relation of (169) can be satisfied. 
The diseriminant of | 
Z, — — (P +1) 4- 324 2Hz — 8 (851) 
is — 44 (P — 1y(H? + 1). (352) 


If H*« 1, all four roots of this quartic are imaginary, and Z is always 
negative, 30 that no real solution exists. 

But if HÆ’ — 1, the discriminant is negative, and Z has two real roots, 80 
that real cases of motion can be constructed. 


36. Making use of the results of the pseudo-elliptic integrals of higher 
orders, we find for n = 5, putting Halphen’s y =g, 


(x — Lia? + 2L + (1 +a) P 2D 


Kor H— 213, or 2(— Ly. 
— (xz L4 — xL + (Ex) UT 
Hor K= 3I or 8(— Lj (353) 


according as L is positive or negative, and to make the solution algebraical by 
cancelling the secular term, put 





L=4P(v)= x aa ; (354) 
This makes 2) | 
(— 1+ 18z)/(3 + 33x + 1212? + 9 
iol (1 — 8x)! or (3x — 1} 
Hor K Lt Tx)/ 12 (1—182)(1—11z — a? (355) 


(1 — 8a)? or (8a — 1) 
NNN; = v | (8, — LP)(8s — L’) (8, — L’)} 
A i2(1— 182)(1— 11x —2*)(3 + 33x + 121a? + 9x°)} (356) 
i 1000 j 
—. 24(1 + 22)(1— 11» — a’) 
and putting m A 
_, H + Ep gee E 
d = $ cog Tee e e 
1 EP + Ke + K, + E, 
(1 — gt 


= t sin 


v A, (358) 
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| where Z= — (f — "T — 1 d E) — a 2 ; (359) 
the differential relation (46) shows at once that 
H,==0 and A,;=0. | | (360) 
As the result of an algebraical verification, it will be found that with 
8x — 1 
CET LE S 
_. _ 24 (2x + 1)(x° + 11% — 1) 
m 1000 n 
ap 24 (2z + la^ 112 — 1) 
i 100 (3x — 1) 


pim (8a — 1)° 


M* 24(2x + 1)(a® + lle — 1)’ 
BL | | NNN; 
M M° 
1  (3z—1} A A Lie DI Re SES) 
7 9446 (2 EI — (3 + liz — 1) 
B 1 Wi2(18z — 1)(92* + 121a + 832 +8); 
. M^ 12. 2x + 1) (35 + 112 — 1) 
L _ 1 (3% — 1)! 
M' W6 vils +1)(@ +115 — 1)]' 
Ra 2% — 250a? 
— LM? 32% + 1)? + 112 — 1)’ 
"T" _ 62 — 1812 + 270 — 38 | 
inital i, 
and then | 
Za. pp z— 1) + 66s — 11) 


6 (2a + 1)(x + 11x — 1) 
1 (8a — D/12(18x — 1)(92* + 1212? + 33e + 3), 
| (2 84/6 (2x + 1}! (x? + 112 — 1) 
1 (3s — 1) (26% + 21a — 21). | (362) 


— 18 (2x + 1Ÿ( + 11x — 1) 


We must now take 


_— (13x — L)a/ (928 + 1212 + 33% + 3) 
(3x — 1)i 


gos iwi Cm Xe + 112— 1)} : | (363) 
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and thence we find 
AE. (8x — 1)V/(925 + 121a? + 33x + 3) 
oo (2x + 1)(3x — 1) 


K sd (12% + 1/12 (18x —1)(x HI) 
ms (2x + 1)(3x — 1)! 


n— 5 (te +142 (18a — 1) 
° . 8/6 ed DR TD 


Ra 4 VO 4-1212?4-332 4-3) V/ (3? -- 11a —1) 





3/6 (2x + 1) (3x — 1) 
H.— 19 «(3x — 1/(92* + 1212? + 335 +3) 
1 9 (Qa + 1) 
| (222^ + 420 + 38W42 (18% — 1). (364 
d 94/6 (2x + 1} (264) 
‘ À numerical verification is obtained by taking « = 2; this makes 
___W6 B 0 
L=— Mave, pm S ET NS. 
E=$, ¢@=1—H=-— §; (365) 
and then M 
— 4, 9,52 vI0b "m x 
Z= —z Seg | qu (366) 
and H = 55, K = 3414; 
H,— 57/5, K =%14; 
H,— $21, K,— 44/30; 
H,—3b5, Hy = 357421. (367) 
37. With n= 7 and a parameter | 
v = $ o, (368) 
we take, in (49), | 
= —c(l-co^ y—=—c(i+c); - (369) 
and now we find 
Kor H 
de (+o F (19-0 L—L ie (143-0 — 2e (12-0 L4 (14-0—65) 4? 4- 2121 
213 or 2(— Ly 
Hor K 
_ {e1 +e — (1 - e) L— PN 16 (14e) - 2e (134-6 L--(14-0— 06) 22— 22 (370) 





2Li or 2(— LY 
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and the solution is made algebraical by taking 


f | 
LPG. (371) 
With n = 9 and a parameter 
v = $ Qs, (372) 
. take (“ Pseudo-Elliptic Integrals,” p. 232) 
2=pi—p{i—-p+p), y=p(i—p);  . (873) 
and now 
Kor H= 


i es No D » this Lies ai > 


H or K= 
ip! 1—p)1—p--»)v-r (l—pt+p") L—p* (1—2p) LL} 
OS UU D a E O a em qub) 
= Aio 2(— L} 
and so on for the Wiehe values of n, but the complexity increases very rapidly. 


38. Making use of the theorem in §30 that T= Kor Hand J= Hor K, 
according as the body is prolate or oblate, in the associated pseudo-elliptic 
expressions of w in (184), we can now write down the corresponding formulas, 
and determine the remaining coefficients by means of the differential relation 

















sAr eA L — m 
+22 = (1 + ab) 
d (m PD (192) 
(1 + TE BJZ— 
Thus with the parameter v = o, + $63, 
e d es = 
w — pt = 4 cos I3 E— z) 
ii nix e -— 3 
= $ sin igy“? Zy Z — 8); (376) 
with serve P+ NN, 
IPN oir? 
J= Hm — L mL (377) 
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and then f 
XO MM (L+1) 
d © M 
J, NN — (Eu ay 
I M 


The relation (376) may also be written 


| | 
ds pé») = (le + Dv (uy — z.z — z) + (Je + Jw (a — 2.2 — z). 


With a parameter v = À o, 


o— pi = boos S Vey. 2) 
ıı 4J2 4- J, | 
= i gin olg gps à). 
OT | 
F LA 
[E per o e + BW — in m) + (UE + DV s — i). 
with A _ NN, PP 
dx E ae 
pog AI 
and then do (La Py NN, | 
JC PM 
Ah t PY — NN, 
I B LM 


So also with a parameter 
v= o + Fas, OF @ +55, or $O, 


the expressions take the form 


e] 
n 


(378) 


(819) 


- (380) 


(381) 


(382) 


(383) 


(270) 


= (de + Le + d) (m — 8.2 — 2,) +i (J+ dir +A) 2.2 — z), (384) 
or = (18+ lz + L) (q— 2.2— z) 4- $ (J+ Tz + Jo) (25— 2.2 — 25), (385) 
OP = e+ Let L) (2 — z.z — %) + (Je + Jg + Jo) (y — 2.2 — z). (386) 
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Thus, in completion of the preceding special cases of §§28, 29, we find for 
a parameter v = o, + 3 œ, and, in addition, with 
gis N= 0, VN 


— We + À — — A/(14- 2%), ¥,=1+ ¢, 
— deer, = 
yro (EIH e 
N; — N? V(1+eo)+1_ = 





ap RS ae), 
w — pt = $ cos”? inis ae 





2 (ke — À) 
x y na Asta VE (386a) 
with a corresponding 
NOT 0) —1 E m 
i gue — 22s À 
M pt = $ cos! AUA der - al NT yt bic. 
yas A/(143- c) — 1 E : —1 | 
= 4 gi ie k 3866 
+ sin! Jin gin (2 * z + ) ( ) 


For the parameter v= $03, with 
In. MN. D Sirio L — — (e + e), 


y [2 — iN (1 T Bs DE L| 


w — pt = 3008 | 2 


Tt c) = Jef 
AV(L+ 9 —v'ej* | 
S" 15—1 A/(1 T 2c) : | Pas 
= bini d rJ: A Cie o) V (1+ e) —ve}*—2] (3866) 
In the numerical case of the parameter v = o, + 3 o4 in $29, we find 
| w — ni = T m g — 21/72 + 5) 


— 4 sin-! ET mdi UNT e # + 94/72 — 3). (386d) 
(13 — 2°)? 

Or, in the algebraical ease, with 

B-0, NM-0, L-(1— o) (1— 2), 


M= (2 —e)1—e—XV(1—0)], N,—(1 — 2c), N= (1 — 9v — e), 
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we find 

"e — I 
Dn 
and 

uu 2 DAT 
Weiteren ca 


and now the result can be written 


roan ES 





ay Dh 
where. L= ee) p h= — k, 
and then Vp bei EH DC a Met 2) 
=p e — " 255a E), (386) 
nore H,— NA — 29) (4 (994; M= 1T 2) 


We — à) 
With a parametér v = a, + $o,, and, as in (284b), 


E NE E VOD reum 
B-0,N,—0;R 1+ B= [ML a aa 


14 A/(u1— 2e) 








g + I N, — N.N 
"e pesas —1 - : ees 
Dcum Posi a Aw (Cg )—#} 
1 dif | N, - N, | 
cisci e yw (Cg e a (3869) 
where — 3L + (1d e)(1— 2c) e" M 


So also with a paranee v= boy, and B — 0, N, — 0, 


Viii ide #00879 c a [— 7 T [^ ZW 
sni tr fa (5 emt 1 


where sp (A/(1— e) —A/ (2e — à) i 
= B= TAE etc. 








(386A) 
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The expression for w in the algebraical case, when the parameter v = $ òg, 
has been given already in (347) and (349). | 
So also, corresponding to the algebraical case in (358), we shall find 
IB i LP gd Ed 
(25— 1 -T.£y 


E a JE + Ji? + Je + J 
— + sin Rire W^ 


w = tcos ^! 


Or 


t pe) = ds (a + a 


= (BI. AA SE A Tet E (387) 


where 

— pns 1 i2(18s — D(z*4- 11z — 1 

m (3x — 1)! 

_ (13a — 1)/(9a? + 121a? + 33a + 3). 

Jas = (BG TE? (388) 
and then 
T =10 & L J= — + (13x — 1)4/(92° + 1212? + 83x + 3) 
pem E V6 (8a — 1) / 1(2x +1)(2? + 112 —1) |" 

a. T 5 (Ta + 1) 4/42 (182 — 1) 
Se = ag (3x —1)4/(2% +1) ’ 
g = 3819 + g — 1) [2 (182 — 1) 
* 5 (8a— 1) (a? + lla—1) ' 
J, — 1 (18 — D (312? + æ — 1) (92? + 121a* + 33m +3) 
C (2x + 1)(a + lla — 1)(8z — 1) 
7 — 10 (1222* + 30923 — 357a? + 66m — 8) v (92? + 121 + 33a + 8) 
a 84/6 (2x + 1) (2? + 11x — 1} (8s — 1) 
z= (312? + z — 1)(262? + 21x — 21)V 12 (18x — 1)} 
"o 84/6 (3x — 1)(z? + 11x — 1)(2z + 1)! i 
4 = 0 
B 

I, =—th(1— E) — 225,44 mE (389) 


1 A/(92?-- 1212 + 33x +3) = 
a ECE TE eee ) (68122* + 3195625 — 2965524: 


+ 378302? — 134953? + 15962 — 57). (389) 


| 
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The special numerical case of z — 2 makes 




















254: 254/14 25/3 254/30 - 
J= 54/5, y= — bA/ 21 pis ET (dum — OE 
with L | X46 B '0 
| M 12’ M 12” 
and De nus Nb 0 
6 9 18. 


and these numbers will be found to verify. 


39. In some cases a factor of Z, say 2 — 2,, can be obtained; and with 


Z = ag* + 462 + 6e2? + Ade + e, (27) 
we can take Weierstrass's formula | | 
| | 
pu =H (ad + dba + o) + Ee tee LE, (390) 


and now we put 





pe — pu, (391) 


where gv has the expression given in (86). 
The more general form of 7, involving circulation, etc, may now be 
employed, without introducing additional complication. 


It is convenient to put 
1+ «E = E, (392) 
so that | 





s 2 
Z—a(f — 1j? — 19) — «(14 Py, (393) 
thus z + 1 is a factor of Z if B = + L, and z =F k is a factor if B= + Lk. 

The case of B —.L may be supposed to be produced when the body, pro- 
jected originally as a perfectly centred projectile from a rifled gun, has struck 
an obstacle, thus setting up gyrations in which the axis OC periodically passes 
through Oz, as in the corresponding rosette curves described by the axis of a top 
- discussed in Professor Klein’s paper on “The Stability of a Sleeping Top,” in the 
Bulletin of the American Mathematical Society, Jan. 1897. 
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40. Now, with B = L, and z — 1 a factor of Z in equation (390), 


1 
2 
ane ee oe 
|2.BL o oD 
| Ec are am 
so that D iE 











or from (65), 














0 —8 a l-dz 

a>. UE. E 

0 — 8, a 1+2, 

VD CABE dese 

8 — 8a __ à BZ 

4/—3 | L(1—s)i—2z 
Or 8 — ba _ g — 2, 

| M Gaia 


But from (393), 
a(g — 2,)(% — %)(2 — 2) =a (z + Dg — k’) — a (z — 1), 


80 that : 
- a(1—z,)(1 — z)(1— z) = 2a(1— #) = — 2E, 
M? — a (1 — z,)(1 — 83)(1 — 2,)(z — 1)! 
Z | 
it 2 
= rh (z EN 1) 3 
NS ig VZ 
M (2 — 1} 
and ds Ed dz — 
Ao (z — 1} 
so that, as in (48), | 
ds _ dz 
ES —Z 


ob 


(894) 


(395) 
(396) 
(397) 


(398) 


(399) 
(400) 


(401) 
(402) 
(403) 


(404) 


(405) 


(406) 


(407) 
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With L = B in equation (59), 
| L | B NNN, 


EE PRIN à | 


M M . LM OC 
or DM = aN N, N,;, (408) 
so that, from (63), - 
al M? = [I (D + 3M?go — a ES) 





L 
= aM NI N; = (D + o — 8) + co — sL + 0 — s) 
= L + 31M*po + $ LM*g"o + 12, (409) 
or al —5 4-$ DM'g'o +43 — 0, (410) 


so that L must be determined from this cubic equation in a very similar manner 
to that required in the Spherical Pendulum, as discussed in the Proceedings of 
the London Math. Society, vol. X XVII, p. 607. 


Having determined L, or, in a pseudo-elliptic case, having expressed 
L, 0, /—2%, gv, g'v and P in terms of a single parameter, 








—a L 1 dz 
da Mit2z2V/Z 
.. 2L de 
~ 1 +2 VS | E UM) 
and +1  0—8.. L = 
s—1 PEM Jay 5 C9), 
- 2L(c —-:&) 
POTE EI M (12) 
so that 
_ Lio —5) — $a. —Z2 ds 
d cde o — 8 A/ S 
>r py & 2 PC MON ds | 
Vm PME nt + Io) | | (414) 


and similarly for w, which can be made to depend upon the same integral 7 (v). 
The case of B= — L is the same as the preceding, with z changed 
into — z, so that this case does not require separate treatment. 
A. reference to equation (14) shows that, with B= + L, 


GnzexmnL: Motion of a Solid in Liquid. | 57 
80 that dp (1 LUN, 4 dw | (415) 


and $ is now pseudo-elliptic with J, as also w+ vé and p + qi, on reference to 
(178) and (180). 


41. A numerical case will serve to elucidate the preceding theory. 





Take v = $ oz, and in (410), a = — 1, y = x = — $, when 
v — za zi, Mipo =e — 2 = l (416) 
and then — iD LED — 44-0, (417) 
which is satisfied by L = — $; and now, in (353), 
H=2/2, K=—8. (418) 
Also in (329), | 
? 
M=} (1+ af —-2%— T2, (419) 
LM = — 4, T hy) | (420) 
and in (65) and (59), 
E = — Aw o (421) 
LM? 
] 
BLM = — NNN; = — 5.72” (422) 
B | 1 2 L-. 
ar aya Ms (428) 
and Z = — g(g—1)—5$(s4- 1) 
= (z + 1)(—#+ e — 4z — t). (424) 
We therefore take, from (398) and (405), 
EVE LS 
8 pu (425) 
| — 2 
|.  9Z2 
| BI S 
and now in (147), 
+ = —}wy 2; (428) 
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80 that E 
d$ 1,4 7 1 : 
ME "ini uds (rV "e 
AC end. NEN el 430 
po | OE our 
.' Taking the pseudo-elliptic integral (Proc. L. M. S. XXV, p. 214) 
Tto) = 4 [RIT EN TE as | 
_ 4... 1 (1 — 3g) — (22 — x’) 8 + zt 
= + cos ! = Pa) UE EEE | 
De 2 | | (431) 
with y = x = — 4, and making use of (425), we find that 
i 2a 2 g — 2A 2 
Y — pt = # cos} Mua A/ (z + 1) 
= teins LIE T d 2 — en | _ (432) 
and this, on differentiation, will be found to satisfy (430). 
Às for equations (165) and (169), they become 
a = — %, (433) 
" mm iilis, (434) 
or d (w — pt) NUT, l |. | 438 
. dz EE a/ m 2N/ ZA ( ) 


the integral of which, derived from the pseudo-elliptic integral (Proc. L. M. S. 
XXV, p. 213), | 
fp Supe 
I(lo) =f CESONZ: | 
PT — (8 + 2)8— 1 — 4x — 28) s + 2? + a? 
+ cos EY | | 
o E EB, : (436) | 
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by making use of (426), becomes 


w— pt boos EEE Ve +1) | 
= sin? VICE A/ (— $ 4 2— $2 — b) (437) 


which will be found to satisfy (435). 
Equations (432) and (437) can also be written: 


[tan p (ee roma EATS E gS ee (438) 


p: peti = (?—42—4)V (2-1) Li 2(2+4V(— 2+ g—4s— 3). (439) 


Now, in (179), 
(el 
P (u + vi) = — Fsin ra re, MP gb ptt, (440) 





while , | | | | 
| [sin Gel? 29*H — 4/2 (22 — $g 4- 3)(z +1) + i(— 324+ 1)(z +1) Z. (441) 
But, while keeping Cr unchanged, C and r may be varied so as to make 
C 
1—4) yc (442) 
and now | 
| 4, (ut vi} = —2 (22— 22+ Det 1) + i(t UZ, (443) 


with a similar expression for p + qi obtained from (180). 








42, With | B—Ik=0 — | (444) 
and ey - | (445) 
f, B "NH BS ad. BS 
Z= (2 Phe 1)(2 + L) 4 am (# >): (446) 
A similar calculation shows that | 
B 
(eg v JB a ARE N 
i-e 074. em 
"ERES 
| L 
and aLPn/— > — $l?» — 12 = 0, (448) 


the same as (410), when L is changed into — L. 
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pis B dw __ _B 
With 2— 7 a factor of Z, aoe when z = LU and the curve (a, f) 


has a series of cusps. 


But with z — L a factor of Z, dy — 0 when z= Lo and the cone des- 





B dz B 
cribed by OO round OC has a series of cuspidal edges; and in this case we find 
| L 
"7. E 
gu —pw = ta (5r — 1) ~ (449) 
UB 


43. The integrals are non-elliptic when the quartic Z has a pair of equal 
roots; this will be the case if the body is projected in the direction of its axis 
OO, with a rotation about OC, as if fired from a rifled gun and perfectly 
centred. | 

Denoting the velocity of projection by V, and the angular velocity by-r, 
then in the preceding notation, 


F—RY; G=CrkRV= OF, or B=L; H=0; 


IT Sh Vt Où = D + 0r; (450) 
2 L? 2 
Z=a(#—1) — 4n (— 1) 
| I? 
— (a — 1» (eG D —4 unl (451) 
ndi _ 1 
SS ee 
t= wies) aen 
dy _ 9 L | 1 
SS e ee 
ew {a(i+ 3-435]: on 
If the body is oblate and a= — 1, the only solution is z = 1, so that this motion 
is stable; but, at the same time, putting 
1—2-—y, (454) 
then 


Sp mee (—1- EE +y'—ty'), (455) 
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Ein Hawt Byte... 
~ -»( + 3m) y, (456) 


when y is small; so that the number of complete oscillations in one second is 
n Jf. o D 
aV Q tae): = Ve 


But in a prolate body, with a= + 1, then (i) with - >l, 


di 1 

| (CERTE... E I UC rr 
d PT s 458 
© a= jatar | oe 


and integrating, 





| L L 
= 3$— sin? fGr - 3 je TETE) bis ir) : (459) 
V (jg — 1) E 2 09 


but this does not represent any real motion of the axis, since z oscillates 
between + 1. 

The only solution is therefore z= 1; and to find the period of'a small 
oscillation, putting 


l1—2z:gy . | (454) 
a8 before, | | 
ci n m —1)stee (456) 
and the axis thus makes | 
X (gr) (457) 


complete oscillations per second. 
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Thus to secure the stability of this sipngated projectile in its fight we 
must make 


L 


a on ob (458) 


44. But (i) with rA <1, integrating 

NEGO 

G-EYU V kame 
Semen E us 

= Jay — Ty" F a (1— 2) 


so that the motion of the axis is unstable, and, after an tlie time, i8 nim by 
the equation (459) above. 





Putting z > gig. (460) 
à (nt sin a) = CE aX + 2+ 20050) | 161 
ch? (nt sin a) = su E (461) 
Pon (Es ee 469 
sh? (nt sin a) — ERE PPM amm (462) 
> ___&— C08 2a | 

L2 £— 608 20, 463 
ch (2n£ sin æ) cos a (1+ 4)’ (463) 
__ cos 2a + cos a, ch (2n£ sin a) (464) 
^ l+cosach(2ntsma) ’ 
- cos a, + ch (2né sin a). | (465 
Vg 008 ES ch (on ain a) | n 
dy — 2n COS a, | | 
di L+- 
qe a) 
m cos a + ch (Int gin a) 
n sin? a 
= o nsma 466 
COROT: cosa + ch (2n£ sin a) A ) 
— a a) 
p= ni cogne cos a + ch (2né sin a) 
— ni asut wor ee (467) 


EUR 


GREENHILL : Motion of a Solid in Liquid. 


At the same time, from (169), 








dm — on E icem P noon : 
dt PM 12 1 +2 
— n COS 2a + cos a ch (2n£ sin a) 
Aa net eh Oat eng), 
is n sin? a 
=n cosa— 


cos a ch (2né sin a) ' 

—311 + cos a ch (2ni sin a) 
cos a + ch (2nt sin a) 

1 2 COB Q, 


1-4z' 


D — nl co8 a — cos 


= nt cos a — $ COS 





so that, as in (167), 


Dea cog? 2008 8 ga I + 2 — oost af 


1-+z itg 


Since H=0,a=1, 
3 


Am, 


so that the (a, 8) or (p, w) curve is given by 


2 COS a 


w = nt cos a — + cog ^! ON ism the) 
CC) 


= ni cos a — À COST 


jy 
| A? n? 
From equation — 
r= fU Ani? 

= + 2 gin? OL t 
7 + An fi 1 + cos a ch (2n£ sin a) ) ' 

or dy —y_4An’ An? Sin? a 

dt z 1 + cos a ch (2né sin a) 


"^ sinta 


+ ‘> Y 11 + cos a ch (2nt sina)l' 
and integrating, 
An sin 2a sh (2nf sin a) 
y= Vies 


F 1+ cos a ch (2né sin a) ’ 


26080 (i-e) 
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(468) 


(469) 


(410) 


(471) 


(472) 


(473) 


(474) 


(45) 
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thus determining a, 8, y as functions of the time ¢, an infinite time after the 
start. | 


If L=0, cosa=0, a-—$im, (476) 
as if the body was fired from a smooth-bore gun without rotation; then 
dV o, de 4 
dt ^. di | 
while d —n(1- s), (477) 
dt ! 
z — tanh nt, |. (418). 
p= 5 sech nt, (479) 


and the motion is confined to one plane. 


45. When the body is projected sideways, in the direction OA, with velocity 
V, and with component angular velocities p and r about OA and OC, then 
initially, 








u-Y, v—0, w-0, q-0, (480) 
&o that F= PV, G—=PVAp,. 
pl ab. ` 
n ^ AaP 34 (9) 
27 — ga — D = PT + Ap + Of y Or 
c cs a d... 1 2 
=— F'(p p) t 4p 
—— Ana + 44m E; (48 2). 
D B* 

D——at4qs: E=—ati i (483) 
| D Bz— LN? 
Z-a(f— 1} a(?—1)— 435 (2—1)—4( P 
_ O BHP BL) 

— jas (P — 1) 4—yà e+e ar}; (484) 


so that this case comes under the head of those cases where a factor of Z 18 
known ; and here we have to put 





M? x id PU | 
p BL 
=tat x Yan, (485) 
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When there is no rotation about OC, so that 7 =. 5-0. 


Z=8\a(@—1)— 4451, | (486) 
ndt — | 1 i 
de w {e a(z —1)—4 T : (487) 


and therefore z—0 is the only solution for a ‘prolate body, with a=1, since 
p 1 is negative; but 


Ld n. TS P | | 
TT ^ (1 4n) (488) 
so that the axis makes ' ] | | 
n | I? : 

ae N(L+ ae (489) 
small oscillations a second. T | 
But with an oblate body, and a — — 1, 

di — 


so that the form of the integral is different according as 1 — 4 —+ E is positive or 


M? 
negative, 
When 1 — PE 18 negative, the only real soie 18 again z= 0, | with & 
small nutation of the axis OC, making 


2n m | , 
C (491) 
oscillations a second. | 


: = 
But, with 1 — 4 e positive, 


s= na | (492) 
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Also 
dy — o L 1 
TAS a 2 
JE s(1— 2 (1— 4 m — 2) 
L gc 1 
= 2--($+ 
ix ( 1 JGZ 2) 
L di L z 
= 2 EN — + 2- ! 
a Oe M acey (i—mar) 
o L 
L z M 
=) I ! 
a} Q "5t sn -A 
I? 
1—47,—¢ 
adit + oor À M* ) 
Vi —3j 
With B=0, #=1, a— — 1, and in (165), 
[p a qupd 
A*n 
| An _ Án I? L 
=F = A (1 — 4 15) sech (1 — 455 nt, 
and from (169), 
dw — oL 1 oL ndt 
z | M VZ ` M dz’ 
$527. nt, 


so that y(i 2 
| . M’ 
wW 


a curve of the nature of a separating herpolhode. 
At the same time, in (155), 


S es y Ae (1 —~ 47) secht y (1 — 4 a) tt, 


y= ni sty (1— 47) tanh y(i = 4 ia) Mt, 


thus determining the motion of the body completely. 


(493) 


(494) 


(495) 


(496) 


(497) 


(498). 


(499) 


(500) 


(501) 
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46. The discussion proceeds in the same manner when we put 


p=0, G=0, L=0, (502) 
and now 
= B; 
Z=? la(? — 1)—4 gi. | (503) 
ant _ 1 | 
de — | : 504 
de alu (2—1) — 4e] (04) 
d 2 B a | 
dz M (1—2MWZ 
B 1 
EA i B (505) 
a—2w jal —1)—4 F| 
and since 
Dp " 
E=—a +4 (506) 
dw — B ? 
dé M (1c-aE—ZwZ 
B «T | 
— — —M——————— oOo 
M B? a, (600) 
(4a — AN la 1) ^ai 
Considering only the case of the oblate body, a= — 1, with 1— 4 ra 
positiv», | 
Dp? B? 
z= (1-445) Mai o (508) 
E 
jj = cos” — — 
E — 2) 
1—4 — y | 
= sin~* — VG tan D (509) 
y (1 — 4) —7) 
iind crt cvv ams 
VO ENCE +A 
B B, 
9 —A(1—4-——-—2 


P mA RE | (611) 
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so that 
/(1—4 id sin o= 24 (1— A), (512) 


or, putüng An — €, 
F 
C Eana : (613) 
the equation of an ellipse. | 
. The expression for V will be of the same nature as in (475). 
This last state of motion can be illustrated experimentally by holding a disc 
of cardboard between the finger and thumb and flicking it sideways in the air. 


47. The analysis developed here for the motion of Solid of a Revolution 
under No Forces in Infinite Frictionless Liquid is also available for other 
dynamical problems; for instance, in the exact treatment of the Precession and 
Nutation of the Earth's Axis, when, as in Poinsot’s ‘Addition à la connaisance 
des temps," 1858, the mass of the disturbing Moon and Sun is supposed dis- 
tributed in the form of a circular band or ring in the plane of the ecliptic, or - 
else condensed into two equal repelling spheres, placed at the opposite poles of 
ecliptic at the same radial distance. | 

These equations are considered by Tisserand in the Comptes rendus, t. 101, 
1885; as also Gylden’s intermediate orbit, described under a central force vary- 
ing partly as the distance and partly inversely as the square of the distance, 
which leads to similar analysis. 

The motion of a ball rolling on a gravitating sphere, in which variations of 
internal density give rise to zonal harmonics of the first and second order in the 
expression of the potential, as well as the motion of & particle sliding on the 
gmooth surface of a homogeneous gravitating ellipsoid of revolution, are further 
applications of the same analysis. 


48. Taking the case of Precession and Nutation, in which the disturbance | 
is due to a mass M, distributed in the form of a ring of radius R, the forces 
acting upon the Earth, an oblate spheroid of which the equatorial and polar 
moments of inertia are denoted by A and C, are equivalent to a couple round 
the line of nodes, of moment 


Bye (0— A) sin à cos, . — (514) 
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tending to decrease 3, where 3 denotés the obliquity of the ecliptic, and y the 
constant of gravitation; so that 4 denoting the longitude of the node, the equa- 
tions of Energy and Momentum may be written 


1 4 d e aq dy? __ M 
| RATS E Asini D gei (0— A) sim + H, (515) 
A sin* $ D + Or cos 3 = G, (616) 


where H and Æ are the constants of the problem, and v the constant angular 
velocity of the Earth about its axis. 


Putting cos S — and eliminating 44 between (515) and (516), 


de M C—A 2H 
po UI eet 


=r] — (@—1)(22—1+ D)— j= e] 








G E OY 








A 
=n Z, (517) 
on putting | | 
vd C usd =D, (518) 
and then | | 
dy _G— Crz 
di AS Oe) 
ay G— Ora 
de  An(1— 2 WZ’ Pe 


equations of exactly the same form as those required for the motion of an oblate 
solid in liquid, so that the previous pseudo-elliptic solutions are immediately avail- 
able; for instance, the algebraical solutions given by equations (346) and (358). 

.. To gain some idea of the actual magnitude of the constants in this problem 
in the actual case of the Earth, let u denote the mean angular velocity of Pre- 
cession and o the mean obliquity of the ecliptie, then (Quarterly Journal of 
Mathematies, vol. XIV, p. 173) 

_ 3yM C—A 


so that = 2 Cru SEC o ; | (522) 
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and in this equation we may take 


a si g= 97) (523) 


and, with a year as unit of time, and an annual Precession of 50”.25, 


50.25 


— In X 366 = 52 
TT een) 
this makes n= 1415 and E — 9062. " ' (525) 


But if we try to utilize the algebraieal case given by equation (345) we find 
from (343), 
Cr LB H . H 
da TK UE! on 
which, with H>>1, must be < 0.707, so that the angular velocity of the Earth 
would require to be reduced to about one three-thousandth of its present amount 
for this motion to be possible; and now the path of the pole in the sky would 


give rise to interesting astronomical speculations. 


49. In Gylden’s orbit, with polar coordinates p== and w, the central 


force 
P= e : (527) 
up + p 
or, more generally, | 
P=ap+%— 4%. (528) 
suppose ; 80 that | 
dp? da 4d 
4 CE. HET — dap! + bp + 3e 4- TT, (529 
jg Tips = sap? + 2bp ^ ) 
and ‘= = (530) 


Thence 
3 
p. =a = apt + 46g? + 6cp° + 4dp — h’, 


=f, | (531) 
suppose; so that 
ur — A or dw = — hu (531a) 
do Wh’ du — A/(—hWw-- 4da? + 6cw? -- 4bu4- a) 
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is the differential relation for the orbit, and thus pseudo-lliptic cases can be 
constructed, immediately from Abel's analysis (Œuvres completes). 


50. For the motion of & ball, of radius b, rolling on a sphere of radius 
i —b, under a zonal potential denoted by V, the equations of Energy and 
Momentum become | 


3 (1+ - R a) H, (532) 
(1+ a sin? 9 2v 2 E m cos à — G, (533) 


where Æ% denotes the radius of gyration of the ball. 
The variable part of V depending on cos 3 and co# à or sin? ð, we can 
bring our equations into the same shape as before by putting 





V+ Hayek? (14 ya sin? 3 + 40! cos $ + D), (534) 
and = PNL er 
G= m+ or) sg = an (14 w) T i 
so that 
2 2 - 
SA + sin? à a = n? (a sin? ò + 40! cos à + D), (536) 
dt df? 
gin? SP = 97 b — B 008 à (537) | 
Eliminating = and putting cos $= z, we obtain as before 
| dz . 
Frs = ny A, 
waere Z-a(1— 2 + (4z - DJ1— 2) — 4 RS | (538) 
and dẹ — L — Bz | 
de MG PVE pum 


of which the special case for b= 0 has received consideration,.and the solution 
proceeds as formerly. 

When the ball is projected without any spin, so that r = 0, the equations of 
motion are the same as for a particle on a smooth sphere, in the same field of 
force ; and now, with b — 0, 
= Gis Pi eae, 7 * 


a (540) 
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With a positive and equal to + 1, we can put 


M aee), ^ ^ (641) 
and taking 
BP>l>a>z>—a>—1>8, (542) 


the particle or ball crosses the equator, and 


SPA 


= Her 2) " (543) 
or | =a sn nt. (544) 
Putting 2 = 1 makes 
| 4L, — (g— 11 — o), | | (545) 
go that dy C A/ 1(8* — 1)(1 — o? 
o0 d GAM EXP ay iin 
Now if we put 
dd and —, = a, i | (547) 
- —a(1—a)(1— k’a)} 
pma fich E J ig ndi 
/ (— A) dx l 
ee | a) 
where X — c (1— z)(1— E), (549) 


and A is the value of X when a replaces x; this is a canonical form of the 
Elliptic Integral of the Third Kind, with the appropriate multiplier 4/(— A) in 
the numerator. 
With a negative and equal to — 1, we can have 

Z — (a? — z)(z? = B’). (550) 
With Z = (a? — #)(2 — B’), = (551) 
the path of the particle is bounded by two parallels of latitude on the same side 
of the equator, and 


1>a>r>8>0>—-B>1>—a>1; (552) 
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t — f TEL OM (a =o Br 


Lact. OH) | (553) 





z= à dn ant, | | (b54) 
- ue aaae (555) 
d {GG —8)] 
dz (i— V i — e — 6?) hp oe 
Putting: 2 a 1 : 
, es =a, =a, 1- + =P, (557) 
makes A/(— A) dx 
| | Voi fT VX’ (095) 
where X -—c(1— ac — Ht"). (559) 
With Z= (a? — #)(2 + 8*), (560) 


the particle again crosses the equator, and 


dg 
ut f Tera M e+ 85i 


=1 | Z o 
Vi TEF À A | CES "m. 
z — a, en v(a + B’) nt, | | - (562) 
1 = (1-2) \(1 + 6°), | | (563) 
and with + =. E =a, Es li (564) 
à (Cds | 
pas UNE À (566) 
where. X= z (1—2)(a + E. | | (566) 


Thence pseudo-elliptie cases can easily be constructed, but the secular term 
cannot be cancelled. | 
10 
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But when the ball is projected with appropriate spin r, we have an addi- 
tional constant at our disposal, and.it is possible to make the path an algebraical 
curve ; thus, for instance, from (345), the equations 

sin? 0 cos 34 = H cos? 0 — 1, (567) 
sin? 0 sin 34, = cos 0A/ 1 — (H° + 1) cos 0 + 3 cos 0 + 2H cos 0— 3}, (568) 
represent a possible algebraical trajectory of the centre of the ball, rolling on 


this gravitating sphere, the circumstances of the initial peana being chosen 
appropriately. So also equations (358). 


51. In the motion of a particle on a smooth, homogeneous, gravitating ellip- 
soid, bounded by the surface of revolution about Oy of an ellipse 


f+ B=, (569) 


referred to Op and Oy as coordinate axes, the variable part of the potential on 
the surface may be put equal to i Ap*, so that, with cylindrical coordinates 
p, w, y, the equations of Momentum and Energy may be written 


j= ! (570) 
M o dm. d m i 
d os Pas T Y= Ag + B. (571) 


From (569) we find 


LE p | 
g=% ^/ (a^ — p") zo Oe) 


a 
so that 
dp , K? , gg 
e a salad 
i fa (1 5) gr lP = (a? pdp + BP E. (573) 


Putting p’ = o, 
n 
" a—3(42 5 WU. 


at jos C$): 
ik Pare - G -Ejy4 , | (574) 
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where 
Z=(z—1) CE OD I (575) 
and d K | 
i TE: (576) 
so that | B | 
| dw # 1—(1— 5) (577) 
dz ^ a zal Z 


and this can be treated in the same manner as the previous equations (531) for 
Gylden’s orbit. 
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Surfaces of Rotation with Constant Measure of 
Curvature and their Representation on the 
Hyperbolic (Cayley’s) Plane. 


By Geo, F. METZLER, Odessa, Ont. 


ome 


In Crelle, vols. 19 and 20, Minding has shown that it is easy to obtain the 
formulas which express the relations between the sides and angles of a triangle 
of which the sides are geodesic lines on a surface of rotation with constant | 
measure of curvature. | NE 

 ltis only necessary to replace the radius a of the sphere in the formulas of 
the ordinary spherical trigonometry by aV —1. 

That this is also true for the formula expressing the area of the triangle is 
not stated, and as that is the formula which concerns us here, a proof of the 
same will be given by-means of polar and rectangular coordinates. I do not 
know that such proof has yet been published. 

It will be assumed that such definitions and fundamental equations as are 
to be found in Salmon's ‘Geometry of Three Dimensions," Joachimsthal’s '' An- 
wendung der Differentiale Rechnung " and similar works, are well known. 

If the equations of the surface are 


u =f (r)—z= 0, jug qui (1) 


and we designate the derivates of u as follows: 


_ du __ du "m Qu „— du 
Pe Oe 1709 7 7 0 a? 
Y Ou ga OU and pl. Où 


y oy Ôr ar’ 
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then À, and R,, the principal radii of curvature, are the roots of the equation 


RP (ot — 9) — BR [(1 + g)0 — 2p + (1+ p)] VIE pre | 
| +(+p+g)=0. (2) 





Thus the measure of suede 1 is expressed b 
| R, B, P y 
1  — oè | | (8) 
kik, Atp+gy- Ms E - 7 


From (1) we obtain : 
es d mcd ge gud sus. d 
pop ats, op bp 
E^ d" _ ¥ g? 
sa flr, ts tae. 
Then oe | 
RE p D NT mam LY en Ry QN TT 
(nr tel al TAE) OH. 
Cit p+ gpa (+ fy. 


LI 


Then follows 





E —_ F . uns 1 d 1 
EECIITEÁRO (Gap (4) 


If the surface has a constant measure of curvature, + 3 say, then it follows 
from (4) that | 





= 1 m 2r dr RR 1? __ 72 
If Jd @ ee 
where — 6* is the constant of integration. Then 
1 À | 
E = PF" 
fplctü-PF ur 
TO bpp ’ 
and | " BAPE. | 
| daz = dr N — Pr EE | (5) 


Equation (5) gives the meridian curves of six different forms-of surfaces of rota- 
. tion. According to the values given to b we obtain one of three different forms 
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by using the upper signs, and also one of three other different forms when the 
lower signs are used. | 
Conversely, it is easy to show that all surfaces of rotation whose meridian 
curves are given by (5) are surfaces of constant curvature. 
. Sections of the surfaces through the axis of rotation and a pair of meridian 
curves would appear as in the following figures.* 


Surfaces with Positive Measure of Curvature. 


Fig. 2, b FIZ SBT 





From the equation | 
dz sae O +e 
we see that the greatest real value for »* is a*b?, for which dr=0. dz van- 
ishes for 7° = a?b* — af, In Fig. 1, however, this value of r is imaginary, and 
0 is the minimum real value of r. . | 

Thus the surfaces consist of an infinite number of parts, each part having 
the axis of z as axis of rotation. The area of one part of these surfaces is 


given by -— : 
a l'anrds, ds e + a dr, 


r'xa?b5b9—294 


apa 6 
2 f 2urds = 4n MK i = — [nait nie, (6) 


at1 — aA a p Sem 
= Arai. ] 


* Klein, Nicht-Euklidische Geometrie, p. 186. 
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Ifin Fig. 1 we do not consider the imaginary part of the surface, 0 becomes 


the inferior limit and the area is 
' | Ana”b, 


and this is equal to the superficial area of a cylinder of altitude 2a cireumscrib- 
ing the surface. It is easy to see that the meridian curves approach in form for 
Fig. 1 those on a prolate spheroid, for Fig. 3 those on an oblate spheroid, while 
for Fig. 2 they are circular. 


‘Surfaces with Constant Negative Measure of Curvature. 





The equation for these forms is 
de _ JÆ(1— b*) — r 
dr Y bpe ! 


which is the same as that for the other forms with — a’ written for a’. 

In Figs. 4 and 6 we have also a series of similar parts, while in Fig. 5 there 
is only one part extending to infinity in both directions. It is easy to show that 
the area of the surface of each part is the same for all cases when we take for 
limits values of r for which dz and dr vanish. It is 


Ana. 
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Otherwise, if we take in Fig. 4 zero as the IH limit of integration, the 


area is 
4na’ (1 — b). 


Thus the area of the real part of Fig. 4 equals the area of the imaginary part of 
Fig. 1, and vice versa. | 
Now let us seek the formula for the area of any triangle whose sides are 
geodesies on these surfaces. 
When we consider the geodesics Hold on a plane perpendicular to is 
axis of rotation, the equation of the projection in polar coordinates v, $ is (com- 
pare J oachimsthal, “Anwendung der Diff. Rech.,” p.173) 





_ ndr FF | 
p=» f " Vus, (7) 
where | — daN? a | 
00 aere (Eo af 
Then __ avdr 1 | | 
dg = UN (SP xTQU—»9 (c Bd 


Through each angle of any triangle a meridian passes. If no side of the triangle 
be a meridian, the triangle may be divided into two, of which one side is the 
dividing meridian. Thus we need consider only triangles one of whose sides 18 
a meridian. Let E, R, Rg be such a triangle. 


{ 





Let also the coordinates of R,, R, and À, be designated by (7, 1): (Te Do); 
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and (7,9) and rx designate the values of r along the side R, R, 73 its values 
along A, Rg. The area A of the triangle E, R, R; is given by 


A . EE 1 12 adr 
A=f [và ds =f" [rio T 
= = af Var == ry de + af Var EE ris dọ. 
Substituting for dp from (8), 


A=T 4 f ^ Vg Ag Jagi Tag | 


" 2 — ————————M— 
n Ta Tie — Vig : V Ves 
: 1 — Vs 
000 Th 
= = ee) -— cT 
= + a | sin TE — gin^l E — sin 18 4 gin la |. (9) 
Ta 1 7'o 7'3 


If we take on such a surface two meridian curves ac and db infinitely near 
together, 


od — oa, =r, 
` ab = ds, 
Fia. 8. 





angle aod — d$, ad= rd = ab cos bad 
— ab gin cab 
= ds sin 4, 


vds — de (see Joachimsthal ....). 


where v is so chosen that it is positive. 
ae 
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When ds-—rd$, wv-—r, 


then z=: 90°. "Thus v is the minimum value of r, i. e. its value where the 
geodesic crosses the meridian perpendicularly. | 


vds = rab sin 4 = rds gin i. 


Therefore CA = -— (10) 
Introducing this into (3), we have the interesting result, a,, a, ag, being the 
angles of the triangle, 


A= + a? [ay + a4 — (n — ay) — a4 + as], . 
A= + [a + a4 + 05 — x]. (11) 


Thus for all these surfaces of positive measure of curvature the area of a triangle 
is given by the same formula as holds for the sphere, and when the curvature is 
negative the proper formula is obtained by replacing a? by — a. (This result 
is the same as has been found by Beltrami by means of curvilinear coordinates, 
Beltrami's Saggio.) . — | 

Before considering the conformal representation of these lines, areas, and 
surfaces, let us study more closely the situation of the geodesics on the surfaces. 
The case in which the meridian curve is the tractrix (Fig. 5) is simplest and also 
the most interesting. 

Equation (8), the equation of projection, becomes for the traction 

av dr 
"Pa acu 


h i ,———4 
ae $ mai — y VF C. 


Let A be the angle that the projection of the geodesic makes with the 
radius >. Then for any of the surfaces with negative measure of curvature, 


dr — (dU rry —») 


cotan A — rdo m 


When 7? = a* (1 — Bi) we have an edge of the surface (cuspidal edge). Let A, 


be the value of A at this edge, then 


sin A, = VAT ! (12) 
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From every point of this edge geodesics proceed in all directions, each having a. 
definite value of A, and consequently a definite value for.». From the equation 


for cotan À we see that v is the minimum value of v, for which value A= ES 


For every value of r from v to a/1— b? we obtain a definite $, and there- 
fore a definite x and y, and then from the equation of the surface the corres- 
ponding z, so that it is not difficult to form the geodesics on the surface. 

Let us now consider the schaar of geodesics which reach their highest points 
on & certain meridian OA. From this meridian the geodesics considered proceed 
symmetrically in both directions. Let $ = 0 for this meridian. Onit r =, 


A = and d; must be positive for each curve. For the surface (Fig. 5) 6 = 0 


D = + DAN Pc amp pom a cotan A. (13) 
py) vg 


and 


P | T 
Mm 


When v is very gmall, A, is very small, and for finite r, dp is very small, 
and the geodesic keeps near the meridian; but as r approaches zero, dp 
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increases rapidly, so that the curve winds infinitely often around the surface | 
before reaching its highest point. 

Let us suppose the upper half of the surface projected on the xy plane pass- 
ing through the cuspidal edge. This edge projects into the circle ACBD, the - 
axis of rotation into the point O, centre of the circle, and the meridian OA into 
the radius OA =a. 

a 


From (13) we see that r is infinite when + @=-%. When v—a the 
| " 3 
geodesic touches the cuspidal edge at A and proceeds to infinity, having the 
lines for which @== + 1 as asymptotes, This is a point to be specially noted in 
order that correct figures be drawn. It may be stated thus: 
Two geodesics which touch the cuspidal edge and meet at infinity have 
points of contact subtending an angle E or 2 at the centre O. Thus the 


curves touching where $ = 0 and @ = 2 would have the line for which @ = 1 as 
asymptote. Let r= a, then v =a sina, and 4 = cotan à., then for 


y-—a ;, $—0 , A,—90? , 
v= ;, O=1 , A= 45° u 

(15) 
pa 5 , $9—4/3, A= 30° , 


y-asinl7?$, $-—m , A,=17°%. (This last is approximate.) J 


The condition for a point of inflexion is (compare Williamson's “Diff. Cal.,” 
p. 278) 


yf! — 9f? — 4 — 0, 
when mmo 
za =f (D), P os o 
p ay? + 2ayq* 
ic ICE 
Therefore an? = (a? — pY, 
| | (0 aht 
EMEN 
and ' 7? = av = a? sina. 


Thus these geodesics have in general a point of inflection for r =V av = a vsin A. 
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They are touched at this point by the curves whose tangents are the inflexional 
tangents of the surface. Let v,, $ be the coordinates of the projection of these 
curves, while 7,, $ are the coordinates of projection of the geodesics. From sec- 
tions 377, 380 and 381, Salmon’s “ Geometry of Three Dimensions," the equation 
of these curves, viz. | - 
— 7t 

i Es Ve Va — 1° 
can be derived. 

For the same values of 7, @ we have for the geodesics 


From these equations it follows that 


dr, | Ty — ^ 


dr, va —T 





This fraction takes all values from 0 to o» as v increases from v to a, and equals 
unity when °= av, that is, the two curves touch for this value of v. (This 
result has been obtained by Mr. Bacharack from another point of view.) 

Let us consider the conforma! representation of the upper half of this 
surface on Cayley’s plane of hyperbolic measurement. 


Let the surface be cut along the meridian which is projected in OB (Fig. 8). 
The two edges thus formed will be represented by OB and OB’. Since the 
meridian curves all meet the axis of rotation in the point O for which z= œ, its 





representative O in Fig. 9 should lie on the boundary. (Compare “ Nicht- 
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Euklidische Geometrie," Klein: In fact these celebrated lectures form the 
source of my knowledge on these questions prior to this investigation.) 

Let OPQRS be the boundary of the plane, and BDACB' represent the 
cuspidal edge. Angles remain unchanged, and geodesics, including meridians, 
are represented by straight lines. P, Q, E and S represent points infinitely 
distant where, in Fig. 8, tangent curves at D, A and C touch OP, OQ, OK and 
OS. Thus the hatched part of the figure is the representation of the upper half 
of the surface of rotation of the tractrix. 

As the area is 27ta^, when a is small the representation should occupy but a 
small part of the plane. By moving all the lettered points proportionally 
towards Ọ',. the figure can be made small, care being taken that the curve 
BDACB' touches the lines PY, QR, ES at D, A and C respectively. With 
this figure there is no difficulty in calculating areas. 

The formula for a triangle with angles a, 6,7 is (“N icht-Euklidische 
Geometrie," p. 121) 
| Area = 4x (t — a — 8 — y). 

From Fig. 8 or equations (15) we see that each geodesic subtending an angle 
2 at the centre O makes angles equal to T with radii or meridians through the 
points where it cuts the cuspidal edge. Then the angles of the triangle OAD 
are respectively O, T = and the area of this triangle is 4x* (x — 0 — Z) or 

| One’, 

The area of the corresponding triangle on the surface is x a^, and there- 


fore corresponding areas are to each other as 4x* to a’. 
The whole area is | 
27 (4x?) = Sax’, 
The area of the sector OA1D is 8x’, which is greater than the triangle OAD, 
and the area of OAQD is 
3 —9 n T 
4x (2n 25.) = m, 


and this is greater than the sector, and so for other parts of the figure consistent 
results are obtained. Such results are impossible when a figure such as OA1D 


ig taken to represent the surface. It is in fact —th of the surface. 


Sur les Méthodes d’Approximations Successives dans la 
Théorie des Equations Dijférentielles.* 


Par Harte Proarp. 


J'ai consacré plusieurs Mémoires à l'application de méthodes d’approxima- 
tions successives pour démontrer l'existence et faire la recherche des intégrales 
de certaines équations différentielles, quand des conditions aux limites sont 
données qui définissent ces intégrales. Ces méthodes s'appliquent aux équations 
différentielles ordinaires comme aux équations aux dérivées partielles, mais pour 
ces dernières les conditions d’application sont bien différentes suivant que les 
équations considérées appartiennent au type elliptique ou au type hyperbolique. 
Les premiéres se rencontrent surtout en Physique mathématique et dans la 
théorie.des fonctions; je ne m'en occuperai pas dans cette Note.f  Relativement 
aux équations du type hyperbolique, l'utilité de ces méthodes est d'une double 
nature. Elles permettent d'abord de faire la recherche des intégrales en suppo- 
sant les équations différentielles définies seulement pour les valeurs réelles des 


* Nous reproduisons ici une note insérée par M. Picard à la fin du tome IV dela Théorie des Surfaces 
de M. Darboux (Note de la Rédaction). 

T Relativement aux théorémes généraux relatifs à ce cas, nous ónoncerons seulement la proposi- 
tion suivante (Journal de l'École Polytechnique, 1890). Soit l'équation linéaire 





a'g 87g ag ez az = 
où les coefficients sont des fonctions analytiques des deux variables réelles æ et y : toute intégrale de cette 


équation bien déterminée et continue ainsi que ses dérivées partielles des ‘deux premiers ordres dans une 


région du plan pour laquelle 
| B? — AC «0 


est une fonction analytique de x et y. Il est clair qu'il peut en être autrement dans une région où 
B? — AC serait positif. On trouvera un théoréme plus général (Comptes Rendus, Juillet 1895). 
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variables, et en faisant ainsi le minimum d’hypothéses sur ces əs équations ; c’est là 
un point d'un certain intérêt philosophique. 

Une conséquence pratique en découle; on obtient, en général, pour les inté- 
grales un champ de détermination plus siendi qu'avec les méthodes fondées sur 
l'emploi de fonctions majorantes quand ces méthodes sont applicables. 


1. Rappelons d'abord, sans y insister, les résultats relatifs à une équation 
ordinaire du premier ordre 


Si f(x, y) est une fonction réelle et continue des deux variables réelles 
z et y, quand celles-ci varient respectivement dans les intervalles 


(my— a, +a), (yo — 5, y+), 
et si, de plus, il existe une constante positive £ telle que 


x, y et y + Ay étant les intervalles indiqués, et qu'enfin M désigne le maximum 
de la valeur absolue de f(x, y) dans ces mêmes intervalles, les approximations 
successives donnent l’intégrale de l'équation prenant pour «= æ, la valeur yo, 
sous forme de série convergente dans l'intervalle (x, — p, % +p), en désignant 
par p la plus petite des deux quantités * 


a et ar. (1) 


M. E. Lindelóf, qui & trés heureusement approfondi cette question (Journal de 
Math., 1894), a méme indiqué un autre champ de convergence qui peut quel- 
quefois être plus étendu que le précédent. Désignons par M, la plus grande 
valeur absolue de f(x, 7), quand + varie de x, — a à x, + a; un champ de con- 


* Nous avons supposé la fonction f(x, y) définie seulement pour les valeurs réelles de z ety. Dans 
le cas où f(z, y) est une fonction analytique de + et y, holomorphe dans les cercles de rayons a et b 
tracés respectivement autour des points +, et y, , et en désignant par M le module maximum de f dans 
ces cercles, les approximations successives permettent d'obtenir l'intégrale prenant pour æ = @, la 
valeur y, sous forme de série convergente dans un cercle de rayon p autour de t, (en désignant par p 
la méme quantité que ci-dessus). La méthode des fonctions majorantes donne un champ de conver- 
gence moins étendu. 
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vergence assurée est l'intervalle (x, — p', x + p'), en désignant par p' la plus 
petite des deux quantités 


a et qr log (1+ a£). | (2) 


et p' peut dans certains cas dépasser p. 

Il n'est pas sans intérét de rappeler que la premiére méthode de Cauchy, 
telle que nous la connaissons par les leçons qu'a rédigées M. Moigno, et qui a 
été depuis reprise par M. Lipschitz, méthode dont le principe est de considérer 
l'équation différentielle comme une équation aux différences, définissait précisé- 
ment l'intégrale dans l'intervalle correspondant à (1). 


2. Considérons maintenant une "E aux dérivées partielles de la forme 


Oz " + 
sy = E dy I 


Les approximations successives permettent, entre autres problèmes, de 
former l'intégrale d'une telle équation se réduisant, pour ~ = «y, à une fonction 
donnée de y, et pour y= y, à une fonction donnée de x. Je‘ prendrai d'abord 
le cas de l'équation linéaire 


O^ Og E 


= 2 
dx Oy Oat oy To, 


où a, 6, c sont des fonctions des deux variables réelles x et y. Nous les sup- 
poserons continues à l'intérieur et sur le périmètre d'un rectangle R de côtés a 
et 6 parallèles aux axes et dont (a, Yọ) sera le sommet de moindres abscisse et 
ordonnée. On veut trouver l’intégralé de cette équation se réduisant pour 
y = y, à p(x) et pour za, à V(y). La fonction $ (x) est continue de x, à 
mo + a, et (y) est continue de y; à y; + B ; on a, bien entendu, $ (x) = 4 (yo) 
et les deux fonctions @ et Ÿ ont des dérivées premières continues. | 
Envisageons, en premier lieu, el | 


x3, =f (e, y 


où f(x, y) est une fonction donnée. La fonction 


e= MIC y) dx dy 


12 
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est l'intégrale de cette équation s'annulant, pour «= gp, quel que soit y, et pour 
y = Yo quel que soit x. Ceci posé, nous formons les équations successives 








qo ade 
Oum ga 1 4 OM 
Pen zm 1 de 


do ee - ve F 62, 4. 
On intégrera la premiére équation en cherchant son intégrale z% se réduisant 
à $ (x) pour y = y, et à 4j (y) pour x = a, intégrale qui est visiblement 
a = 9 (2) +4 (y) — 6 (x). 
Pour toutes les autres fonctions 2, (n > 1), elles sont supposées se réduire à 


zéro pour æ = a quel que soit y, et pour y = y quel que soit a. 
Nous allons montrer dans un moment que les séries 


2 + % SC ie AZn Feee’, 


Oz, O2; CEA 
St + SB +e. + as osos 


Oz, | O2 : 
LES RET cR +. 


sont uniformément convergentes dans le rectangle R. Ce point admis, on voit sans 
peine que /a fonction 








Zu TE Re Te TE 
est l'intégrale cherchée. On tire, en effet, des équations précédentes 


atat... +z = Q (o) +b (y) — Q (ag) Ef, f [o2 d 


wv 


$b SG td) tofu... +m s)] dedy, | 


d'où l'on conclut à la limite, en s'appuyant sur la convergence uniforme des 
séries écrites plus haut, 


Z= pe) + 4) —e() + JT a Se OR + of de dy 


et enfin TEETH, 
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Abordons donc la question de — . Je désigne par M le maximum de 
a ae e * Cay 


dans R, et par k le module maximum de a, b, c dans ce méme rectangle, et Je 


considére le gystéme 


Puy __ 

Ox Oy 

Pus Qu, Ou, 

uo à 3 +k + hu, 





tous les u s’annulant pour z = a quel que soit y, et pour y = y, quel que soit w. 
Si nous prouvons la convergence uniforme de la série 


Wa F Ust ee F Unt eee’, (3). 


la convergence de la série des z en résultera immédiatement, car |z, | C |*,..,]. 
Or, soit 








E u, — Us 
on aura ed... M. 
Oxdy 
ŒU, EN QU, | QU, 
op ee Fie T 
QU, QU, ; , Ouni 
andy de T y te 
Si la série des u est convergente, la série 
U,+40,+....+#U,4i+.... (4) 
représentera l'intégrale de l'équation | 
JU dU | 
DT ane + au +, | (5) 


s’annulant pour «=, quel que soit y, et pour y — yy, quel que soit z. Or si 
nous montrons que, pour l'équation précédente, l'intégrale satisfaisant à ces con- 
ditions initiales, est une fonction holomorphe de & pour toute valeur de &, la 
convergence de la série (3) sera établie, car cette intégrale devra nécessairement 


avoir la forme (4). 
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Or l'équation (5) est facile à discuter. Prenant x, = 7, — 0, nous poserons 
| U-É&éereV. 
L’équation (5) devient 
OV 


DRE eur — k(z + y) 
ara; = (V + Metern (6) 


L'applieation des approximations successives à cette dernière équation est 
immédiate. On a à considérer les équations 


QV. 


— —k (v + y) 
0x Oy me 
Q*V, uus (TA 
TEF J + k) Vo, 


PV, = 
Ox Oy MON (& T k) Vaci 


tous les V s’annulant pour x= 0, ainsi que pour y=0. En désignant par N la 
valeur absolue maxima de V, dans R, on aura 


V,|< EE DE 


(1525 P~ 


d’où l'on déduit de suite la convergence de la série 
VotVit..-.+Vit...., 


qui représente l'intégrale cherchée de l'équation (6). La méthode des approxima- 
tions successives donne donc pour l'équation (6) une série convergente, quand 
(x, y) est dans R. Chacun des termes de cette série est une fonction holomorphe 
de Æ, et la série converge uniformément, quel que soit b, dans un domaine fini 
quelconque du plan de cette variable. L'intégrale V de (8) est donc une fonc- 
tion entière de &, et il en est alors de même de l'intégrale U de (5), comme nous 
voulions l'établir. Les mêmes raisonnements sont valables pour les séries 
formées avec les dérivées partielles du premier ordre. 


3. Passons au cas de l'équation non linéaire 


Ce =F (x, : z 22 de 
Ox Oy DOG’ Qy/^ 


Nous abrégerons l'exposition, sans diminuer la généralité, en supposant que 
z= 0 pour æ—0, et aussi pour y — 0. Il suffit évidemment pour cela de rem- 
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placer z par z + [@(x) + (y) —$9(0)]. Ceci posé, nous admettons que la 
fonction | | 

F (x, Y, 2, U, v) 
est continue quand (x, y) est dans R, quand z varie entre — a et +a, et que u 


et v varient entre — b et +6. De plus, pour a, y, 2, wet v dans ces intervalles, 
on & | | | 


|F (æ, y, Z, ul, v) — E (a, y, 2, u, v)| Rs |z — 2| + lu — u] + E |v/ — v, 


les Æ étant des constantes positives. Soit enfin M le maximum de la valeur | 
absolue de F dans la région ot cette fonction est définie. 
On considére les 2 BUccessives 


€ » 9? 9? 9 $9 9 8 8 & eR *À 9 €9 5 95» »& 6 8 + = 6 * 


les z s’annulant tous pour z — zp, quel que soit y, et pour y= Yo quel que soit x. 
On sera assuré que 
Qz, Oz, 
i dx | oy 
restent compris dans les limites indiquées, sl (x, y) est à l'intérieur d'un rect- 


angle compris dans R, ayant pour sommet (mv; Yo), et dont les côtés p et p' satis- 
font aux inégalités 


Mpp' <a, Mp « b, Mp « b. 


Nous supposerons d'ailleurs que p et p' sont au plus égaux aux côtés a et B du 
rectangle R. 
Dans ces conditions la série 


masi Lt, uses 


représentera l'intégrale cherchée. On est, en effet, ramené immédiatement au 
cas de l'équation linéaire, en considérant les équations 





da — 
ae By =F (s, y, 0, 0,0); 
À (n — %) — Om 02 
Ame F(a, Ys ts at a) — F(x, y, 0, 0, 0), 


7. @ on * 9$ » 9*9 9 4 S 9. 99 6 468 9* 9 9 e 99 9 à 0 O9 ee 9 à 9*9 a à «4 à x 


ey te) (a, Y, Baai E Zn — LEE F(a, y, on od, es), 
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et en leur substituant les équations linéaires 


O Un — QU, —1 
do rave, 








QU, 1 i 
+ hy ~ 


La convergence de la suite déduite de ces dernières équations entraîne 
immédiatement la convergence de la série des z dans le rectangle (p, p), et le 
problème est par suite résolu. L'intégrale est déterminée dans le rectangle (p, p'). 


4. Il est remarquable que, dans la question précédente, les limites trouvées 
pour p et p' ne dépendent pas des constantes b. Il faut cependant que l'on soit 
assuré de l'existence de ces constantes pour que le raisonnement soit valable. Un 
cas intéressant est celui où la fonction | 


F(x, y, 2, u, v) 


serait déterminée et continue pour toute valeur réelle de z, u et v [le point (x, y) 
étant dans le rectangle R] et où cette fonction aurait des dérivées premières 
oF aR oF 
dz’ du’ dv’ 
restant en valeur absolue moindre qu’un nombre fixe dans les mémes conditions. 
Nous n’aurons pas alors à nous préoccuper des inégalités (7), puisque la 
fonction F est déterminée pour toute valeur de z, v, v; par suite, dans ce cas, 
la série représentant Üintégrale convergera dans R. 
Ainsi, par exemple, l'équation 
Oz Oz Oz 
— b 
2 ax + 257 T egns, 
où a, b, c sont des fonctions continues de w et y dans le rectangle R, admettra 
ce rectangle méme comme champ de convergence pour la série donnée par les 
‘approximations successives. On gait que l'équation 


353, = sin: 


se rencontre dans la théorie des surfaces à courbure constante, et, dans ses lecons 
de Géométrie différentielle, M. Bianchi s'est servi des approximations successives 
appliquées à cette équation pour traiter un intéressant probléme de Géométrie. 


5. Bien d'autres problèmes concernant les équations précédentes pourraient 
étre traités par une autre voie analogue. Pour indiquer au moins un nouvel 
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exemple reprenons l'équation linéaire 
Oz _ az Oz 
dy Oa + Gy + 
et construisons sur Oz et Oy (Fig. 89) le carré OABC de côtés OA — 00 — a, 
| Fra. 89. 





que nous désignerons par R. On se donne la valeur d'une intégrale z sur OA et 
sur OB; on aura ainsi 

z= f(x) pour y — 0, 

2=@(x) pour y —a; 

f (x) et > (a) sont deux fonctions continues ainsi que leurs dérivées du premier 
ordre ; elles sont définies de x=0 à w=a, et l’on a, bien entendu, f (0) — $ (0). 
Dale de l’équation 

RUE 
Ox dy 


satisfaisant à ces conditions initiales, sera évidemment 


2 f(x) + > (y) —f(y). 


Ensuite, en désignant par P (x, y) une fonction donnée de x et de y dans le carré 


R, l'intégrale de l'équation 


Pu 
f E ao ub "1 


s'annulant.sur OA et sur OB, sera 


uc f daf PE, nd; 


le champ d'intégration est le rectangle MPQR, en désignant par M le point 


(x, y). 
Formons alors, comme’ précédemment, le systéme 








Om — 0 
Ox Oy 
Om __ Ox Og, 
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On intègre la première avec les conditions 
g—Jf(x) pour y=0 et «--4$(z) pour y-, 
et pour n supérieur à un, on prend 
Z, —=0 pour y—0 et z, E pour y= v. 
Des considérations analogues à celles que nous avons employées ci-dessus permet- . 
tent aisément d’établir que la série 
M oe a oe ees ae 


converge uniformément dans R, et représente l'intégrale cherchée. 


6. Comme exemple d'équations d'ordre supérieur au second, pour lesquelles 
s'appliquent sans difficultés les méthodes précédentes, je citerai les équations 
suivantes étudiées à ce point de vue par M. Delassus dans un des chapitres de 
son intéressante thèse (voir aussi Comptes rendus, 1893). Ce sont les équations. 
d'ordre a de la forme | 


avec les conditions suivantes : 


i=0, 1, p 
0 
e d ia me M =n, py 0} 


et en supposant Ap = 1. 


7. Je voudrais maintenant considérer des équations pour lesquelles on ne 
puisse appliquer la méthode précédente d'approximations. Il n'est pas difficile 
de trouver de tels exemples, nous n'avons qu'à prendre l'équation du premier 
ordre | 


9s al, ne avo | (8) 


Supposons qu'on veuille trouver lintégrale de cette équation se réduisant, 
pour æ = a, à une fonction donnée F (y). On peut former les équations suivantes 


TM 

x 

Oz, __ Oz, 
2 a( LEE 
D TAM 
On a(x, y) y ’ 
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2, prenant pour z— a, la valeur F (y), et les autres z s’annulant identiquement 
pour cette valeur de x. Mais on voit que l’on ne pourra former les fonctions 
Zore -3 f... Que si F (y) et a (x, y) ont des dérivées partielles de tout ordre 
par rapport à y, et la convergence du développement ne peut étre établie que si 
l'on suppose que F (y) et a (x, y) sont des fonctions analytiques. JZ semble donc 
qu'on ne puisse établir l'existence des intógrales de l'équation (8) qu'en admettant que 
a(x, y) est analytique. Quoique la question. n'ait qu'un intérêt théorique, elle 
vaut peut-étre la peine d'étre examinée. 
Reprenons d'abord, à cet effet, l'étude de l'équation différentielle ae 


2 fs, y) 


et plagons-nous dans les hypothéses du n? 1. Nous avons trouvé une intégrale 
prenant pour «=z, la valeur y), soit | 


y=F(x, Xo ; Yo): 


en mettant en évidence toutes les quantités dont dépend F. La fonction F est une 
fonction continue de z, zy et ya; elle a une dérivée premiàre par rapport à x, 
mais toute la difficulté de la question qui nous occupe est de savoir si cette fonc- 
tion a une dérivée partielle du premier ordre par rapport à yj. Or les approxi- 
mations successives nous conduisent à la-suite de fonctions i 


V1; Yay «o, Yny ve, 


se calculant de proche en proche au moyen des formules 
Yı == Yo tf. Yo) dee, 
Ys — Yo + f Fs y) de, | 


Yn = Yo x f. Yn—1) da, 


et F(x, a, Yo) est la limite de y,. On peut calculer de proche en proche les 
dérivées partielles 
Oy, Oyz Oy, 


Meteo cette 


Oo | Quo | OYo | 
si l’on admet seulement que f (x, y) a une dérivée partielle du premier ordre par 
rapport à y. Il est donc bien vraisemblable que F aura une dérivée partielle du 
13 
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: premier ordre par rapport à yọ. Nous le démontrerons élégamment sans calculs 
en rattachant la question à un problème traité plus haut; on va supposer que 
f(x, y) a des dérivées partielles des deux premiers ordres par rapport à y. 


[ suffirait même d'admettre que la dérivée oF sans avoir de dérivée par rap- ` 


oy 
port à y, jouit de la propriété dont jouissait la fonction appelée f(x, y) au n° 1. | 


Je considérerai, dans ce qui va suivre, x, comme une constante numérique 
et B désignera une seconde quantité numérique. J'envisage l'équation aux 
dérivées partielles | 


dy . Of dy (9) 
Ox dy, dy dy’ 


définissant une fonction y des deux variables ~ et Yọ. D’après ce qui a été vu au 
n° 3, nous pouvons l'intégrer en prenant les conditions initiales suivantes: 
Y = Yo pour x=%,. 
y =F (x, %, B) pour y -—8. 
L'intégrale y de l'équation (9) sera alors complétement déterminée. Or, on 
déduit de cette équation 


ð 
A. =f (e, y) + P (a), 
P (x) ne dépendant pas de yọ. Or, pour y — 6, ona 
ð 
a =f (e, y), 


puisque, pour y= B, y est l'intégrale de l'équation a = f(x | 9) qui prend, 


pour 2 = m, la valeur 6. La fonction P (x) est donc identiquement nulle, et 
l'intégrale 
y (a, Yo) ; 

que nous venons d'obtenir, est l'intégrale de l'équation = = f(x, y) prenant 
| pour z— a la valeur y; elle est identique à la fonction F (æ, a, Yọ), et celle-ci 
a, par suite, une dérivée du premier ordre par rapport Ay. . RS 

On démontrera d'une manière analogue que PF (a, a, Yọ) a une dérivée du 
premier ordre par rapport à x. On regardera y, comme une constante numériqfe, 
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et soit a une seconde quantité numérique. Nous formons l'équation 


rom Oy Om 
en l'intégrant avec les conditions initiales 
| Y = Yo |» pour s=, 


y= F(a, a; Yo) pour. X= a, 
ce qui correspond au cas. étudié (n? 5). On déduit de l'équation (10) 


ae — f (x, y) + Q(2). 


Q (x) ne dépendant pas de a; on voit que Q(x) est nul, en faisant dans cette 
relation q == a, et l'on termine comme plus haut. 
Ainsi, la fonction F (z, o, y) a des dérivées partielles du premier ordre par 
rapport à c; et ay. Or, la relation’ 


y= F(a, 2, yo) 
peut manifestement s'écrire 
Jo = F (xo, T, y), 


puisque l'intégrale qui, pour la valeur æ de là variable, prend la valeur y aura 
en a la valeur y,. D'après ce qui précède, F(a, x, y) est une fonction continue . 
dez et y, et elle a des dérivées partielles du premier ordre elles-mêmes con- 
tinues. Désignons cette fonction par | 


F(z, y), | | 
en n’écrivant plus la constante 2: nous aurons l'intégrale. générale de l'équation 
À — f(x y) sous la forme 
F(a, y) = const., 
et F satisfera à l'équation aux dérivées partielles 
OF OH... 
Ay + f(a, or c 


"Nous avons donc établi l'existence d'une intégrale de cette équation, et par suite de 
toutes les intégrales, en supposant seulement que f (m, y) est continue et a des dérivées 
partielles des deux premiere ordres par rapport à y. 


100  Prcanp: Bur les Méthodes d Approximations: Successives, etc. 


Ainsi, comme application, on peut établir l'existence d'un facteur usati 
pour l'expression ` 
dy +P (a, y) da, 
en supposant seulement que la fonction P (x, y) est continue et a dep ee 
- partielles des deux promiers Stores par rapport à y. | 


8. Tout ce que nous venons de dire subsistere évidemment si les fonctions 
considérées, au lieu d'étre réelles, sont des fonctions complexes des deux variables 
réelles x et y. En particulier, le théorème relatif au facteur eee qui vient 

d’être énoncé s'applique aussi bien si l'on a 


. P (z, y)=p(x, y) + ig(e, y), | 
p et q étant des fonctions réelles de + et y, jouissant des propriétés indiquées. 
= Une application, qui offre quelque intérêt, se présenté immédiatement. C’est 
une proposition élémentaire, qu'une surface analytique peut être représentée sur. 
un plan, de manière qu'il y ait conservation des angles: on a ainsi une carte 
géographique de la surface. La démonstration bien connue de ce théoréme 
s'appuie essentiellement sur ce que la surface est analytique ; elle revient à la 
recherche d'un facteur intégrant. Avec l'extension donnée à. cette dernière 
recherche, nous n'avons plus besoin d'admettre que la surface. est, analytique. 
Soit une surface pour laquelle le carré de l'élément linéaire se mette sous la 
forme 
| ds! = Eda? + oF de dy + Cd”. 
On peut, d’après ce que nous venons de dire, démontrer la possibilité de faire la 
carte de cette surface sur un plan, si les trois coefficients E, F, G sont des fonc- 
tions continues de.x et y, ayant des dérivées partielles des deux premiers ordres 
par rapport à. Il BUM méme de supposer que les trois dérivées du premier 
ordre 
dH OF aG 
dy? dy? dy’ 

jouissent de la propriété admise pour la fonction f (x, y) a au n? 1. 

Ces conditions, un peu dissy métriques, sont suffisantes; elles ne sont sans 
doute pas toutes nécessaires, mais, pour s’en affranchir, il ide trouver un 
autre mode de démonstration pour l'existence du facteur intégrant. 


2 Focal Surfaces of the Congruences of Tangents 
to a given Surface. 


By A. PELL. 


$1. 


ider a surface (X) referred to its lines of curvature w and v. For 
re shall call the w-line and the v-line those lines for which v = const. 
const. respectively. The axis of x is tangent to the w-line and drawn 
ection of the increasing arc; the axis of y is tangent to the v-line, and 
ion 1s such that & rotation around the axis of z, bringing the z-axis into 
ce with the y-axis, is represented by a line directed along the positive 
he z-axis. The direction of the z-axis is that of the normal to the 


g Darboux's notation, we have for (=) the following formulæ :* 


=V E, 0-0, £170, m=N G, p—0, 
1 WE ,_ 1 we 


170, ndr 2o pM Ge or 8 VERS 
Or Q | 1 
-n = — qp, SP i — qn, SL = rp, (1) 


Uu : 
(G2 QD 


»,¢ and Ë;, 7, & are the components of the velocity of translation of 
. of the movable axes relatively to these axes when u or v vary respec- 


* Darboux, '' Théorie générale des surfaces," vol. IT, p. 888. 
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tively, and p, g, v, Pis qi, 7 are the rotations around the axes, the first three 
when only «w varies, the last three when only v varies. | | 

Then calling p; and p, the principal radii of curvature of the u-line and.the 
v-line respectively, we have 


E G | 


Further, let À and A, be the principal radii of curvature of the u- and the v-lines ; 
7, and v, their radii of torsion; R; and R, the radii of geodesic curvatures, 
directed along the positive parts of the y and the æ axes respectively. For 
these radii we have | 


E /G | 
rm ne, (3) 
and since "E | 
E G 
VES =p =o; == G0, ec. 
ty b 


where ¢, and # are the radii of geodesic torsions of the u- and the v-lines respec- 
tively, we have 


1 Qu, M 


1 
A E Ou? % SG dv’ 


—— 
Lost 


ES 

71 
Here w, and w, are the angles between the radii of principal curvatures of the 
surface (>) and the segments ^; and hg. 


We have | 
, h = 9, cosa, , = pg COS m , 
h = Rasin o , A= Kh, sin w, , (8) 
h OS pn ha HM o pg 


82. 


Our consideration of the focal surfaces of the congruences of the tangents to 
the lines of curvature of the surface (2) , 18 based on the following two theorems 
given by Darboux* and Koenigs.f 


*L. c. vol. III, p. 121. 
T G. Koenigs, ‘‘Sur les propriétés infinitésimal de l’espace réglé,” Ann. de l'école normale, etc. 
1882, p. 248. 


of Tangents to a given Surface. 


orem I.—The locus of the centers of geodesic curvature of lines of cui 
ny surface is the edge of regression of the developable surface, genera 
agent planes of the surface at all points of the lines óf curvature. 


| theorem shows that the distances between the point M of (X) and 
iding points M' of the focal surfaces under discussion are: for the fan 
b, I, and for the family u = const., Rẹ. 


em Il,— The edges of regression of the developable surfaces.of a c 
form two families of curves on the focal surfaces (say S, and Sp cor 
to the focal surfaces A and B), the osculating planes of which 
;0 the surfaces B and A respectively, and the points of contact desci 
surfaces two families of conjugate lines S, and Sj. 


| theorem states that the osculating plane of w-line is tangent to 
ace ($5) and that of the v-line is tangent to (4,); and further, that 
to these surfaces are parallel to the binormals of the u- and v-li 
ely.. | 
ce the study of the focal surface (Sj) of the congruence of the tange 
line can be reduced to the consideration of the motion of a trihed 
t the center of geodesic curvature of the w-line by the tangent to 
e line parallel to the segment À, and the parallel to the binormal, dra 
ble direction. The motion of this trihedron we are going to determ 
t of the trihedron formed by the tangents to the u- and the v-lines : 
al to the surface (Z). T 

study of the motion of the trihedron formed at the center of geodi 
> of the u-line by the tangent to the v-line, the parallel to A, and 
o the binormal of the v-line, will give us means of discussing the fc 
S). | | | 

us call fhe trihedron connected with the surface (X), T.. Conside 
y, z) connected with this trihedron. The projections ôx, dy, dz on 
1 infinitely small displacement of this point are: 


dy = dy +/ G dv + x (rdu + rdv) — zp, do, 


ba = de + VE du + sq du — y (rdu Md 
dz = da + | ypi do — aqdu.) 


now that this point coincide in the first place with the center of geod 
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curvature of the v-line (x = R, y = 0, z = 0), and in the second place with that 
of the wline (x = 0, y = R, z= 0). We know that 


VE du = ds, N'G dv = ds, 


s; and s being the lengths of the arcs of the u- and the v-lines respectively. The . 
above displacements take the form 


for (S), for (Sa), 
dt = adh, + da, das = — hyrido , 
di = hardu , òy, = dh; + ds,, 


64 = — R,qdu , ð= Ryp,dv. 
Substituting for r, g, 7, p,, their values, we get 
b= dR + dy, b= Fd , 
R S 
me ; dy, = d Rs + des, | 
jo usce e in = qu. NE" 
p ps 


These displacements are with respect to the trihedron (7). Codazzi’s formula, 
as given in Darboux's “ Leçons, etc.,” require that the tangent plane to the 
surface contain the axes x and y. But according to theorem II, the osculating 
plane of the w-line is tangent to (S,) at the corresponding point; that of the 
v-line is tangent to ($); therefore we must find the values of the projections of 
the above displacements on the axes of the trihedrons (Tj) and (77) formed as 
stated above. The rotations of (7j) and (7;) are obtained by compounding the . 
latter and the rotations through the angles w, and w, around the axes x and y 
respectively. l 

-= Following is a table giving the direction cosines of the new axes and the 
old ones. ' 
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, def and day’, dy’, Seif are the displacements with respect. to (7, 
ively, we have ` | 


1 = dar, cos (xx) + by, cos (ya!) + dz cos (zæ) = da, 
1 = dy, Sin w + dz, cos wp, 





| = éz, cos w,— ô% sin m, 
ution, 
da = dR, + ds, 
y; = FL de , rfor ($), (8 
1 x 
ôg = : 
Oxy — * ds ’ | | 
bys! me d. Fi +- dss, RE (8). f P 
M—o.  , 


ns we could have obtained at once by remarking that, fo 
sal surface (S,) can be generated by the motion of the trihedro: 
-line, and then considering in the formuls for the displacement 
j»ameter. In this case we have 


dv-0; Edu=ds,; 7 =—0, €=0, 
1 1 
=, =0, r= —. 
P 7i 7 1 
du = 0, m dv = ds, E; — 0, & = 0, 
1 1 


= 0, = —, FS. 
Pı gi Ty 1 la 


of the displacements on the axes of a, y, 2 NOW are: 


dei = du — fds, + day, 


by = dy + G + =) ds; (1c 


dr — dz — + de 
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and | ines 

VPN + 7 du = g 7 (A) 
Oey = "dc Set rus | | 
| Applying these formule to the points (E, 0, 0) and (0, Ry, 0), we get 
dx, = — d E, + da, ) 


. R, 
| = de, Me 
mE by = 0, 5 0. ES | 
oF se | ' | e | (12) 
and ` AUR i = Je da, 
yg = d.h, T ds;, 
dr — 0. 
2. 


The expressions for the linear elements of the arcs ds! and ds of the focal 
surfaces (s ) and (Sj) are: 


dst = Bar" = (dB, d+ Pig ds, | | 
| (13) : 


z 
an | = — Xj = (d. 4-: ds) t dé 
Hence, for (S), ^. | 
ee ambe (Ve c 
aR, | "x 
AC): | 


Fo (avr), 
CET 


F, = Fa (Say @). 


“and for (&),_ 





— 
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These formulas have been obtained by Poe Craig, who also deduced by aid 
of them the theorems stated. by Darboux (l.c. vol: III, p. 122), that the only . 
surfaces whose lines of curvature have their geodesic curvatures constant, are the 
Surfaces of revolution, the cones, the v— and their transformations by 
inversion. 

The angles a, and a4 between the lines u and v v on the surfaces us) and (,S;) 
&re pun by the following formula: 





hi AVE 
COS aq; = — ——.— ;  BIDO4— >> 


To find the velocities of translations we use the formulæ 


£, =NE,.cosm,, m, — / E, . sin m,, 
er =s G,.cogn,, w(?-—dA G,.sinn,, 
where 
n,— m, =. 1 ee) 


Now for ($;) the axis of x is tangent to the y-line, hence n = 0, m, = — 04; 


' for (8) the axis of y is tangent to the u-line, i. e. My = Ax 80 that 


COS M = COS M, Bin m = —sSinao,, cosn,=—1, sin n; = 0; . 
COS My = 0, sin m,—=—1, sin fs = — cog COB ny —'Sin às. | 
8 ; 3 ; 43, Ny 2 


The translations are : 


For (1), ' 
=o ty Bj de ye 0-6 
(OA o; qo Eo 
For (73) 
ED 0 n= — (9 — 0, 
pO p= (yya); mmo 
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34. 
Returning now to the linear elements ds, and ds,, we see that by making 
in (13) 
Rita = Qu Bebe. 


we can write them as follows: 
ds! = Khe 3 1 dé, 
pn (1 4) 


i. e. the lines 
HE, + 8, = const. 


RR, + 8, = const. 


are respectively the orthogonal trajectories of the geodesics 


8, = const., 
8 == const. 


on the surfaces (/$,) and (8;). | | 
From the above expressions of ds!" and ds? we also see that all the surfaces 


for which either 
R 


An op fe 


hy hy 


is expressed by the same function of A, +s, and &, or À, + 8, and s, have the 

corresponding focal surfaces applicable to one another. | 
If, moreover, this ratio is a function of R; +8, or Ry + s, only, the corres- 

ponding focal surfaces are applicable to surfaces of revolution. — | 
Another interesting case arises when we have, say | 


hy = f (Ry). 
Then taking the expression of the linear element in the form 
f R 
ds = (dR + de) + (A32 
we get | 


| dep = dR} + 24R, ds, + (1 + x) dg, 


then | 1+ x J F(R), 


of Tangents to 


ds? = dR? +.24R, a 
F (E) outside of the parenthesi 


dej = F'(R,) Cors) Le 


ung 


qd 38 ie in fug 


diss RN idR? x 


n 7 sum i [da + (4 
x [dei + (9 (Ri) — i^ 
ds, + (9 (Ri) + i 
ds, + (e (Ri) — 1 


— 4 (a, B) da df 


10ws that a and @ are isometric . 
‘tric lines we can find by quadr 


a=s f [0 (8) - 
8— + f [e (R)- 


> see that in this case the deter 
educed to quadratures. 
determine the function 4 (a, 8 
la. and get 

— d = 24 
sequently 

a — ĝ = 20 


ves À, as a function of a and 
. depends on a quadrature, 
L5 


(R)I 


, system of isometric 
of revolution. The 


;t 


ly on À, gives us a 
x, l. e. vol. III, p. 2). 


esic lines 
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This gives us 
js 


mE Wm sm | 
dat) | —— p |dR, 


zr 


and thus the determination of the geodesic lines on (/$j) is reduced to a quadra- 
ture. 

. Since Vi— (Riy depends exclusively on the ie of the relation A, = f(E), 
we conclude that if we have a series of surfaces (>) for which A, is the same func- 
tion of R,, the focal surfaces (Sj) will be applicable to one another and to the 
same surface of revolution. 

Another interesting case is when 


hm f (8), 
l. e. A, is constant along the line 8, = const. Then the focal surface is a develop- 
able surface. Because | 


dej = dei + dh} + 2d [o de, + PNE 
| 
Or | 9 Re B 
Making ds, + AR, = du, 
de 

81 D, 

f (5i g 
we have . ds? = dè + (v; — UIF dU$, 


"where U; is a function of U, only. Further on.we shall prove that (S,) can be a 
developable surface only when the w-line is a plane curve. Hence we conclude 
that A can be a function of the arc of the line of curvature only when this line 
is a plane curve. Asan example we take a ‘surface moulure" defined by the 
equations 


v © v 

x= aUcos + f Y sin © dv, 
a a 
| uc. v v 

y = aU sin — f V cos © dv, 
a a 


Z = | VIZET du. 
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Here U and V are respectively functions of u and v only and a is & constant. 
For the element of length we get 


d$ = du? + (U — Vy de 


and . u= const. v= const. 


- are the lines of curvature of this surface. Here 


H=1, F=0, @=(U—VF, 


Tc 1 od — U! 
R 24/H Qu U—V' 
120, Q2 “IT 
L dev Ip" ^" 
ts (0er) 
FUN Ni Ur 
where | g" 
L= — mii n 
ACT N=V1—U", M 


are the 2° fundamental coefficients of Gauss. Hence 


pes 


1 | 1... " 
3 uin 
and since 8, = u, we have | 
At = f (&). 


The focal surface will be a developable surface. Its linear element is 


= [d (u + EJ + B u, 


| pepe 
or making | 
+R=t, f LE E LT A 
= 177 5 ac rue — 4, 
we have | dst = d£ + (t — F(Z)y aZ. 


To finish this subject, we prove a theorem suggested by a note of T. Caronnet.* 


* Th. Caronnet, C. R. 1892, ‘‘Sur les centres de courbure géodésique." The following proof is 
identical with the one given by Oaronnet. 


We are going 


then the lines 
corresponding 
rays normal tc 
To prove 
trihedron forn 
sider the poir 
- those two pol 
dinates : 


À being the di 
Consider 
are 


In order that 
mentioned be 
this line must 
of our line ar 


Consequently 


ù 


28 


(15) 


mof h. In this 


ce. Conversely, 
iurface, the equa- 


nly on the ratio 


enerated surface 


of Tangents to a given Surface. ê | |. M6 


e the lines of curvature of (S). 
Again, if 


FE, 
—— =m, 
Ay. | 
here m is & constant, we obtain a developable surface, and as previously 
marked, this may take place only when the corresponding lines of curvature 
e plane curves. 

If we suppose 
Je 2 a en + eg t 


hy 2 o) 


> shall have for (Sj) a surface of revolution whose total curvature is constant. 





S5. 

We pass now to the elements of the 2"* order of the focal surfaces (8,) and 
5). We must find the rotations p’, d', pi, gi, ri of (8) and p", gl, 7, pi, qi, vil 
(S). We know that if a, b, c and the accented letters are the direction 
sines of the movable axes with respect to the fixed axes, according to the table 





Y, Y, Z aré the fixed and x, y, 2 the movable axes), then the rotations are 
tpressed by the formule - | 
luus «40 os, da. "T" da 
pce q = pL r = 2b, 
Ly, db —__ şs, da Los, da 
De qı — 26 a r = X5. 


'e have already remarked that in order to pass from (T) to (7) or-(7;) we 
ust rotate the trihedron (T) around the axes x and y through the angles m 
id w, respectively. > 

The following is a table of direction cosines of the movable axes c, y, z 


v 
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with the fixed axes and with the axes a’, y!, 2’, x" ye z” of the trihedrons 
(7) and (15): 
X|Y|Z|a| y CA 


y Sopa 0 | sin m COS m 








z į e] ic" 0 | cosa,| — sin w | cos v; 


Hence we can write 

cos (Xa) =a, cos(Yx) =a’, cos (Zo!) =a", 
cos (Xy) = b sin m + c CO8 m, 

cos ( Yy) = b! sin æm + cos m, 

cos (Zy) = b" sin w + c" cos mi, ` 

cos (Xz) = b cos w,— c sin m, 

cos ( Yg) = b cos w — o Sin w, 

cos (Zz/) = b" cos w, — c" Bin w, 

cos (Ax')=a BIN a, + C cos w, 

cos ( Ya/)= a! sin wg + c cos wg, 

cos (Zo) = a! sin w + c" cos w, 

cos (Xy) — 6, cos ( Yy/!) =b, cos (Zy") = b", 


cos (X2")= — a cos w +e sin ay, 
cos ( Yz!) = — a! cos w + C sid wg, 
cos (Zz/) = — a! cos ws + c" sin w,. 


We can now write the expressions for the rotations. Namely, 


u 
0 
pi =p +) 
q' = — Xe D = — (r cos m, + g sin m), 
qi = — (7, cos w + 9, Sin w), 


7 = Ed, St = » sin my — q cos a, 


Ti = 7, BIN 4 — Qi COB o. 
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And similarly, 


p'= r COS w + p Bin us, 


pi = T, C08 w, + p, Bin m, 


Ow 

] ss 2 
gd =g+ Qu ! 
Hegi A 


y! =r SIN wg — p COB me , 


M — 7Ti gin Da — Pi COS Ujo. 


Introducing in these formuls the values of P, q, T, Pry Qv, Ti, COB w, BIN m, COB m, 
sin w, we obtain the following table : 














, Om, VE a 
P uo T (od 
m Qm, | ) AX G 
Pi = Pı 26 9 n= Ep l 
VE (o Rh G 
"eS » t 
pU, po 
Qu, Qu, . /G 
ficus 2 n — 0%, VG 
d =g t a 3 hrs, Ta y 
yt = lon E it — VG 
Buh, C hs 


Still following Darboux’s notations according to which the 2"* fundamental coeffi- 
cients of Gauss, L, M, N are given by 


_ D _ D | D' 
"eur dic AC 
where the D’s are given by the equations 


Ap =ED —ED; Ag =D iic. 
AP; = ED — ED: Ag, = 1D! — nD, 


and A= mE — nÉ, | (17) 
16 | 2 


(16) 
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we get, by applying successively the above formulæ to the surfaces (Si) 


and (&), 


| A Wl, Aral. | . (18) 
Then for (S): 91220, nı = 0; hence | l 
| | Di — 0, 
and for (Sj) : pi = 0, E” — 0; hence 
D; —0. 
That is, | M,—0, M,—0, 


and consequently the lines u and v on the surfaces (4) and (&) are conjugate. 
This is à well-known property of the focal surfaces. 





Now DL. KS p Om 
= 0. hy VE. uc 
or | _ HE gs 
Men hit: 
and yn _ 9B hw G 
Similarly EN —- 


Fespa Ou’ 7 Aata 


The measures of total curvature of (&) and (93) will be 











for (S;) | 1 — 1 AVG, 
pps OR np - 
| Qv | 
for (55), | =a — s E 
pi py ol To. Rip 
u 


In order that any of these expressions may become zero, i. e. in order that any 
of pj, p4, pr, py’ may become infinitely large and the focal surface may become & 
developable surface, we must have any one of the following equations: 


T= 0, Tmo, A -—o0, Heo, px, g-— o. 


-> 
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All of these equations show that the lines of curvature of (X) in one system or 
in both systems must be plane curves. And conversely, if (S,) or (S,) be devel- 
opable surfaces, the corresponding lines of curvature must be plane curves. 

The expressions for the rotations pi and g” give us a means of finding the 
derivatives 








Qo de 
ov’ du’ 
From | Aip = EDI, Ang! = — ni D 
we have NE DA E M y OR, 
BEA Rip, Ba + VE). ig 
| and Qu ER AI OF, 
Óv [x + AE. Ro, Rip (Se +v8)). MAÉ, 
or Teog that the derivatives | 
and 9 
JA Qv a/ E. Qu 


represent the derivatives with respect to the displacements along the lines of. 
curvature ds, and ds,, we can write 


Q 2 
In the same way we have 


OR 
=—| 9 t8] n, D. 


d 
© ery dm + 1)]: 


S6. 
The equations of the asymptotic lines arè : 
hy 
for (SL), qoe 2e. dv + LB VE dao. 


for ($:), ovr On. LOB oR, we. de® = 0; 
| 1 


Meter t tn 


Pe Qu 
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By inspection we find from these equations that in order that the lines of curva- 
ture of (>) correspond to the asymptotic lines of.(/$j) and (Sp), we must have 
simultaneously 


Qu . ' Qv | | (20) 

or v ” (v), w=) (u), 

i. e. the angles between the osculating planes of the u and the v lines and the 

tangent planes to (=) must be constant. The converse is also correct. But the © 

equations (20) give 
q;— 0, T=, 

i. e. that the lines of curvature of (=) in both systems must be plane. 


We know all the surfaces having lines of curvature pus in both systems. 
They are the envelopes of the plane 


ax — By + (AV 1—4d —A/A*—1.v14- 89)z | 
= f (a) — (8). 
where -œ and 8 are parameters of the lines of curvature. Hence we know all 
the surfaces for which the lines of curvature correspond to the asymptotic lines 
of the focal surfaces (S1) and (Sj). 
The equations of the asymptotic lines of (3) are 








E du? + — C oes E, 
p 0» 
In order that the asymptotic lines of ($) may correspond to those of (Sj) we 
. must have 
B ys di ; A VE 
G 1 OR, 
Ep C ELA E 4 
P2 pi Qv 
Now we have seen that for (S; 
1 _ 1 AVG 
pips OR, Ti. Kip, | 
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and finally, 
| CD 
Calli — 

t R 
T M ha hy = (sn y/' 


This is a particular case of a theorem given by E. Cosserat* and A. Demoulin.t 
It follows at once that if we have the above relation between the radii of prin- 
` cipal curvatures of (>) and (S,), their asymptotic lines correspond. For then 


and since for (61) we have 








Qv 
the above equation becomes 
| 1 _ 1 Aii 
1 ANG pp À | 
OR v. Rip, 
v 
and hence 
E Gq KR E 1 OR, 


Soon ue sr. IP it. G, 
Pf fs h . T1 ty a 


which shows that the two i of the asymptotic lines for (Z) and (i$) are 
identical. 

So that we can say: if the product of four radii of principal curvatures of 
(E) and (4$) is equal to the fourth power of the fourth proportional to Ej, p, and 
h, the asymptotic lines on both surfaces correspond. And if we desire to have 
the asymptotic lines of (S,) correspond to those of (S,), we must have 





dA rer x 25055084 
1 QR, „s R? A/ G 
[opt oe T, 


. * EK. Cosserat, C. R., vol. 118, 1894, *Sur des congruences reotilignes e et sur le probléme de Ribau- 
cour.” 

tA. Demoulin, C. R., 1884, ‘‘Sur une propriété métrique commune à trois classes particulières de 
congruences rectilignes. ?? 
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Now we had 








pip, Of, «Rip 
Qv 
DL EVE 
pp OH, Ty Leh py” 
Qu 
or Fallas = Ta Ta pr pe i s Of, OR 
pi pa pr ps = ERV BG | 0v du 


From the first two equations 
Of, OR Tite _ Ri Bg Ps 
ðu ` dv EG hi hà i 
hence  , T 2 9 
p! pi of! p! = Ed 
or if we want to introduce the angles w, and w we have 


Bl 1 AR, _ 1 


ec E ME e n 
Sénat 








h sinom À sin w 
and FEIN ae í Ps Ps ) 
pi Pe Pi Ps gin? wy sin? Wg : 
or again, "JURE = (. 2R,.2R, J 
pi ps Pi Ps Gin Om, sin 2oy/ ` 


In a way identical to that on page 126, we can prove that this relation is also 
sufficient for or characteristic of the correspondence of the asymptotic lines on 
(S,) and (2). 


From the relations 
4 
pi pi pi Pa = (=e) 


and of of sol pl i — zi mE p? 


we conclude that if there exists a correspondence of the asymptotic lines on (>) 
and (I$) or (8) and (&,), then at corresponding pone both surfaces are either 
convex or of opposite curvature. For instance, if pj 7» 0, 9; 7 0, then pf? and 
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pP must be either both > or both < 0, (x= 0,2). If on the contrary p; 7 0, 
ps « 0, then pf ZO and p So. | 
Again for such surfaces, if (Z) has its total curvature constant, (&) ¢ can be 
of the same kind only if 
inp — const. 
hy 


Since the equations of the asymptotic lines and the equations connecting any 
two conjugate directions du and dw, dv and àv, contain the same coefficients, we 
may say that when the above relations, connecting the four radii of principal 
curvature, exist, then the conjugate directions of (2) and (S,) or of (S,) and (/S;) 
correspond. 


$7. 


The equations of the lines of curvature we write in two different ways, viz. 
For (8) (calling pj, pj the radii of principal curvature of (S,) and (8), 





QR, oh G = 
QE + vE) du x Fe ej GRO io e eh (22) 
À Edu + gi (SE vit VEN. | 
For ($), 
O Fi, oH x - 
(G2 +v G) do + 57 du + p33 p du =0, 


(23) 
Fi 0 Qug a m 
x PREMO E — 0, 


Eliminating from these four equations pi and gj, we obtain the differential equa- 
tions of the lines of curvature of (S,) and (8). 
For (Si), 


aty va + Coy VE EG 


NS. À 3 R vac 


Er VS G tdi ied; 
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spo ($), 
(Se e v a) L VG. d? + CRETE | 
BE Hc iri aa | 


From these — we can see that if we want u and v to remain parameters 
of the lines of curvature on both focal surfaces (i5) and (S;), we must have 
simultaneously | 


Say vE=0, apy a=. 











UA 
The first equation gives 
Of, — __E, 
Qu 
and since ` _ WG 
esi 
OR, 1 oy/G , VGA ðn 
Bu Oe tn Y^ 
Again, 1 WG _ 1 OG 
n= TE Ou’ MU Qu ' 
hence ^/ G Qn, "r 
"n Ou C 
i.e or |. 
Qu — 
The second equation gives 
Oly sg. WE NE à 
Qv — ^" T | Qv 7 gy! 
and since — 1 WE, _ 1 WE 
ae 2 25 ) VG "T" Qv , 
we have __VE oo 
| rm dv’ 
v or o. 
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Hence Or | Or — 


which requires either g = 0 or p, — 0. 


Ifg=0, A rp, = 0 and p,= 0; 
if p = 0, ; SB = — gr, = 0 and g= 0. 


We excluded from consideration the cases where r or 7, are equal to zero, for 
then the surface (=) would belong to the class of surfaces enumerated by Dar- 
boux (1. c. v. III, p. 122) and the focal surface would degenerate into a line, so | 
that we have | 

Di» AN 
1. e. (17259, p=, 


and we get a trivial solution of the plane. This theorem has been proved by 
Professor Craig in & somewhat different way. 

The question, can the lines of curvature of (Z) correspond to ilios of say 
(S|)? has been treated by C. Guichard* in connection with the surfaces of con- 
stant total curvature. 


Let us eliminate from the equations (22) and (23) 2. >i we obtain equations 


determining radii of principal curvature of (8,) and (4). 


For (S;), 
Om, M b Q Ok VEG aR, Ow 
= È, dm [Q T os m FE) 3 ae 
R,.VE ƏR, 
TUR er 
For (5), 
Q LEM : VES OR, 0 
EE TU welts Se) Cs puwpe uu 
HEC VG - -— 





hy 


* C. Guichard, '* Recherches sur les surfaces à courbure total constante,” etc. (Ann. de l’École Nor- 
male, 1890). 
17 
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Calling A, and Æ, the respective total curvatures of (4,) and ($,) and A, 
and H, their mean curvatures, we have 


ha [ei + (CE yn) — P8 _ oh 2n 


: v u 
B, EL pr 


RE. 





Qv 
RENE. m 
K=- 
Bip 5. VE 
Ow,\ (OR, VEG OR, dw 
het SO + VE) Tan de] 
ENG SE 
- z 
ANE 
K= dv 


Ri, Save 


In ease the lines of curvature of ($) correspond to those of (5$), we have 


oR, Qm, — Qo, 

T- VEG + Qu du. o VG 
ha Eu. X Ur exl Qin. Dun 
RE. TM ipm, VE 


In this case we can write very simple expressions for the radii of principal cur- 
vatures. Since u and v are parameters of lines of curvature on ($5), we have 





r— E 200 RE his, EP 7LZ 
"UE Mj ER, E 
o 8 
ya o CR mh Bp QR, 
Ms hy, VG. 2 ee ge 


Thus we see that pi is the fourth proportional to Ri, Tı, h,. This property fur- 
thermore is characteristic of the surfaces. For suppose that one of the radii of 
curvature of the focal surface (S,), of the congruence of tangents to the line of 


| of Tangents to a given Surface. 127 


curvature v = const. of the surface (X), is the fourth proportional to Ry, 7%, M. 
Then for the second radius of curvature we shall have 


a À pi OR; 
Pa ha G' dv : 
and this requires 
(m+ po (OU 4 VE) — o, 
or E py» OR, = 
VE. Rs QVE) =0 
or | u 
(GetvH)=0. am 


Therefore the necessary and sufficient condition that the lines of curvature on 
(X) and (/$j) correspond is that 
= fy Uy 
hy 





Consider now two surfaces (S,) and (S8,) such that the lines of curvature of one 
correspond to those of the other. We must have 


OR, pu ce E OR, 
(Sit vz). UP RE E A ENG). G' ou" 


T pie Mea 





RTE Qv 
T 
The first two equations give 
9E, 
E qu M" 
OR ps VAR 
ud s 
Or T1% OL, ORs _ pips Li Fe 
` MEG Ov Ow üh 


and | | A A! hi! Ai = Aspe ps 


which is identical with the necessary and sufficient condition that (S,) and (4;) 
have their asymptotic lines corresponding. In case of corresponding lines of 
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curvature this is a necessary condition, but it is not sufficient, as the third equa- 
tion written above has to be satisfied. We can therefore state: if the lines of 
curvature on (8,) and (Sj) correspond, the asymptotic lines correspond also, but 
not conversely. 


58. 


For the spherical representation of an element of a curve on the focal sur- 
faces (S,) and ($,) we easily obtain from the general formula: 


da, = = (p™ du + pf? do) + (g® du + qf? dw)’. 





For (8), - V G dv ko (^/ G dv 

! dot = (das + ~ : y+ LE 3 fy. 
For (8;), — AVE. du 4 fapi a/ E dus? 
XU dot (de, +) + RA (rem). 
i ner ae 


doi = (do, + m) + T pa Ut. 


These two formule evidently do not depend on ihe choice of the coordinate 
lines. | ou E 
39. 


Let us now consider the congruence of straight lines tangent to any given | 
family of lines on the surface (X). | 

Suppose that the surface is given by x = f (u, v), y = $ (u, v), z = d (u, v). 
The lines on the surface are given by their differential equation, from which we 


can obtain the values of me À 


du 
Then the coordinates of the focal surface are given by 
| m= +a; 4i— dm; a= y k, 


where a, Bı, yı are the direction cosines of the tangents to the given curve and 
represented by 

out" Ov 
VE + 2A, + GA 


Q4 — 
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Ry is the focal distance and given sax to Kum mer, by 


pE) F eG 
l (00 EG — y ' 
where 
Ox da dx n, — i Ox, Ox Ca, 
Som ou" for EI. py E eS ae o 
MORE CNET 


The fundamental coefficients of the focal surface E, F, 7 we obtain according 
to the formule: 


-x($)- C Ye ns (Se) + + By eina a 
+254, GC 24, ete. 


or i | g | 
E= E4 BE + Ray + Mont y, 26 ls j 


R, OR 
F= F+ mR eh. R p (y p + oh Xa 28 + ga E 


8-64 mo CE eon gn. T F 


The linear element ds, is therefore 


— det + Ba dot + RE + 2R [ed + (f+ f)dude- gd] —— 
+ RAB COR V. ^/ E .du + cos Vj. G. dob 


cos V— — 5. Bay. SE, cos Y, g X04. E. 


where 
V and V, are the angles between the direction R, and the lines v = const. and | 
„u = const. respectively. 

It remains to express | 


do? = E! du? + oF! du do + G' dw*. 
For this purpose imagine a sphere of radius 1 and through the center of it draw 


the lines parallel to the direction Æ; they will describe a certain line on the 
sphere, the coordinates of. which are a, 81, y; and doj is the element of are of 
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what is called the spherical indicatrix of ie given line. Its value can be written 


up from the fact a 
do, — -1 


de h’ 








where À, is the radius of the first curvature of the given eurve and de, is ine 
element of arc of this curve given by | 


ds = E + 2FA, + GA. 


& 


Hence | TT 
j dot = 





AC 
The expression EP DE | 
edu? + (f +f") du do + gd 


is — zero. For 





P (au) + F2 wo 

| | à; (Hau + do) (de, J 
ftps = [mau + mido + E. LX +r. 2 —— (de) - 

| à + - 25. (do, ; $ ndu + dde 


Ê (du) +G X (de) —Ó q au + Gde) à l (de, a] 











du + rdv + re (du) + G. 4 es 
——— (Fu + do). à (de, J, 
and hence 
p mido’ + Eu + Fis) 4 + PN (ndi? 2 on'du dv . 
+ ndo? + Fd*u + Gd*?v] — d?s, z20, 
where ` z 
oe dx Oe v 0x x Ox Qm 
neum aa iL = oa a 
ox x er Oe O^» Ox 


dejo t cM O "OCT 2» 
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Again Edu + Fdv 
, Y= 
di A E.da, ' 
| Fi 
ca 7, = Hc Ge 


Hence the linear element of the focal surface becomes 


dat = det + RES! + ARI + WR, do, 





From this expression we see that for any coordinates u and v 


re ( DOO desde 


p QR, oh, Os, 
Tor Fe j C M à i 

If we write the above expression for ds? as follows: 
= (ds, + dB) + Fh. dat dj + FE dé 


where = 8, 4 fy, 
we see that 8, — const. 














represents a system of geodesics on the focal surface, and 
8, + À, = const. 
are their orthogonal trajectories. 
Suppose the surface (X) is referred to a system of geodesic lines and their 
orthogonal trajectories; then J£ — 1, F=0; consider the congruence of lines 


tangent to the geodesics v = const.; s,— u = const. will be geodesics on the 
focal surface, and since | 





1 _ COlg4G. 
n Qu 


their orthogonal trajectories are 
| Olgy G 
~ Qu 


G = f (u), 


u —]1 = const. 


We perceive at once that if 
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i. e. if our surface (X) is applicable to a surface of revolution, A, + u = f (u), and 
therefore the focal surface cannot be referred to the system of coordinates 
À; + 8, and 8,; 


for the lines . 
| R, + s, = const. and e, = const. 
_ are identical. i 


Excluding this case from consideration, we see that since 





wU — Jev? = const. =a, 
Qu - 
by integrating we, obtain , 
eo NVG. V=u—a, 


and without any loss of generality we can make V=1. Hence 
v G — wu —a 


are orthogonal trajectories of the geodesics w= const. | 
In the case we have excluded from consideration we can introduce a new 


parameter, namely, 
ds, 


7 — dw, 





where dw is the curvature of the geodesic v = const. Then 
dst = d(e, + By)? + Rt. dw’ 


and we see that the focal surface is also applicable to & surface of revolution. 
This is the well-known Weingarten’s proposition. | 


$10. 


We can state without proof, which is altogether similar to that given on 
page 110, etc., the following theorem: 


If the edges of regression of one system of the developable surfaces of the 
' congruence of lines are such that their radii of curvature are functions of the 
corresponding focal distances, then the second focal surface is applicable to a 
surface of revolution. We can find all the isometric systems on it by simple 
quadratures, also can determine all the geodesics which can be drawn on it by 
simple quadratures. Furthermore, if for different congruences the radii of cur- 
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vature above mentioned are the same ‘functions of the corresponding focal dis- 
tances, the second focal surfaces for these congruences are all applicable to one 
another. If the radii of curvature are functions of the arcs of the Goge of 
regression, the second focal surface is a developable surface. 

We give here also without proof the formulæ for direction cosines of the 
normals to the second focal surface. The proof is based upon the theorem of 
Koenigs given on page 103. Calling X,, Y;, Z, these direction cosines, we have 














ya ÀXQp ^ FRGA. — æ EYFA 7 
j i 2 Ou ^ E--2FA-G3 dv VEFA t GA" 
Y, = — oy + GA _ oy PUN a MP, À 
i n; Ow ME+2Fa+ G do EF Fa + GH 

n=—4 zy dem. Etar 5 BE 
= R.' x Qu' JE REA GA Qv VE + 2F2, + Gail 


Here R, is the radius of geodesic curvature of the edge of regression, pues radius 
of principal curvature of the first focal surface, A= is taken from the differ- 
ential equation of the lines the tangents to which we consider in the congruence, 


P—- EGF 


guo 


Here we want to state the following theorem which escaped us at the time 
of writing the above matter. Namely, on the page 114 we proved the following 
theorem: if there exists a relation 


h, = f (B), 


then the lines connecting the centers of geodesic curvature of the wline with the 
corresponding centers of principal curvature of the e-line form a congruence of 
rays normal to a surface. These rays all lie in the tangent planes to the focal 
surface (S,), and therefore are all tangent to this surface, i. e. this surface is the 
surface of the centers of the surface to which all the rays are normal. Now. 
since this surface of the centers is applicable to a surface of revolution, it must 
be a Weingarten’s surface, i. e. its radii of principal curvatures are functions of 
one another. 

18 
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The linear element we reduced in this case to the form ; cx 2D 2 
ds! = dvi + . dàà. 
] — av; y ui 


We can take v, for the radius p,, of the. surface to which the rays are normal. 





e dvi fu — # (Ri) dE | 
"Ike 
| = F(R). 
Hence m R, = const. | 


is the line of equal curvature of the above surface, and 
| | w = const. 
its lines of curvature of one system. 
| Again, wu, 2 8, + F(R). | 
If &, be a function of Æ, we cannot take 8; + À, and E, as the parameters 
of the coordinate lines on the surface (Sj). ` | | 


. . But then as before | 
| ds? —d(s + Ry) + Rid, 


where | - de; : 
. mE da = —1 


LC 


In this case the focal surface is applicable to a surface of revolution. 


Displacements depending on One, Two and Three 
Parameters in a Space of Four Dimensions. 


By Tuomas CRAIG. 


~ 


In the present paper I have given as briefly as possible a generalization to 
a space of four dimensions of the kinematical methods developed by Darboux in 
the first two volumes of his “Théorie générale des Surfaces.” As have only a 
very slight knowledge of what has been done in the geometry of a four-dimen- 
sional space (Euclidian), I have confined myself entirely to the generalization of 
Darboux's formulæ, lest otherwise I might merely repeat what is already well 
known. 

We shall first consider a d having one bolo O, fixed. Let 
X, Y, Z, W be the coordinates of a point referred to fixed rectangular axes 
having O as origin; c, y, 2, w the coordinates of the same point referred to 
moving axes also having O as origin. The following table gives the direction 
cosines of the two sets of axes referred one to the other : 


X Y ZW 


(1) : 





Among these 16 cosines we have the following 10 relations: 


af + B tyi +S I. das + Biba + yy + 6,05 = 0, 

o4 + Bet yet ò= 1, aas + (is + yrs + 9103 = 0, | 
as + B+ ys += 1, ao, + Bba + yiya + 0094 = 0, | (2) 

ai + Qi d yi 9i — 1, asas + Balls + Vays + 090 = 0, 

| det, + B28, + yya + 9304 = O, 

agt + Baba + Yaya + 6364 = 0, 
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ors ai tas +a; ta — 1, a0, + ass + ass +a — 0, 
Di +85 +63 - 0i — 1, ayı À ays + asya tay, = 0, (2) 


$i HO +ò + OG — 1, yid + yeda + eds + i= 0, 
I shall call the figure formed by the four three-dimensional spaces: 
X=0, Y=0, Z=0, W=0, ` (3) 
meeting at the point O a tetrahedroid,.and that formed by the six planes 


E poli, T 


]j 0. 4-0. UtNWEsSO, | 
p a EMT | | (4) 
zs. W-90, 


Wo, 
a hexahedron. | | 
It will be convenient to speak of any such expression as 


AX + BY+ CZ+ DW+ E-—0 


or : ax +by +o +dw +e =0 
as a hyperplane. | | 

In fact I shall employ the nomenclature used by Poincaré in his memoir 
"Bur les Résidus des Intégrales doubles," Acta Math., t. 9, pg. 325; thus a 
hypersurface wil be expressed by a single relation between the four coordinates 
of & point, a surface by two such relations, a line by three relations. 

The following four equations | 


tot 
b TT -+ Bay + V3 + da = 0, (5) 
C age + Bay + yg + òw = 0, 


d ag + By + ya + du = 0 


are the equations of the four hyperplanes forming the faces of the moving tetra- 
hedroid. The planes formed by the combination of these in pairs will be the 
faces of the hexahedron; these may be denoted as follows: 
(a, b)ss PU (4,6) = Pr; - (a, d)= a (6) 
(b,c)= Pi (b,d)-— P*, (c,d)= P* 


To denote the direction cosines of these six planes I employ the notation used 
by Cole in his paper “On Rotations in Space of Four Dimensions," American 
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Journal of Mathematics, vol. XII, p. 191. The direction cosines of the plane 
P', for example, will be denoted by - 7 PS 
P, P, Pu DLE. s Ius 


Since our system is an orthogonal one, we have 

















P= 91, £i P4 = Qi; Yı P= ay, À | 
| de, Bs Ar Ys Qe, ds (7) 
P= Bu yi | A= By, à | Boo à; ; |. 
Ba; 73 Bs, jy | 73) à; 











and similar expressions for the 30 direction cosines of bie remaining five planes. 
These quantities P, satisfy the two equations 


"od o dE Liu. (8) 
Py Py — Pis Pu + P Pu, =0) 
(note that P,, — — P4, so that the second of these can be written in the form 


Pis Pu + Pi Pa Pie Pa 0, 


the form in which Cole gives it). 

I shall denote the moving tetrahedroid by the letter 7.and the hexahedron 
by H. To form the equations giving the motion of T' we proceed in exactly 
the same manner as in forming the analogous kinematical equations for space of 
three dimensions. | 

Differentiate the second set of equations (2/) and write 


x d es -Fy È = pu Te By 4. 
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For w= 0 the quantities pg; Dis, Pig are respectively the quantities p, q, r of 
ordinary space. The extended form of the ordinary kinematical equations 
can now be written down at once, but instead of writing them for the point 
(x, y, 2, w) I shall at once write them for a point at distance unity from O on 
each of the axes .X, Y, Z, W, referring the reader to Darboux (‘Théorie générale 
des Surfaces,” t. I, pg. 4) for the intermediate steps. The equations are — 


da | | 
"dt = + Pub — Pie + p40, 
D = — pa + Pay + Pad 
dy | | add 
dp Ps — Pab + Pad, 
dò 

- di 


= — put — Pab — Pay 


These equations are satisfied by the four sets of direction cosines 
(a, Bi, Vi) 0), (a, Bs, Ya) ba), (ag, Bs, Ys: Os) (a4, Ba; Ya) 64); 


and these by (2) can be expressed’ in terms of 6 arbitrary quantities. For the 
" expression of the 16 cosines in terms of 6 arbitrary quantities the reader is 
referred to a paper by Cayley in vol. XXXII of Crelle and to Cole's paper above 
cited. | D 
| We have here what at first sight seems rather curious, viz. a system of four 
equations of the first order (equations (10)) containing six arbitrary constants in - 
their general solution. This is, however, easy to explain. The rotations py are 
the components of rotation about the six planes of the hexahedron H. By aid of 
(7) and (10) we can form six equations giving the derivatives of Py, Pis .... Py 
with respect tot. We have by (7) | | 

d Pi d ; | | 

ur EE (04483 — 0501) ; (11) 
expanding this and substituting from (10) where we give the quantities 
a, B, y, à the suffixes 1 and 2 successively, we arrive at the equation 

dP} | 

mo = Pas Pls + pua Pha + pusPis — PuPu» | (12) 
and similar equations for 


dP, dP dP dP dB, 
di’. d dt’ dt’ dt’ 
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Dropping the superior affix, we have the following six equations satisfied by the 
36 direction cosines PE: 


dP 
ae — "- 35 + Pas Pa + Pis P — Pis Pa 


ds = pP + pa. Pu + Die Pas — PuPy, 

d Py E P P + PaPa — PPs 

a ee 13 77 Pz 13 Pr 34 ~~ Pis Wr ( 3) . 
1 

d Pss = — Pis Pis — Pi Pis + PaPa — PaPs, 

73 = PuPe + Pin Pia — Pa Pos | + Das Pas 

Pre | PuPis + PaP + Pu Pas — Pos Ps 


From these we have at once the two quadratic integrals 


ee eee eee 
PSP — P,4,P,, + PuP os f == const: 


These last equations show us that by proper substitutions the integration of 
equations (18) can be conducted to the integration of a syetem of four equations. 
The four equations are evidently equations (10). 

Equations (10) obviously have the following integral of the second degree: 


a + B+ 749 = const. (15) 


If now (a, B^, y’, &) is a particular integral of (10), we can add the integral of 
the first degree 


(14) 


aa" + BE + y? + 80 = const. | (16) 
to (15) (Darboux, I, p. 20) ; and so if we have three particular integrals of (10) 
(o^ 85, y^ 8), (a, B, y, 9), (a B y, 8, 


we have the —" system of equations for the determination of the genesi] 
' integral: 

a+ B+ y+ 9 = const. 
aa^ + BB? + yy? + dd = const., an 
aa’ + 88 + yy + 35! = const., 
aa? + BE + y? + 89 = const., | | 
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Since | ak + BY + y* + 8" = const., | (A= 0, 1, 2) (18) 
we can join to equations (17) the following :* 
| Q , Ê, y é 
a’, e, y’, 
A= al, B. #1, 8 — const. (19) 
a, e, y, o? ` 


That A = const. is obvious from the fact that by (15), (17) and (18) its square is 
a constant. The last three equations of (17) and equation (19) are linear in 
- a, B, y, à, and so serve to give us the values of these four quantities. 

It is only necessary to employ the reasoning on page 6 of Darboux, t. I, 
and equations (10), (15) and (16), to see that a general solution of (10) involves 
six arbitrary constants, viz. the six arbitrary constants which serve to define 
‘the initial position of the hexahedron H. 

Suppose now that the system has no fixed point. We must then odie 
the components 

£i C » 7 


of translation of the origin of the moving axes. Here again it is only necessary 
to reproduce Darboux’s reasoning (p. 7 loc. cit.) Let X,, Yo, 2, Wo denote the 
coordinates of the moving origin. So far as the rotation is concerned, the origin 
can be fixed, and therefore the 16 direction cosines determined as above. We 
have now the following equations for the determination of X,, Y,, 2, Wo: | 


T ik E + Bin tins + às, 


d Y, 








ES = ag + Ban + yg + AT 


* This method of solving equations (17) was, for three dimensions, communicated to me by Pro- 
‘fessor Echols of the University of Virginia, who had received it from M. E. Cosserat. M. Cosserat’s 
note to Professor Echols was drawn out by a solution which I had published in the Annals of Mathe- 
matics of the equations just preceding (6) on page 21 of Darboux’s Théorie générale des Surfaces. 
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The integration of these equations is reduced to quadratures, since the coeffi- 
cients a, ae Yı À have already been determined as functions ofi and £, 7, C,T, 
like py, Pig «++ e Pay, are given functions of t. 


Return now to T (10) and write 


oy ie — 1 
= Re e 21 
"e EI ps pi Y—giy FE am 
| = + P+ (22) 
After some simple reductions we shall find the following equations: 
dn p—1 | | 
wr 7 Pa Pm T (=>) Pia — ^ [Apu + tpa + VPs], 
du à 
ao Pa + YP em + SE ad u [Apu + ups + vp]; (23) 
d 
Ar = . APig ups + — v [Apu + ups + vps). 





This system of simultaneous equations is, for three unknown functions, a gene- 
ralization of Riceati's equation. I do not know whether such equations have 
been studied or not, but, as their integration plays no part in the present . 
paper, it is not necessary to say anything more about them.* 

Consider now the case of displacements depending on two parameters, 
t, u. Let pu, Pig, «++» pg denote the rotations which depend on ¢ alone; 
Dio; Dias +++ Dg, those which depend on u alone. We have at once the equa- 
tions i 


a Pub — Puy + Pud, 
È S pua + Pay + Pub, T" 
s DuX— Pb + pu, 
D = — pus — Pub — Puy | 


* A note on the subject of these equations by Mr. John Eiesland will appear in the following number 
of this Journal. 
19 
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x = PhB — phy + vid, | 

98 ng uy + Pid 

Qu ud Pis + Pay + Pu j | ) 
25 

er = Pit — pu + pid 


aa — pua — pu — Puy 


Differentiating each of (24) for u and each of (25) for v and equating the results, 
we have the following six equations of condition connecting the coefficients p 
: and pg: 





























Ops — Opis | fiu Pas | Du Pa 
i ae d Ex. 
u dt Dis; Pss Pia Pu | 
Ops — Pis y Da Pis — Pa; Pu |= 0 
Qu E Dis: Dis : Du: Pi í 
Opy Fit + | Ber Pe | Pis) Pu |= 0 
du | ot pl, pi, pls, Ph (26) 
Ops  OpPss Pis, Pas |_| Pur Pu | — | 
É 25 / / / wm 0, 
u Piss Pis D»: Pa 
Pa Po Pu Pis Ps) Pas € 
Qu Gt p su D eut =U; 
i Pu: Pu Ds: Dis 
Ops, Opi a Piss Pu |__| Bess Pa |- 0. 
Qu ot "ph, ph | | Pls ph 








We shall arrive at the same set of relations between the quantities p, and pj, if 
we form the two systems of equations similar to (13), one system giving the 


values of — 9 oP, 7 and the other giving the values of at For convenience of refer- 


QU 
ence I shall write the first of each of these systems: 
OP | 
A = Pis Pig Dal i Pis Pis — Pub ss» l (27) 
os mE / PE i | 
= Ps Pis B PuPu + plPys — PuPu, (28) 


Reciprocally, whenever we have twelve quantities py, pj satisfying equations 
(26), there exists a motion in which these twelve quantities are the rotations. 
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We can use either equations (24) and (25) or (27) and (28) and reproduce almost 
word for word the reasoning on pages 49-51 of Darboux ;* tt is not necessary to 
go over this ground, as the reader can readily supply the missing reasoning. 

The question of the integration is in this case led back to the determination 
of systems of solutions common to two sets of equations formed like (23)—one 
gives | 


Om Oy d 
ot’ Qt' Qt" 

and the other Qr dy Oz 
| Qu' dw’ du’ 


It is not the purpose of the present paper to take up the study of any of 
these equations, but merely to indicate what problems require to be solved in 
generalizing Darboux's methods. If the system has no fixed point, let E, n, ¢, v 
denote the translations of the origin of T, or H, depending only on ¢ and 
E', v, 6, q’, the translations depending only on v; if X,, Yo, Zo, Wy denote the 
coordinates of the moving origin, we have for their determination the equations 
e ead + Bin $c jT, 


OX, 


| (29) 
2" = a£ + Bin! + yi + àT, 





with similar expressions in Y,, Æ, W,. The 16 cosines are, of course, deter- 
mined just as in the case where the system had one fixed point. To find the 
conditions to be satisfied by £, y,.... 7", differentiate the first of (29) for u and 
the second for t and equate the results. Since the equations must hold when we 
replace (a1, £i, Yi ài) by (ap; Bs, 73) Ôa) or (ag, Ba 75: Òg) or (au, Bi, fA: NE and 
since the determinant formed by the 16 cosines is not zero, we have at once the 
following equations of condition : 


d o£ | / f | : 

A — à + pun — pax — pus + Di + pav — Put = 0, 
o On! : 

5 ar — Publ + pik + Pak! — Pigg + pav — put = 0, 


. | 30 
96 00. | e ees LE — la / die T — plr -0 ) 
5m ET p Pis Pn | Pss T Pe Dav =U, 


oe _ — pul! + pf — pan! + pln — put’ + pur = 0, 


* It is understood that the references are always to t. I of the ‘‘ Théorie générale des Surfaces.” 
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Reciprocally, whenever the quantities £.... T’, py». . py satisfy equations (26) 
and (30), there exists a motion for which these are ie translations and rota- 
tions; to show this it is only necessary to reproduce the reasoning on page 67 of 
ee this, however, will not be done. 

The following are the projections of the infinitesimal displacements on the 
axes of c, y, z, win the case of no fixed point; and when the variables (f, u) 
are supposed to depend on a single parameter, say s: 


do: + Edit E'du + (padit pidu) y — (pisdé+ pidu) 2 + (pudt + diu 

dy + ndi+ n'du — (pudt4- pidu) x + (padt+ padw) z + (pudt + pudu) w, 

de + čdt+ Cdu + (pudt-- phdu) s — (Padi+ pidu) y + (pdt + pdu) wv, ( CY 
dao -- trdit «du — (pydt+ pidu) à — (padi + pudu) y — (pudt + ps du)z . 


For the case of a fixed point it is only necessary to make all of the Greek letters 
zero, and for a one-variable displacement to make the quantities p; all zero. 

In the case of a one-variable displacement and a curve of triple curvature, 
the geometrical interpretation of the quantities py is given in a Thesis by Mr. 
J. G. Hardy which will shortly be published. There alsọ -will be found a fuller 
account of some matters which I have merely indicated in what precedes and 
follows. 

In the case of a one-variable displacement we are of course conducted to 
' the geometty of a curve in 4-dimensional space, that is, a locus represented by 
three equations in a, y, 2, W, Say 


Pa (£, y, 2, w) — 0, (32) 


P(e, Y, 2, D=o} 
Dl, y, 2, w) = 0;. 


in the case of two-variable displacements we are conducted to the geometry of a 
surface which may be denoted by the two equations | 


vA (x, y, 9, w)= 0, | 
v (v, Y, 4, Zi (33) 


We can, however, go & step further and consider three-variable displacements 
“when a point moves on (or in?) a curved 3-dimensional space or briefly on a 
hypersurface. Let {, v, v denote the independent displacement variables in this 
. case. We shall now have the following three sets of equations: 
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0 
rm Pub — pay + Pud: | j 
Q | 
oF = — pya + Pay + Pod, 
| (34) 
7 = fis — Pal + 0340 , 
Q8 | 
E = — Pua — pul — Puy ’ 
Qa = / / / 
Ou — pi — Pisy + Pud; 
a | 
SE = pa + pry + Pad, sa 
34! 
a . 
m Pist — pss + pa, 
o | 
= pla — pl — phy | 
x | 
A = pup — pity + pid 
= = — pua + pay + puð, 
à | (34) 
a= pia— pal + pis, 
2 = — pua — pub — pa y 


Three other sets of equations similar to (13) and giving the values of 
OP, OP, OP, 
ÜC u’ Qv 

can also be written down, but their forms are so obvious that it is not worth 
while taking up space by reproducing them. We have now to find the condi- 
tions which must exist among the quantities p, p' and p” in order that the three | 
preceding systems of equations may admit of common solutions. These condi- . 
tions are obtained in the same way as above and are eighteen in number, group- 

ing themselves naturally in six groups of three each, viz. 

















Opis — Opi j Pus Pas | | Pu: Pa u 0 

Ou — O6 | pi, Dis Piss pul 

Ops Opu Pi Pas o Pus Pu | 

do Ou T| pi, pi | pe =o 200 A 
Ops — Opu t: Des; Pis |- Pus Pu = 

9t — Ov "| pg, pi Pio Pl ' 
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Ops 
Qu 


Opis 
DE _ 


Op 
Ot 


Pis 
Qu 


Opis 
dv 


Opa 
Qt 


. Opss 


Qu — 
O25 " 





Qv 
oy 


OPa 
^ Qu — 


Pa — 
Qv 


Opi I 





ot 


Du _ 
" 
" 
































_ Opis + Ds Pu 
di Pes, Pis 
Opis + | Pas: Pis 
Qu It. ll 

Pe: Pia 
Ops , | Pas» Pis 
" Pes Pu 
| Opi Piz: Pea 
ot E Piz» Du 
Opis Pia Pu 
Ou "| pi, pu 
Opu , | Piss PH 
Pu, Pa 
Op iz: Tis 
Ot | | pis, Pis 
Opes 4 Piss Pis 
ðu | piz, pis 
Ops , | Pis; Pis 
Qv Pig» Pis 
Opa , | Pus Pis | __ 
Ot Di Dis 
Opi d pu: Pis 
du Pu: pis 
Opa pu: p» 
Qv Pu, Pia 





p + Pis: Pu 

Piz, Dia 
au, + Dis: D 
- «| 


H 
Dis) D 


Dis; Pi 
Pis , Pia 












































[^ Pss Pra 0 
Pas Pu i 
|- Par Pi |=0 
Dy Pii B 
|— Pur Pafo 
Da: Pi |= i 
|- pis: Psa |= 0 
Pis, Pu í 
-| Pis» Ps |= 0 
| Pi pa o 
|- | P3 = 0 
Piss Pal 
|- Pon Da |=0 
pu: Du | 
|- Du: Pu |=0 
pi, pal o — 
|- Pu. Pu |= n 
Ds: Ds uS 
Peas Ps |=0 
Du. D i 
|- Pu Pa |= 0, 
Pu ; Pis 
= Pih, D |= 0 
Pu: ss 
|- Pass Du |= 0, 
Deg, Du 
| Pre D$ |= 0 
pu: Pu ! 
|- pis: hx |= 0 
De: Pu | 





| 
P 
| 
| 


(Au). 


Aw 


(Avs) 


(As) 


(Au) 


There are several forms into which the three terms in each group ean be thrown 
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many of them rather elegant, but inasmuch as the above are really the most con- 
venient forms for applying these conditions, I shall not give any of them. 

A final set of conditions must be obtained when we suppose the system to 
have no fixed point. Let (E, 7, ¢, 7) denote the translations of the origin of T 
depending on ¢ alone; (¢', 7’, 2’, 7’) those depending on v alone, and (£", y", a) 
those depending on v alone. If, as before, in equations (29), X,, Yo, Z,, Wo 
denote the coordinates of the moving origin, we shall have 


eed + By +y% + àv || 


ed cs as + Bur + y + lr, (86) 


ie — a,b" + Bw + ya! + AT”. 


The motion of the tetrahedroid is, of course, obtained just as when one point was 
fixed, so that quadratures only are necessary to determine X), .... W,. The 
conditions to be satisfied by the £,»,....«" are readily found and are as 
follows: | 



















































































OF Æ [n,n D TT | 
Qu ot Pier Pis Du: Pis Pus Pu |= 
ob of" n, y"! CC |- qo, T/! -° B (E) 
Qv, du Pies Pis P, E Pu. » TS . 
ok! — o£ Md |+ E s 
Ot w piss E Piss Pu 
Lx CASH 
Qu À T| pa, ph] | Ps; Ph Pa zh | 
On! _ On” ea E (Ü ci 
do Ou | Pis Pu |- Pas: al-l pi. Pu D e) 
bere LINT Lire, | 
| 0v Pies Du "i js Ph» Pu | 
x e m d pa Pam le, 
fis Pis zs Pr Pus Pos DS 
pa » Eg "ET B 
Qv ^ Ou Pis Pis . Pis: Po | Pau Pu S (6) 
| cc, Se ae 3 amem |- wie |. 
À Ov p, pol | pt, Pa! pe pal 

















148 Craig: Displacements depending on One, Two and Three 
































OT | A ) e Na y! $5 e id 
EE i | | = 
Pus Pu Pus Pu Pus Pu 
QT Qc E, El! | | um gH : 
Ro gg EE 0, T 
dv Ou Pi P Pu pu T Piar Psi ES e 
Qe EU n! , dl Ü 
eee fe 
Ob dv Pi Pu pu Da psi: Psa 


If t, u, v depend on & single parameter, say s, we have for the projections. 
of the infinitesimal displacements on the four axes of x, y, z; w the following: 


da + Edt + Edu + Edo + (pudt + podu + pido)y ` 
| — (pdt + pisdu + pi idv) z + (pydt + pidu + pi idv) w, 
dy + ndi + n'du + n'do — (Pudi + pidu + pydv) x , 
+ (Padt + padu + pigdv) z + (Putt + pudu + pyw) w, (86). 
de + Cdt + Lau + Z'dv + (putt + pidu + pisdv) x | f 
| — (Padt + padu + pido) y + (pudt + pudu + pido) w, 
dw + «dt + edu + «" dv — (pdt + pidu + pudo) x 
— (Pudi + pudu + pudo) y — (pudt + pss ! du + pydv) 2. 


A further hypothesis can be made in this case, viz. that ¢, u, v depend each on 
two independent parameters, say ¢ and s, then we should have 


__ et Qt 
di = EE. ds; 
MESET 


In this case the £, v, v can be considered as the coordinates of a point on & 


surface, 

In the case of a three-variable displacement we may assume the origin of T 
to move on a hypersurface, the axis of w to be normal to the hypersurface, and ` 
the other three axes to lie in the tangent hyperplane. We shall then beyer 


=== 0, 


pe the linear element will then be given by 
o + Edu + Edo) + (ndt + du + n'do) + (5dt + pau + ui (38 ) 
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Write in oie qo = Ey, 
E +e FU = Ep, 
Og + fs + GP — —- Egg, 
EE +n UAE 
EE" + nm! + CO = Fs, 
EE" + n'n! + OC" = Fg, 


(39) 


then dos Sade. e d 
ds? = Ed? + Ed + Ed + 2F, dt du + 2F dt do + 2F,du dv. (40) 


The discriminant of this is 
En Fy Fa | En Cf 
A =| Fy Ey Fl-—jE£8 w (|. (41) 
Fu Fn ES Qi wt ui 


Of course the values of the #’s and F’s are known when the hypersurface is 
given, that is, when we know the values of x, y, 2, w in terms of £, u, v; in that 
cage we have 


iiec s — 
eSB, neye d, nega 


Equations (39) and (42) serve ct determine E 1, «+0. C 80 far as they can 
be determined. Any hypothesis concerning the way in which 7 is attached to 
the hypersurface will give three other conditions which can.be joined to (39). 
We shall then have nine equations which will serve for Me complete determina- 
tion of E, n, e.e. Q. 

Generalne now the equation given by Darboux, t. II, p. 376 et seg., we 
have manifestly 


(42) 


tn tn tin=S, 


: (43) 
Las + nbs; + bys =e 


£a, + nb: + y, = AP 
20 | | "aie meo ud n " 
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Ba, + 7/8, + Cy == E 


———— o" | (44) 


Ka, + B, + Uy — 2 


Qu ! 
Ox 


Elo + n'bi + Oly, = D! 
dws ae MES Macias (45) 


Po, +B + Uy m 2 


From these we find at once: 


ox 
Qt 
Hi ox 
77 A! du 
ec 
ov 
E 
1 | 
Pin E 
e 
E 
1 
Fate. g 
g" 


nl! 


Ow 


v * 


a (46) 


The quantities (ag, Bz, ys) will be got by changing x into y in these last equa- 
tions ; (as, Gs, ya) by changing w into g, and (ay, Ba, y4) by changing winto w. To 
get the cosines ôr, à, ds, ôa we need only to recall the properties of the orthogo- : 
nal substitution for which a,,....6, are the coefficients. Or we may use the 
equations which express that the normal whose direction cosines are à, à, ds, 54 
is at right angles to the tangent hyperplane; these are 
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“es a AA EP o, 
E = + à 4 +8, SE Po, (47) 


Nr + A = 0. 
We shall have by either method 


— 1 dy, 2, w) Sue 1 Q (z, w, x) 
~ A df, u,v)? ^ (t, w, v) ' 
5 — 1 9(w x,y) d(x, y, z). (28) 


C 
' A Q(t,u,v)' um A O(t, u, v)’ 


The direction cosines Py, thirty-six in number, of the six coordinate planes are 
readily found when the 16 cosines a, Bi, y; à ($7 1, 2, 3, 4) are known. 

To obtain the rotations py, pj, pY, we proceed as on p. 378, t. II of Dar- 
boux, using equations (43), (44), (45) and (48). We have at once the following 
SIX WN ; 


x a = £ (pudt + pidu + pi de) 
e n (pdt + pudu + piidv) | (49) 
+ $ (pudt + pudu + pido), 
Did EEE (pudt + pidu + plide) | 
"x 7! (Pudt + pudu + Poa Adv), 
+ d (pet + pudi + pido), i 
Sà d ES prd (pyudt + pudu + pii (d), 
+n" (Pudi + pudu + pudo), | | dE 
Ki 9" (pudt + pudu + pudo), | 
SH aS = Ed + ndr! + VÀ. + (En — Er (pat + phu + pido) | 
| g^ (ES — EO) pdt + pidu + pido). | | | (52) 
+ (n6 — nb (padt + pudu + pido), 
DS 92. — Ed! "idu! + LA! + (Cle! — Eu (pdt + pidu + piid) 
HEG — EC pdt + pidu + pido) - (53) l 
+ (7% — x' e" )y( Padt + pedu + pido), 


(50) 
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SE à 2. = BE + udo + C'A + (En! — Un) put + pida + plide) 
+ (ENG — EU) (pdt + pidu + pide) | (54) 
+ (ng — n") padt + pisdu + pido) + 
Define now the six determinants 
Dy, Dez, Dg, Dy, Ds; D, 


by the equation 
Dyd? + Dadi? + Dudi? + 2Dydtdu- 2Dygdt do + Du do 
Or Ox Oz 2 z e za 
Lips me c gg d c ado + 55 dot (66) 
TAJ. dx 


+ 2-02. didu + 2 ras dv + 2 5 dudo, 


only one line of the determinant on the right-hand side 1s written, the others are, 
of course, obtained by changing c into y, z and w successively. 
Introducing the values of ôi, de, ôs, 64, we have 


RS ' AE ' UY 


dr (56) 
Da = 58, -22 AS ’ Dy = S Jia. , Ds = à a 
Equations (44), (50) and (51) can now be written 
Dydt + Dydu + Dido = £P E nPà + 0Pu,)- 
Dydt + Dydu + Dado = E Py + 9! Po +o, | (57) 
Dydt + Dydu + Dgdv = E" Py, + x" Pau + (LPS 


The Py, Pau, P4 are abbreviations whose definitions are obvious. We have now 
Dydt + Dydu + Dido, Li 4 ’ / 
(58) 








AP, = | Dodt + Dydu+ Dado, x 8, 
Dydt + Dagdu + Dado, n” 6", 
or substituting for Py, its value, 
A (pudi + pidu + piidv) = 
Dy n ¢ De n € Da n Č (59) 
Da w P Dy w £P |du+ x d 
Duy x! d D, m» Qj ^ | Da n" C 




















Parameters in a Space of Four Dimensions. 163 














Similarly, 

A (Putt + Pudu + allis: = 
E Dy 6 E Ds ¢ E Ds 6 (60) 
E Da d |dé--|£Z D, d |du+| E Ds & |d 
EY D, d £O Da Q ET Ds. d 

and 

A (Puydt + pudu + pudo) = ] 
E n Dy E n Ds E n Ds | (61) 
Ent Ds|dt--|E w Dy |dut! E n! Dy |d. 
ET n" Dg ET n" Dy E" n" Dg | | 


It is only necessary in each of these last three equations to equate separately the 
coefficients of dt, du, dv and so obtain the values of the nine rotations 


Pu Pe Pi 
(Pu Pus Du 
s Poss Poa . 
To get the remaining nine rotations py, Pis, +++ . ps we use équations (52), (53) 
and (54). 
We have first to calculate the values of the left-hand members of these equa- 
tions. 
From 4 2) we have 








Sq Ox Ox Ox x 
d. 4 Y gast du yè aa tT Mar subs - 
=4 = dt + Eh. dl du + à [272 + n - OP. dv. 
ot 
From 9% we have | 
D Ox i ay em d a ys EE Eod Ox 
Qu Ou A A Qu AS T Qu Qo (63) 
OF, = OF. QE oF , oF 
[s T br "An | dt +458 du + | 18 I dv; 
and from (54) we get 
Ox » Ox Ox dx Ox = a) 
2:2, ooi 623 i xk Meer (64) 


OK OF y 


= [95 — =] dt + 4 | 8 — AS + ne Be Boles 0 d 
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For brevity, write these last three equations in the form 

bc i e — Adi + Bidu + Ode (62) 
>= d. 2. — Agi + Bdu + Cd, (63/) 
Ye - E — Adi + Bidu + C dv. (64!) 
The values of the A,, B,, C; are seen at once by comparing the equations (62) 
(63), (64) with (62^), (63/), (64/). 

Write also for brevity 


Py = = pyd + pidu + pdv, 
Pig = pudi + pudu + pid, l 
Py = Padt + prdu + pdv, 


Equations (52), er and — can now be put in the following forms: 


[4 AE SE — S | dt + [BE SE o — St — t S. ] du 


| + [a i Of — n Ot — 5 2) ae (52) 
= — (Ex! — En) Pig — (CE — QE) Pis — (ng! —n'C) Ps, 


pen plats E — St a 


+a- OP et Ov eae =| dv 
= — (En! — Eh!) Pa — (C'S — EL) Pas — (lo 


— 1/6") Ps, 
| As — E es — nt — vl 5 a [5,- p E — ^E — p SS] ay 


2 _ non _ md 54! 
+ [Qe 22 | de (64^) 
= — (En — Ex") Ps — (EC! — E") Pis — m6 — rt — ng") Pa. 
The determinant of the right-hand sides of these equations is obviously 


(e 


(58!) 











ae Ny Ç on Ey, F3, Fs, 
— AP = — m » , d = F's, Ps, F3, 
E n", "d Jos Fs, Py: E 
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We have now only to solve these last three equations in order to obtain the 
values of Ps, Pis, Pas, then replacing these quantities by their values from (65) 
and equating separately the coefficients of d£, du, dv on each side of the results, 
we shall have the values of the nine rotations 


Pris; Pu Piss 
Du: Pi pi: 
Px Pas» Dis; | 


which, it will be noted, depend only on the linear element. The work of calcu- 
lation is somewhat long, but perfectly simple. We find 


— + pidu + pudo | 
ZA eT SH ae Qn DH) aes Ca BRA] 
+E ye =) ee: )du+(G— vr) dw | V (66) 
+E (45E at (BSE SE) iut Sr SE) a0] | 


We shall have P, and P, by changing the multipliers £”, £, E of the brackets 
into n”, n, n’ and ¢", ©, ¢ respectively. If we take the simplest case, viz. the one 


corresponding to lines of curvature on a surface in three-dimensional ai we 
shall have 





ang (87) 
A ceo usd 0. 
It is easy to see that these last conditions involve the following: 
E ep cues e mcs; 
and 80 NN. o 
£— Es, " =v Ey, Qu v "e (69) 
A — Ey! C! =w E Es By. 
From equations (59), (60) and (61) we now get 
Da: 
Pu = FE pi —0 ; pa 0 
D 
= 0 : Ple 1e | = 0 ; 70 
Da = Pu = VE, Pas (70) 
| D 
Pu = 0 ’ Pu = 0 ) PAT FE 
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These give us, of course, expressions for the three principal radii of curvature at 
a point of the hypersurface where the three parametric surfaces 


t= const, u= const, v= const. 
are surfaces of curvature. 


We have also from (66) and the two similar equations derived from it by 
changing & into 7 and into $ regpectively : 


— D —1 Es "T 1 Q Fas 
m | PR 27 Tig lg wc PTE Bey wu 
1 QE / HL — MT 1 Q E 
Pis 2V E, E, Ov |; Py » Pig 27 E, E, E (71) 
— 1 "Um / 1 Q Es FF ee 


Pa — 37E-E. Duc PTE, a’ S 


These formule are analogous to those for the radii of geodesic curvature of the 
lines of curvature in ordinary space. 

It is obvious that an enormous number of formule concerning hypersur- 
. faces, surfaces and curves in a four-dimensional space, can be derived from the 
preceding brief generalization of Darboux’s methods. A problem of particular 
. interest, as it seems to me, is the case where the three variables ¢, u, v depend 
on two independent parameters; for the study of this problem Poincaré’s memoir 
(“Sur les Résidus des Intégrales doubles,” Acta Math., t. IX) and the treatise 
“Théorie des Fonctions Algébriques de deux Variables indépendantes,” by 
Picard and Simart are full of suggestions. 

BALTIMORE, Dec. à, 1897. 


Further Researches in the Theory of Quintic Equations.* 


By Hwxony MoCrtiNTOOK. 


1. This paper comprises in substance four successive parts: first, a prelimi- 
nary classification of quintics between reducible and irreducible, and again 
between resolvable and unresolvable (paragraphs 2-6); secondly, a simplified 
restatement of my earlier discoveries (7-16); thirdly, the presentation of the 
necessary form of the coefficients of the general resolvable quintic (17-32); and 
lastly, the development of a theorem according to which any given resolvable 
quintic engenders another for which my sextic resolvent has the same rational 
value (33-42). In the course of the first part, a method is presented (4-6) for 
detecting the rational factors of reducible. quintics, a method which is applicable 
as well to equations of other degrees; and this is followed (6) by a method 
for recognizing quintics which are unresolvable because of their having two and 
only two imaginary roots. The second part recalls my paper of 1886 entitled 
“ Analysis of Quintic Equations,” which was published in the American J ournal 
of Mathematics, vol. VIII, pp. 45-84.+ In that paper I showed that there are 
three cyclic functions of the roots, functions which have a rational value when 
the quintic is resolvable, namely, £, v, s, connected by the relation s = fw, two 
of which must be taken into account in any simple discussion of the resolution 
of the quintic. Regarding the recognition of these quantities as my most 
important contribution to the development of the subject, I dwelt repeatedly 
upon their usefulness, and gave particulars of earlier investigations which had 
failed either of success or of simplicity for want of these necessary auxiliaries. 


* Read at the Toronto meeting of the American Mathematical Society, August 17, 1897, when copies 
of a printed sheet containing the formula were supplied, for convenience, to the members present. 

t I take this opportunity to point out certain errata: p. 47, in (6) and (10), 44 is blurred; p. 61, in 
(82), for wi read uł ; p. 02, in (84), for y read w ; last line of p. 59 and second of p. 60, for dy^! read 
1$-7!: p. 60, in (47), insert 9 after (5D) ; p. 60, line 8 from bottom, for 2 read 8; p. 68, line 15 from bottom, 
for 16 read —16; p. 78, in (100), for d? read d, ; p. 76, line 11 from. bottom, insert v^? after p? ; next 
line, for pv" read pv‘; next line, for pi! read pu? 

21 
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. Starting from the well-known theory of Bezout and Euler, who assigned four 
elements, say Uj, Ug, Us, u,, as functions of the roots, I developed two chief 
auxiliary equations containing only t and v in addition to the coefficients, from 
which by elimination [ produced two sextic resolvents, one in £, which was new, 
the other in v, which was a simplified reproduction of the only resolvent pre- 
viously known, that of Malfatti. I also showed how a resolvent in & was readily 
derivable from that in v, and developed formule for determining the other two 
of the quantities 4, v, s, whenever one of them became known by means of a 
resolvent. Finally, I supplied formule for determining the roots of the quintic 
from ascertained values of ¢ and v. In the second part (7-16) of the present 
paper, besides simplifying one of the formula last mentioned, I reproduce much 
of the work referred to, but in & different order, which appears to reduce the 
algebraic labor to a minimum. In fact, I adopt a new method which might be 
applied to equations of other degrees, and which is the precise reverse of that 
of Bezout and Huler: instead of defining the elements as functions of the roots, 
I start with the elements and define the various quantities with which I deal, 
including the coefficients and the unknown quantity itself, as functions of the 
elements, In the third part, I develop (17—20) formule by which, assigning. 
rational values at will to four parameters, we are enabled to produce the coeffi- 
cients, and the quantities ¢ and v, for all possible resolvable quintics; I consider : 
(21-25) the modifications of this system which become necessary in critical 
cases, remark (26) upon the difficulty of constructing resolvable quintics of the 
form 3? + 10y3? + 1005? + ¢ = 0, and give reasons (27) why simpler parameters 
cannot be devised. After remarking (28) that in general there are four conju- 
gate quintics for which ¢ and v have identical values, I refer (29-32) to the 
history of previous partial solutions of this problem of constructing resolvable 
quinties. The rest of the paper (33-41) contains the proof of, and some com- 
ments upon, the fact already intimated, that if my resolvent sextic be found to 
have a rational root, and if the sextic be reduced to a quintic by a division 
depriving it of the rational root in question, the resolvent of the new quintic will 
itself have.the same rational root. | 


2. The general quintic is | 
aa? + 5bx* + 10c2? + 10da + ben + f=0, -(1) 
which, if x — y — ba}, takes the shorter form | | 
y5 + 1074 + 108° + bey +5 — 0, (2) 
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where y =a? (ae — b’), ] 
6 =a? (ad — Babe + 25^), 
. & = d *(ae— 4a°*bd + 6ab?c — 30°), 
Z — a7 (atf — babe + 10a°b'd —10ab%e + 455). J 


(3) 


We shall assume the coefficients to be rational, recollecting however that what 
we find true for rational coefficients must also be true for irrational coefficients, 
provided that the word “rational,” wherever used, be so extended in meaning as 
to comprise the coefficients as well as all rational numbers, embracing the whole ` 
in one hypothetical domain of rationality. It is known that the general quintic 
is not solvable algebraically, that is to say, by the simple algebraic processes of 
addition, subtraction, multiplication, division, the raising of powers, and the 
extraction of roots. Some quintics are so solvable. ‘Those which can be broken 
up into factors directly are called reducible. Those which can be broken up 
indirectly into five linear factors, through the determination of the several roots 
by the aid of a sextic resolvent, may be classed as resolvable. ‘There are thus 
four classes of quintics: the resolvable-reducible class, which includes, with some 
others, those having five rational roots; the unresolvable-reducible class; the 
resolvable-irreducible class; and the unresolvable-irreducible class, the last not 
being solvable by radicals. We shall here have chiefly to do with resolvable 
equations, but a few preliminary words concerning the criteria of reducibility 
will not be out of place. | 


3. À quintie in y is reducible when it is divisible either by y +m or by 
y + py +q. We may proceed first to test a quintic by trying to find a linear 
factor, failing which we: may look for a quadratic factor. In this it will be 
assumed that the coefficient of y* is unity. (If it has any other positive integral 
value a, the differences hereafter spoken of will all be multiplied by a or by 
some factor of a.) If we have the equation, for example, y°— 5y — 3 = 0, the 
usual test for a linear factor is to substitute successively for y its possible 
rational values, namely, 1, — 1, 3, — 3. It is better, however, to pursue 
another known method, by which at first only two values are substituted, 1 and 
— 1. The given equation being $(y)-0, with coefficients made integral, we 
set down in order the numerical values of ¢(— 1), $ (0), (1), and inspect 
them to see whether they respectively possess integral divisors ascending in 
arithmetical progression, the common difference being 1. In the example 
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y? — 5y — 3 = 0, the three values are $(— 1) — 1, $(0)— —3, p(1)= — 7. 
These obviously do not possess respective divisors exhibiting the required pro- 
gression, so that the equation has no linear factor. If, as another example, we 
take ® (y) = y" — 13y + 6 —0, we find 9 (— 1) — 18, $(0) = 6, ẹ (1) = — 6, in 
which we may discern the divisors 1, 2, 3, causing us to suspect that $ (—2) = 0, 
which is the case. If the first coefficient of $ (y) is a instead of 1, the common 
difference must be some factor of a. In searching for a quadratic factor I usually 
employ the following method, which may be novel,* and which applies to equa- 
tions of other degrees as well as to the quintic. 


4. In the example y» —5y — 3 = 0, we had $(—1)—1, $(0)——8, 
@(1)=—7. Continuing, we have $ (2)—19, $ (3) —225, $,—1001, $5,—3097, 
etc. Avoiding negative products, in order if possible to consider only positive 
divisors, we take the series as follows: | | 


$(2)—19 =1x19, 

$(3)— 225 —Bx45 —9X 96, 

$ (4) = 1001— 7 X 143 = 11x 91— 13 x 77, 
$ (5) = 3097 = 19x 163. 


What we have now to do is to look among the respective divisors for an ascend- 
ing progression: if the differences increase regularly by 2 (more generally, by 
twice some factor of a), there is a quadratic factor. Such a progression appears 
in 1, 5, 11,19. Carrying it back two steps to $ (0), we have ¢(1)= —1xv7, 
@(0)=-—1xX38. The factors of p(y) are therefore y+ py —1, y^ -- ry^ + sy+3. 
It will be observed that the complementary divisors, 3, 7, 19, 45, 91, etc., have 
as differences the series 4, 12, 26, 46, etc., which have as second differences 
8, 14, 20, etc., the constant third difference being 6. In general, any equation 
of the n degree having integral. coefficients, the first being 1, and having a 
quadratic factor, must show a series of divisors having 2 as their uniform second 
difference, the complementary divisors having (n — 2)! as their uniform differ- 
ence, of degree n — 2. (If the first coefficient is a = mp instead of 1, the uni- 
form differences will be 2m and (n — 2)! p respectively.) We may apply this 
system, obviously, in seeking for cubic or even larger factors, any factor of degree 
k yielding a series of which the 4‘? difference is always &!, or for the general 


* Newton's method of factoring involves eventually only a series having uniform first differences, 
and to that extent is simpler, but it requires much more preparation. 
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form m.k!, according to an elementary principle of the theory of finite differ- 
ences. | | | 


6. Thus far we have found only the final term of the quadratic or other 
factor. The theory of finite differences gives us the remaining coefficients of this 
factor at once. We have in fact found (0), (1), 4(2), etc., factors of 


$ (0), $ (1), $ (2), etc., from which, pursuing the same example, we establish the 
following scheme of differences for the quadratic factor: 


y. vy). Ably). AW(). 


0 = 0 2 
1 —1 , 2 2 
9 1 4 

3 6 


and for the cubic factor: 


y. xa) Ax(y). Mx) Ar (y). 
0 3 4 8 . 8 

1 7 12 14 8 

2 19 26 20 

3 45 46 

4 91 


A known formula in finite differences is 
f(y) =O + vA (9) +49 Qj 1) AY) + LL y (gy — 19 — 2) AY (0) 2 


from which we find at once the quadratic factor of a9^— 5x — 3 to be 
—1 +y (y —1) and the cubic factor to be 8 + 4y + 4y (y —1) + y (y —1)(y — 2). 
The same process may be followed, as suggested in the previous paragraph, in 
ascertaining factors of still higher degrees, when the given equation is, Bay, of 
the n* degree, and the factors are respectively of the 4” and (n — &)*. 


6. If a quintic is-reducible we do not need to inquire, except perhaps when 
we are looking for a case for purposes of illustration,-whether it is also resolv- 
able. If we find it to be irreducible, the construction of a resolvent and its 
examination for a rational root will determine the question of resolvability. It 
is known, however (see paragraph 16 farther on), that resolvable quintics have 
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either five real roots or one real and four imaginary. A quintic known to have 
just two imaginary roots may, whether reducible or not, be classed at once as 
unresolvable. Means for: recognizing equations having two imaginary roots, 
often by mere inspection, may be found in a paper read' by me before this Society 
at its summer meeting in-1894, and published in vol. XVII of the American 
Journal of Mathematics, its title being “A Method for Caleulating Simulta- 
neously all the Roots of an Equation.” A glance, for example, at such quintics 
as 25 +o? — 11a? — 9x + 3 — 0, a5— 1825 — 9x + 1 — 0, a5— 172 — 1 — 0, is 
enough to make sure that they are. not resolvable. The following schedule will 
assist the reader in such cases, it being understood that there must be a marked 
distinction between the large or “dominant” coefficients and the rest, which 
must be relatively unimportant; and if such a distinction does not already exist, | 
the equation must be so transformed linearly as to create it. In this schedule 
the unimportant coefficients are indicated by dots, the coefficient of x° by 1, and 
the other dominant coefficients by p or, when the sign is important, by + or — 

‘or + or F. e s | ROS 


.. ARRANGEMENTS OF COEFFICIENTS WHICH INDICATE Two ImaciNaRy Rooms. 


x oc! g a? x 1 
1 à + D D D 
1 + + = 
1 + ‘ — ‘D 
1 + F 
1 D D D 
l ; í — D 
1 + + à T 
1 + + D - D 
1 D D = D 
1 ot: F 
1 "2 — — (D 
1 D m zm D * 
1 D D D 
1 i — t í D 
1 D D + + 
1 : — + ne 
1 =m =F + 
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The word “span ” is used, in the paper cited, for the space, or difference in the - 
degrees of the exponents, between one dominant and the next. Thus, in the first 
form given in the foregoing schedule, there is-a quadratic span followed by 
three linear spans. An ''unlike span” is bounded by two dominants of unlike 
signs, and a “like span” by two dominants of like signs. The key to the 
schedule consists in the observation that two imaginary roots are, in a quintic, 
indicated always either by a cubic span, a like quadratic, or an unlike quartic. 


| 7. Having noted certain methods for detecting equations which are either 
reducible or known to be unresolvable because having just two imaginary roots, 
we shall hereafter confine our attention to resolvable equations. To resolve any 
resolvable quintic of the form (2) it is sufficient, and when the quintic is irre- 
ducible it is necessary, to assume y= u, + "s + uy + u and to determine the 
values of the four w'&* The paper of 1885 already referred to, ‘ Analysis of 
Quintie Equations," contains not only a new resolvent, but also immediate 
formule expressing the roots of the quintic when a root of the resolvent is 
known. While these formule were derived in a manner not devoid of utility,+ 
the method of proof now to be presented will be found far simpler. The 
expression for 7, is also simplified greatly. 


8. Let there be four quantities, called elements, namely, Ui, Us, Us, Uy, and 
let certain functions of these elements be defined aa follows: 


* Those critical cases in which one or more of the u’s disappear are treated in the earlier paper, 
paragraphs 7 and 33, and will receive some attention farther on. . 

tI may be excused for citing the judgment on this point of one or two competent critics. Says 
Cayley (Collected Mathematical Papers, IV, 612): ‘‘ McClintock completes in a very elegant manner the 
determination of the roots of the quintio equation.... Ireproduce this solution." Cayley’s repro- 
duction, or rather paraphrase, occupies nearly five of his quarto pages. The key to every improve- 
ment which I made in 1884 and 1885 lay in the recognition of the rational character of the quantities 
v and 8, which for earlier writers were merely squares of quantities which they employed, without 
regard to their irrationality, as fundamental features of their systems, and to which I attributed dis- 
tinpt symbols; in the discovery and use of the all-important rational quantity t, connected with 
v and s by the relation 8— °v, and in the employment (which I recommended urgently by various 
arguments) of the rational symbols ¢ and v in the discussion of the mechanism of the quintic and in the 
formulation of the two fundamental equations. It gave me much satisfaction to find these improve- 
ments shortly afterwards adopted by Professor Young (American Journal, X, 114), whose y and — 4t 


corresponded to my v and (. His formule for the roots, p. 114, corresponded with my Nos, 84 and 82, 
vol. VIII, pp. 67-8. 


LS 


164 MocOLmerock: Further Researches in the Theory of Quintic Equations. 


y = W F U + uy F w, | (4) 


y = — $ (uy + uu), (5) 
vitz d (us — us), (6) 
Ò = — + (uu, + usu, + uit + its), (7) 
i = dv (ue + ug, —uius — dus), (8) 
p = vt (uju, — WU) (UU — uus), E (9) 
e = y! + 8v — uiu, — Ugg — Uy — ust, (10) 
T, = Uy F u$ + u$ + s | (11) 
Ty = uj + wj — u$ — uj, (12) 
o Q= $ (uj — ui), i (13) 
qe = $ (us — w), (14) 
8 = &(gi gs); (15) 
8 = $ (qi — di); © (16) 
Ê = — 7 — 20tv. (17) 


The following relations may be proved at once by mere expansion in terms 
of the elements: | 


y* + 10y3? + 1005? + bey +% = 0, | | | (18) 
p = y — yPv + (o — y)(e — y? — 39), (19) 
p= (8 — Polo + 8 (9? — v)(y9? + yfv + 20tv) v + 16 (7? — vv, (20) 
25tv* -- (Y — et + 66 — y 0— 10470) v — yt (ye —35— 8) — °F + 2y0e — 0 — 0, (21) 
r, = LC + te) y — (e + 88) è + (8 + ty) — 5?) + 12ytv + fv] v-*, (22) 
sı = ty (7) + 79) +9 + 10720 + bye, (23) 


84 = dr rg — (57 + 1070 + v?) o, : (24) 
w = $r +37, + (8, + 8), 

u$ = ł r — łn + (81 — 8), 

= $ ri — $ Ta —N (8; — 8), | (25) 
= Er + Er —N(8 + 8). 


Strictly speaking, only the first, numbered (18), of these relations requires proof 
by substitution of the elements of which the symbols are functions. No. (22) . 
may be derived from the value of r, stated (paragraphs 3 and 31) in the paper 
of 18865, viz. 


T, = (y? — v)! (12ytv? — 0v! — Pv? + Aytv + 280 | 


+ yBPo + Ptv — yeto + dev — yh + y'i — y) 0-4 P 
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by subtracting from the second member of (26) multiplied by (5?— v) the first 
member of (21) multiplied by yv^*, and dividing the remainder by (5?— v); 
and (26) was shown to be derived from some of the equations here numbered 
(5-19). The other relations may likewise be derived, as before, from those 
equations (5—17) here introduced as definitions, but I make special mention of 
(22), because it presents & notable simplifieation of the longest one of the 
formule given in the earlier paper for the final exhibition of the. roots of the 
quintic. By eliminating p from (19) and (20) we have, as before, - 


2508 + (— Ë+ 14y£ + 160t — 855^ — 6e) v? | (27) 
+ (= Ref" + 278" + de + 114 + &)o — di 07 
where e = — y? + ye — à. | 


9. In (18) we have (2), the shortened form of the general quintic, for the 
solution of which it is therefore necessary to determine the elements from the 
element-formulæ here numbered (25), by the extraction of fifth-roots, and for 
. the employment of those formule we require to know the values of ¢ and v, a 
subject to be considered further on. One value of each element is obtained 
without the intervention of the fifth-roots of unity, and such values will be real 
if the right-hand members of (25) are real; let the values so obtained be used in 
(4) for the determination of one root of (18), which let us designate as y, Before 
discussing. the other roots of the quintic it is desirable to note the relations which 
exist between the elements. 


10. That it is not necessary to determine more than one of the elements by | 
the extraction of a fifth-root has long been known. It has also been shown by 
researches in the theory of substitutions that the root of the resolvable quintic 
may have the form yı = u, + zu? + ui + auf, where only u involves a fifth- 
root. According to Schläfli,” u = wh. uius (u4u4)-?, Ug = utu; up ?, Uy = uqu, . Up). 
These expressions are almost exactly what we want, so that, modifying two of 


them slightly, we have now 
Up, = U = Mus (uuu) 7-4, 
Uy = BU = UjUly UT“. UH, (28) 
Uu, = 2L = (uty) ur s. ut. 


| * Cited 1885 in paragraph 19. 
22 
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The value of uj is known, by (25), and those of uu, uius, and uius are obtain- 

able from known quantities by the aid.of (5-8), it being observed that wuyuQu, | 

= y? — v and that (uius — uius)? = (Uitg + dus) — 4uuyusu,. uyu,; that is to say, 
Uy = — $ (À + tt) + à 7 [(8 + ty — 4 (9^ — v)(vt— y)] | (29) 
uiu, = — 4 (8 + tà) — a [(3 + th) — 4^ — o) — y]. 


Let us now turn to the question of ascertaining the other four roots of the quintic, 
having found y, = wu + Up + us + Uy = Uy + qui + Aut + mur. 


11. Instead of taking «4 as the fifth-root of uf, let us take ou,, where o is 
an imaginary fifth-root of unity, and let us denote the corresponding root of the 
quintic by ys. Then y, = ow + gou + goui + zoti = ou; + aus + ous + o ty. 
Proceeding in like manner, we derive the following schedule, the remaining 
fifth-roots of unity being o?, af, oí, regard being had to the relations œ = 1, 
Q6 zc o, ete. : 

Ys = ew, Fate Ho't + oti, 

Ya — U + Ou + ous + ou, 
Ys = oth + où + O tig + Oth, (30) - 
y, = ou, + ou t o*us + ou, , 

yy—UU, Uy Tu + Uy J 


If we multiply the fourth line by o, the third by o*, and so on, and add all five 
together, recollecting that 1 + 0 +0 4- a+ — 0, we derive 5u, = yi + oys 
+ ay, + ay, Hoty. If we proceed similarly with o*, of, etc.; then with 
a’, of, etc.; then with of, a°, etc., we have finally the well-known definitions of 
. the elements according to the theory of Bezout and Euler, 5u,, = yi + oys + ay, 
+ ay, where m is 1, 2, 3, or 4. We have thus ended this sketch of a new 
theory of the quintic by exhibiting the elements as functions of the roots, having 
begun by defining y as the sum of four elements, in precisely the reverse of the 
usual order.* | | 


* This reverse method will be found applicable to equations of all degrees. Thus, for the cubic, we 
may begin by defining y =u, -+ uz, YE — U u,, 6—— ui— ul, and then prove by substitution that 
y!-F8yy-- 9-20; then, as (uf—ui)*-6?--4y*, it follows that uj —=—46+4 V (d -+ 47"), and 
u} <= — $ i—i (d? -+ 4y?). Again, for the biquadratic, let y =u + tia -+ us, y=— b (u? tuit u’), 
Quint, Emus d- ut£d- u$ — Rutu? —2u3u2 —2uiu3, whence y+ 8y9?-I- 40g -+ £0. Then, since 
ui--uid-ui-—8B8y, and ufui--ufui-Fuiul-i(9y'— 5), and uiuiul-—i0*, we may assign a 
cubic equation of which the roots shall be u?, u1, and u?, namely, ue + 8yu* +4 (9y? — €) u? —10?—0. 
While by this method certain relations are assumed in the definitions, it has the advantages of lucidity 
and gucoinctness in exhibiting the mechanism of solution. 
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12. By substituting in any of the definitions (5-17) the values of the 
elements, just found, in terms of the roots, we shall have the quantities in ques- _ 
tion exhibited as functions of the roots. In this way we may derive the custo- 
mary expressions for y, à, 56 but we are now particularly concerned with 
vandé. ‘Thus, 


25 (uw, — uus) = 500 = (o + o* — o! — e) (ys + Ys + Yas + Ys 
+ si — Vis — YoY a — Yas — Yi — Ysa)» (31) 


If Q represent the latter bracket, we have (since © + at — o?— o? = + 4/6) 
500 = 4-4/5.$, whence 500v = @*. Any other system of designating the sub- 
scripts of y in (30) will produce in (31) one or other of the six forms in which 
+, and therefore v, can be expressed as a function of the roots. The denomi- 
nator of ¢, as defined in (8), is wt z--E 57?4/6.$, and its numerator is usu Hubu, 
— Wu, — uus, the value of which may similarly be found to be 4-67 *A/ b . (gysyg 
+ YYY + YYY + YYY + sa — VYY — Vs. YYY YYY — West) 
or say 4-5 ?A/b.60, 80 that ¿= opt}. The latter operation is however somewhat 
intricate and requires special consideration. 


13. Let the letter 0 represent the sum of five similar functions of the roots, 
comprising a cycle, each function being formed from the one preceding by 
advancing the subscript of each root involved, y, becoming Ys, y, becoming 
Ye... Ys becoming yı. Thus $ = cyyy— Oyiys = Oy: (Ya — Ys), and € = yg; 
— Ojiysys = CY: (Ys — Ys) Ys» AB already stated, the substitution in (6) of the 
values of the elements in terms of the roots produces 50v —-E4/5.0; but a 
similar substitution in the numerator of ¢ in (8) does not produce at once 
+ 5-7?*4/B.0, but +5 A/5.(A4o +E), where E= w (Ys + y,— Y — y), and 
it is necessary to show that £=o. Since yı + Ya + Ys +y, + Ys 0, we 
have E = om (¥% + Ys + Ys Va) (ya + Ys — Ys — Ys) = Ovi (ya t yi — 9$ — yi 
+ 2594s — 294.) = 20 —£, whence =o. For, in £, Oyiys = Oy, OVWA 
= oy, OY = Cys, and y = Cyys; and, in o, OYyays= CYrYsys-—Or,. We 
may prove that £ — c = 0 by showing that £ —o is neue a divisible by yı gs 


+ Ya + Ya + Y5 O9. 


14. For ascertaining the values of é and v, which is all that is necessary in ` 
order to exhibit the elements of the roots as in (25), I have nothing to add to 
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my earlier discoveries, contained in paragraphs 3, 4, 5, 25, 41, 42, of the paper 
of 1885, which will be summarized in this paragraph for the convenience of the 
reader. Let there be an auxiliary quintie, A, = & + 10y? + 1068 + Set + e 
with its canonizant, ©, — cy? + af + e£ + c, and its simplest. linear covariant, 
L,= ht + A, where | | 


C= — 9»? + ye — &, 

Cg = — yo + ye + 06 — + 

o=  2yðe— y'& — &, 

ly = — 15 + 10798 — LL yt — 297 Pe HD 9B — 4 A (ay 
h= 9y — 920550: + 10770? + 8? eC — 12yde® — 2y dT + 60e + I — À. 

Let a value of ¢ be found by the numerical solution of my resolvent, 

Al, — 250; — 0, mE (34) 


^ 


(h — 250) À + (lh, — 5000) À + 5 (2yh — Be} — 1006) t* | 
(35) 


which may be written thus: 


+ 10 (yl, + dl — 5eyeg — 80,05) Ë + 5 (201, + el) — 503 — 100,09) ? 
+ (Bel, + £l — 606,6) t + Ch — 250 = 0. 
Also, after tis known, let v be found by using either of these expressions: 
| v = — 0,47 = — 8L. .. (86) 
For the broader form (1) of the general quintic, namely, az? + Bbat+....=0, 
where «= y — ba), let there be an auxiliary quintic in + —£ — 5a-!, namely 
A — a + bbs + ...., with its canonizant © and its simplest linear covariant 


L, and we may obtain v by means of my broader resolvent, of which (34) is a 
Special case, : 
AL — 250° = 0, | (37) 
and o from 

| v= — OA fa = — yy LOT lai, (38) 
It will be found that ® is the same function of + as of y, but this is not true of c, 
which is equivalent to tọ. Let v$ —*; then 4 = t$ — bal =o — banto, 
and v = V4, where + is the same function of the roots of (1) as o is of. the roots 
of. (2). As v is a function of the roots which is the reciprocal of the same 
function of the reciprocals of the roots, it.is a covariant function, and hav- 
ing.six values is to be determined by a covariant sextic (37), equivalent to 


(iiv — J)ar DEM i) sus (PET — abe) — 0: 


MOoCLINTOCE 
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necessary and } 
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has two equal r 
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* The other reso 
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Q6u+ öy? + $c. Th 
Torino, 1802, XX VI] 
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*t-+ 2yde — 8°). (41) 
— 1, so that J=1, 
2) isy — by — Ay 
by the factor ?#, is 
- 2025 = 0, | 

ely, the correspond- 
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= 1, whence if [— 1 we get q— — 4 and r= — 1; and that Z= 1, and not 
_ —1, is corroborated by (39). In this way the original parameters are redis- 
covered. Or, more directly, we may find the parameters of resolvable quintics 
in general, including those of the quintic just taken as an illustration, by putting 
L9 tev + Ay (Yr —v | 

anne ne v) , | | 42) 
deriving now the values of q,.r, w, from (40). That the two expressions for J, 
(39) and (42), are consistent will be seen upon substituting for the symbols : 
y, 9, v, in (42) their values in terms of q, 7, s, t, l, as given in (40). If we 
define Z as in (42), g— yl 5, r— 00 —1, and w as determined by (40, e), it 
remains only to prove that v= /?(1-+ wê)! in order to establish all the state- 
ments of this paragraph. 


18. That ¥ = v (1 + w°) may be proved either algebraically, employing only 
the rational symbols y, à, t, p, v; or by defining w and / in terms of the 
elements. Let w be such that p= wv [26t — 4(y?— v)]. This substituted in 
(19) produces (40, e). This expression for p, again, substituted in (20), gives 
w*v' [204 — 4(5? —v)l = second member; and the addition to each side of 
v^ | 20$ — 4 (5? — v) transforms the second member into a perfect square multi- 
plied by v, that is to say, 


v^ (1 + w’) [206 — 4 (92 — v)? = v [8 + Bo + 4y (9? — v)]*. (43) 
Hence, if / be defined as in (42), v (1 +w’) =f. Let us now consider the other 


mode of proof, by which w and / are defined as functions of the elements. 


19. Let m = [ufu — ufu] + [ufu — uiu], and let 





mm 2m 
mi 
| = 7 us | | 
nl) 





Then 1+ w= (7, TJ, and P=o(1+ut). That 


qm? — 1 
X V — Fw) + (^ — y^ + 80 — €) 
= v [2t — 4 (y? —v)] |. : | (45) 
and _  -F Po + ? — v) 
| Ls ee) 


w 
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may be verified by substituting for all the symbols involved their values in terms’ 
of the elements. Therefore w and / are rational when ¢ is rational, though m 
is usually irrational. Then g and r must be defined, as in (40),in terms of 
y, 0, t, l, that is to say, g = yl- 1, r= 00-7! — t. A simple illustration is sup- 
plied by «2:1, y =— 1, uj d, u4 = 2, y= — $, 6=1, e— M, m9, 
w= r, l =f, v = H4, t= 2. Since bu = y, + ay, + o" y, + oy, where n is 
1, 2, 3, or 4, and o is a fifth-root of unity, as in paragraph 11, it becomes a 
mere matter of substitution to express w and /, and therefore g and r, as rational 
functions of the roots of the quintie. The rational parameter ¢ is a rational func- 
tion of the roots and also of the elements, and 18 obtained from the coefficients by 
means of the resolvent; the other three rational parameters are rational func- 
tions of the roots, and also of the elements, and also of the coefficients and ¢; 
while the coefficients are, as here assigned, rational functions of the four rational 
parameters, a8 well as of the usually irrational roots and of the usually irrational 
elements. For the fuller form (1) of the quintic.a fifth rational parameter is 
obviously to be assigned, namely, the quantity ba t.. 


20. Having now at our disposal the skeleton, so to speak, of the general 
resolvable quintie, we can adjust the parameters so as to produce at will resolv- 
able quintics having specific forms or properties. When g=0, y — 0; when 
mé + 1 2m | 
m? — 1 mË — 1' 








3 
r= — t, 6== 0; when m is rational, 1 + w^ = ( 1 because w = 


so that v is the square of a rational quantity, and so on. If, for example, we 
give to w a rational value such that w? = 5n? — 1, where n is rational, we shall 
have 4 Pn-* =v = str’, whence $ = 10/n7!; and in this case has a rational 
value, and the historic resolvent of Jacobi and Cayley becomes available, as 
having a rational root. In order, therefore, to construct a quintie resolvable 
by $, we must take rational values for w and n such that w? = n? — 1, the 
other three parameters, g, 7, ¢, remaining at our arbitrary disposal How small 
a proportion of all resolvable quintics are resolvable by @ may be appreciated 
when we reflect that, taking for the moment integral values only, every such 
value given to w produces a resolvable quintie, while of the numbers up to 100 
only 2 and 38 appear to be admissible for a value of w consistent with the 
resolvent in @.—In certain critical cases, which we shall now examine, the sys- 
tem of construction presented in (39) and (40) requires modification. — 
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> @=0, v=—0 t= =, g=q,t, r=rt, =u 

(Uy, = Ugly. To construct a resolvable quintic havin 
disposable three rational parameters, qa, 7, W, an 

ve obtain the value of /, (see 39) from 

Fu — n (1 + w^] + Aqui (1 + w) 

wot — à (1 + w)] + 48 (1 + w); (48 

LE 0, we have v= 0, y — Qala O= (ra + 1) 

aere s= tv = (-—(14d-w). For determining ¢ w 

‘multiplying it throughout by (5? — v} and by subst 

ivalent of e as given by (40), whence we derive thi 
available for all values of ¢ and v: 

— 2yty + óv)(à* — Pv) 

àv + 8y?tv) + (yt + tv — 2y8)(20t — 4y? + Av) ow. (47 


asideration, v — 0, iv = 0, Pv — s, and (47) becomes 
by 7° | 


= WS + y-*8(B — s + 28w). P (48 
gn Qa = — ir, Ta — de, w=% we have, by (46 
, d= — 8, s= 36, e= 29, and, by (48), č = — 48€ 


for the special cage v = (^ !1— 0, the solvable equatio: 
— 480 — 0. This equation served, in the.1885 paper 
thod then presented for solving equations for whic 
say, equations for which the coefficient of / in th 
ish, while the other coefficients do not. Conversely 
sort has presented itself, and has been solved as to th 
ine the three parameters by the aid of (42), which i 


1, = i= (9 + 6 4-455) 28, - (4€ 
and r,, and of (48), which supplies the value of w.* 


3: p—0,o—0,t finite but indeterminate = o$^ 
this case of no account whatever, we may allow it t 


quintics, as published in the paper of 1885, consists in the formul 
—i (dys — yt — 6 + et), s, — dg (ri +75) +7°, 84 =$ rira, these valu 
gent paper. ; 
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vanish, knowing that similar results must follow, whatever value be assigned 
toi. In this case B we have, from (40) and (41), | E. E | 
OMM © (80) 
C= y+ y de BENE d 
These novel expressions will enable us both to construct quintics of this class by 
assigning values to y and 9, and to recognize such quintics, whenever they may 
present themselves, among those in which v = 0. In this remarkable case, not 
only does the first coefficient of the resolvent vanish, as in case A, but all the 
other coefficients likewise vanish identically. As regards the affiliation of these - 
quintics to the general scheme of (39) and (40), I am disposed to divide them 
. into two classes, those namely in which w is infinite, and those in which w is. 
indeterminate. The latter nd oe be considered ‘separately. _ As for the 
former, dropping ¢ and putting w= 0, we have from (39), 


shen a EE ^ (51) 
Since y — gl and à = ii, it may appear that this mode of construction is less . 


" general, as it certainly i is less simple, than by merely assigning values to y and à; 
- but this is not the fact, as will be seen on — to (42), which becomes 


l= —y—4 by | | | (52) 
an expression which enables us to find rational values of q and r for any assigned 
` -values of y and ô. Since w1=0, we have, from (44), m@—1=0, m= + 1; 

that is to say, . . | 
-" | Uy Uy — uiu = + (up — Utu) | (53) 
‘Since v = 0 and tut = 0, we have, from (6) and (8), 


uu, = —m ls ; 
dde ds 


From these, if we take the upper sign in (53), we find that wu, uj, us, 4, are in 

geometrical progression, say Us = ktn, Us = lu, w= Ku; or, if we take the 
lower sign, we reach a similar progression, w= kug, thy = us, Uy = Pug. 
Whenever, therefore, the elements form a geometrical progression, we have a 
 quintie of this sort, and vice versa. Let us, for example, take k= — 23, u, — 21, 
uy = — 2, u, = 93, u, = — 9$: from (6), (8), (44), we have v — 0, t = 0, $ — 0, 
o=0,8=0, w^1— 0; from (5), (7), we have y= 2, = 2; and from (50), 
e=6,¢=10. If these values be substituted in the resolvent.(34), every term 
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vanishes. Conversely, the values of k and wù can be derived readil 
and (7), which give y= — Ew, ò = — (1 + 7%) kui. The quintic oi 
may thus be solved in a manner differing from the special solution giv 
graph 8 of the paper of 1885,* though not more simple. 


28. CRITICAL Case C: Same as case DB, with the added restr 
45? + 0 — 0, 80 that = — 337, ( = — 2yó. In this case we have 
preceding paragraph, 45? = — 4h’uj, and à = (k+ 2/8 -- k) uf, the su 
whence 1 — £* — 0, and & must be either 1 or o, a fifth-root of unit 
pondingly, u, must be either.g or go, where g is rational. In th 
referring to (30), we have y, = 4u ; in the other case, writing og for 
we have y, = ag + ag + ag + og, and y, = 4g. In each case there 
4g, and four other equal roots, each —g. The form of these quinti 
fore y* — 10g^y! — 20g*y* — 16g*y — 4g? = 0. This informs us that 
ments are to be identical they may have a rational value assigned to 
that any quintic of this form must have identical elements. For the 
are also comprised under case B, o = 0, t = 0, and every term of th 
vanishes. My only reason for discussing them apart from case B 1 
appear to require distinct consideration from the point of view of tk 
tive formule (39) and (40). If we refer to (44), we see that wl 
= Ug = tų, Or when sy = QU, ug = Qu, u,—ou, or in short when 
becomes indeterminate, and thus w becomes indeterminate, instead 
as observed under case B. In case C we have thus both ¢ and w inde 
while v= 0, and therefore ¿= 0. Referring to (39), we find that t 
case under the general scheme we need to put r=7,g, and q= 
l, = lq, (39) becomes | 

b = 1 XT 

and: we have 7=0, v=0, y — lh, dk. Since y = — uj, it fc 
r, = 2u,. It is to be inferred that in ease B / has a value other than : 
which has / in its numerator, vanishes because w, an infinite quani 
tained in its denominator; and that in case C, as may be seen by 1 
(52), Z vanishes identically, while w becomes indeterminate. The oc 
formula. (51), which applies to all other quinties of class B when 


* Namely, for use in (25), r, — —4, r4 — — (770? + dy), 8, — dy (r3 -- r3), 84 br 
be improved by writing r, = — 6 — Byd, 


+ 
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not vanish, needs for: this class to be roped by the different constructive E 
formula or | | 


24. Crrmoan Case D: y? —v =n — 491, where n= di HÒ. he | 
special .cases thus far discussed have been those in which v= 0, and each of © 
them has in some sort been brought under the general constructive formulæ (39). 
and (40). -Those which we have still to consider are such as cannot properly 
be included under those formule. Our object in framing those formule was to - 
solve the diophantine problem presented by the fundamental equations (19-21), 
-in which we have to assign admissible rational values to p, /, and v. To solve 
this problem in its general form we have found it necessary to make use of the 
. relationships embodied in (42) and (48). In the special case now considered, - 
we find that both sides of (43), and. both numerator and denominator of the 
value of / shown i in (42), all vanish identically : that is to say, QE dS 

PHP ED) O qu) 
28t — 4 (9 — v) =O.) - | 
Since these equations impose two restrictions upon the values to + — io | 
y, 0, t, v, We have only two parameters: at our disposal, é-and n. To produce a 
resolvable quintie of thia.sort, we must therefore assign rational values to t 
" and n, after which we have, by successive substitution in (40) and (41), 


§ = 2n*t, à 
y= ni — 2n?, CR Te. 
aus n (n T t), | | MET (56) 


© e =z (5t— 4n)(n*t — 4n’), 
f= (5t — 4n}. an’. 


For example, let t= — 2, ims then y = 4, $——1, e= 0, (= — 82, 
and the quintic is y* J- 5y' — 10%? — 32—0. By substitution: in e and (24) 
we find s, - 0, and from this we find, by (25), u= uf, ub- us. This may 
mean that:u = ow, where o is a fifth-root of unity, but the only arrangements . 
of such fifth-roots compatible with (5-8) result in exhibiting one root of the 
quintic as a sum of real elements, so that we may say at once that u, = tų, 
Uy = Us, and these relations will supply the simplest definition of this special 
class.. All the other special cases have been noticed heretofore, and solutions of 
them were given in the paper of 1885. This case: might -be solved by (25), but 


McC) 


these quii 
of which 
+ Sey +: 
J (i? — n 
80 that w 
general c 
endeavor 
that v me 
as in the 
structive 


We learn 
ton, and 
negative. 


. When we 
that is to 


25. | 
yt = tw = 


4 


where À 
explicit f 
y, 9, t, 01 
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- 44,u, and 
ther 44, = 0 
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we shall have ¿= +, and from (40) and (41) we derive y=0, =}, e=0, {=}, 
so that the quintic is EP 

ia ak 0 (61) 
To produce this example of a resolvable quintic of the form 4 + 10yy? + 108% 
+ 5ey + {= 0, in which e= 0, I have been compelled to reduce two of the four 
parameters to zero. Whether any method of constructing such quinties can be 
devised which shall place three parameters at our disposal is a question whick. 
the future must determine. When we desire to suppress y or 6, we have only 
to put g =0 or r = — t; to suppress e and still have three parameters free is a 
desideratum, which may eventually prove to be an impossibility. 


27. The reader will naturally be interested in the inquiry whether the four 
parameters are presented in their simplest form. It is obvious that any four 
quantities which are rational functions of these parameters, and of which the 
parameters are rational functions, could be made to serve as parameters in lieu 
ofg, r,t, and. To examine this question let us set before us the conditions 
which have to be satisfied, namely, from (42—44), 


7 = t ty Fay ») a m? +1 | (63) 
20t — 4 (y* — v) m? — 1 
P= o(1 tu), | (63) 
2m 
= 2m. (64) 
— Villy — tts 65 
m yu, — Mu. (65) 


Considered as functions of the roots or of the elements, ¢ is of weight 1, y and ? 
of weight 2,0 of weight 3, v of weight 4, w and m having no weight. Our 
object i8 to select as parameters four quantities which shall be rational functions 
of ¢, y, 0, o, and w, and of which the latter shall be rational functions. It is 
necessary to include w in this list, or at any rate w multiplied by ô, t, or v, or 
by any two, or by all three, since the expression for e in (40) includes dtvw. It 
would not improve (63) were we to substitute for w its equivalent in terms of - 
weighted quantities such as ĝw or tv, nor could any suitable function of w, 
taking its place, be represented so simply as a function of the elements as w 
in (64). Itis not conceivable that the form in which w is presented can be 
improved upon, though it might of course be affected by a numerical multiplier. 
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Tt will not be forgotten that m is not admissible as a parameter, being aniy | 
irrational. The more we examine ¢ the more we shall be convinced that, as 
representing weight 1, it cannot be replaced as a parameter by anything else: 
than nt, where n is some number, positive or negative, a change which appears 
| to present no advantage. We have therefore to find two parameters which, 
with ¢ and w, shall take the place of y, ô, v, and Z, in (62) and (63). The first 
temptation is to assume that the weights of y, 6, v, and 7, are derivable from A 
as in y — AP, ò= if, L— jf, but the only good purpose served by this suggestion 
i8 to: make it clear that y, ô, and / must be made simple functions of some 
quantity such that the employment of.(62) shall exhibit such quantity as à 
. rational function of t, w, and two other parameters. As y and Z are of lower . 
. weight than ô, it seems desirable to take as such quantity.either y or/. If we . 
assume L= hy, and d= (k+ M)y, we shall derive from (62), apon due substi- i 


. tution, 
| Meu — Ie (1 + we? z | 
RATES TETE, Pe a. (si 


and since à =y (&.-+ At) and p = yr (1+w), we have here a adsis of the ae 
difficulty. This is, in fact, the same as (39), provided we write À-! for q and 
h-% forr, and multiply both sides of (39) by A~1 org. The use of (66), how- 
‘ever, is not to. be preferred, since of itself it is rather less simple than (39), 
while the expressions for ô and v are decidedly less satisfactory. With (66) we 
. cannot even make y-—0 without first putting A=œ. We therefore find it 
necessary to have y —ql; and it only remains to consider why we should have. 


Ó — (r + t)! instead of, say, d= gl or d=(y+1)i. The latter is not admis- `. 


sible because in: fact. 8 often vanishes while t does not, and - vice versa. The 
. reason why it is preferable to write à—(r4-1)/, where 7 is a parameter of © 
"weight 1, is that by this arrangement we are ‘enabled -to reduce to its simplest: 
; form the construction of sets of conjugate resolvable quinties. 


28. Quintics may be called conjugate when they have ET same resolvent? . 
and the same value of v corresponding to t. It appears that they must also 
have the same value of y. .The existence of one quintic conjugate to any given 
resolvable quintic was discovered and pointed out by me some years ago, when I 
-showed how its coefficients could be determined from those of the given quintic, . 
knowing ¢ and v, by the aid of a quadratic equation. The method presented in. 
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the present paper for constructing at will resolvable quintics by the.aid of four 
rational parameters enables us also to construct their conjugates at once. The 
second quintic, that is to say, the conjugate formerly discovered, may now be 
constructed by simply changing the sign of the parameter w. A third may be 
constructed by changing the sign of the parameter 7; and a fourth by changing 
the signs of both w and r. Since v contains w and r only as w? and 7", such 
changes of sign leave the value of v unaltered. Thus, for example, if we have 
t= 4, q=0, r= + 2, w= + 1, we derive from (39) and (40) these four conju- 
gate quinties, for each of which t= 4 and v= 2: 

y5 — 1204* — 410y — 1200 — 0, 

y5 — 120y* + 470y — 496=0, 

y5— 40ÿ— 90y— 240=0, 

y — 40ÿ + 150y— 48=0. 


In the special case E, wherein v= y^, and the three parameters are y, à, and t, 
there is no limit to the possible number of conjugates having identical values for 
fand v. In ease D there appear to be no conjugates, and in cases B and C, in 
which £ is indeterminate, the question does not arise. In case A, wherein v — 0 
and ¿= o, quintics having the same value for s may be regarded as conjugate. 
If we attempt to construct a general resolvable quintic which shall have no con- 
jugate, by putting r — 0 and w= 0 in (39), we merely get /[— 0, whence y= 0, 
0-0, e= 0. : 


29. The resolvent (34), and therefore all other possible resolvents, can be 
expressed rationally in terms of the four parameters, and when so expressed 


becomes identically zero. As a simple illustration, let us take g=0, r= — t, 
so that y — 0, 9 — 0, and the quintic (2) is reduced to the trinomial form - 
yf + bey +=. (67) 
In this case my general resolvent becomes | 
ei! — (8 — 20g — Aet — D = 0, (68) 


which will doubtless be found the simplest resolvent possible for this trinomial 
form. By (40) and (47), 
pos e =v (4w + 3), 7) 
C= tv (4w — el (69) 
24 
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; where, by (40), EM - (1 + u’), and, by. (39), I=4?. ‘Substituting fore and ¢ - 
in (68) their values from (69), and dividing throughout: by. fv, we have | 
* (o + 8) — t {av — 22) — 200 (4w + 3) : | 

— 4v (4w + 3) (41 - — 29) - — 9 (4o camp E LT 


or " 266 — 400v (1 +u*)=0, 


which i is an identity. Students of the quintic who uites to deal PS with the | 
- trinomial form (67) will find that the derivation of. (68) from (70). by the aid of 
(69) covers their ground pretty well Those, however, who suppose that the 
reduction of the general quintic to the form (67), by means of the Bring-Jerrard - 
transformation, is a physically available process will do well to make a personal 
. experiment by performing that transformation in some numerical case.. It will 
"be found far more difficult then the use of the resolvent (34, SS | 


| | 80. The expressions (69) just noted for the construction of resolvable 
, quintics of the form 9° + bey + “= 0 are, though special cases of (39) and (40), - 
equivalent in substance to certain formule devised by Professor G. P. Young, 
which.were published, in different forms, in the same number of the American . 
Journal of Mathematies (VII, 170, 178) by that writer under his own name and 
that of Mr. J.C. Glashan. As I have stated that the use of the quantity ¢ was 
. original with myself, it must: be explained that Professor Young. employed on: 
this occasion a symbol equivalent to ¢ confined to the trinomial only, a symbol ` 
moreover which he introduced late in the discussion to represent the fourth-root - 
of a fraction; and that Mr. Glashan's — 2k, which happened to corresporid to r 
- for this trinomial, had a widely different. meaning in its general definition, às we 
shall see when we come to consider Mr. Glashan's.work further.on. i same 
dj. remark applies to his m, which for this trinomial is equivalent to —w.°-.I had” 
previously. made extensive use.of ¢, as here defined for the general quintie, in | 
. vol. VI of the same journal, except that it was there taken with the opposite - 
^-Bign. .Concerning the trinomial form in question Mr. Glashan: said that ‘the 
: solvable quintic assumes the form _ PELO | 
En 5 (SZR) e MICE T SERE (n). | 
a form communicated.to the present writer [Glashan] by. Professor-G. P. Young 
_ of Toronto University in May, 1883." I dwell with some particularity upon the " 
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history of the formule available for constructing resolvable trinomials of the 
form yë + bey + Č = 0, because such formule are the only ones known hitherto 
by which resolvable quintics ean actually be constructed, otherwise than with 
rational roots or elements. The two papers mentioned appeared late in 1884 
or early in 1885. Later in the same year, 1885, the following formula for the 
resolvable trinomial was published in the Acta Mathematica* by Runge: 


But (aa -- 3), 4u5 (2A + 1) (4-3) _ 
PE mer + x -+ | X11 (72) 





Here u= — $t, and res In 1890 the following was published at 
en by Bugaieff and Lachtine: 
ss M) u—11 _ 
(ax) + TEFA (Aa) + a FLD Fa = 0. (73) 
— X _,2+ 11% 
Here A= ft, and ELI a » 


31. With a single exception, the situation up to the present time is this, 
that except for the trinomial case y" -+ bey + ¿= 0, no method for constructing 
resolvable quintics has ever been attempted, apart, of course, from the giving of 
rational values to the elements-or to the roots. The exception consists in cer- 
tain formule, or fragment of a paper, which appeared in 1884 or 1885 under 
the name of Mr. Glashan as already mentioned. I learn from Mr. Glashan that 
early in 1883 Professor Young deposited with him the trinomial formula (71) 
under seal, stating that there was such a formula enclosed; that he thereupon 
endeavored to produce a corresponding formula to compare with Professor 
Young’s when it should be opened, and communicated his results, without proof, 
to Professor Young, who subsequently caused his somewhat hasty sketch to be 
published in the American Journal without his knowledge. Meanwhile, his 
intricate preliminary work had been mislaid or destroyed. It is thus explained 
how the paper originated, how it came to appear without demonstration while 
yet including errors of detail, and why the author made no subsequent correc- 


* Cited in the Fortschritte as in vol. VIT ; in Weber’s Algebra as in vol. VII. The trinomial form 
given by Weber, I, 626, is erroneous. 

+ Cited in Fortschritte, X XII, 114. 

i Perhaps I should mention that I communicated the construction-method of (89) and (40) to 
Professor E. H. Moore in September, 1894, by letter. 
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tion. Considering the state of the theory at the time when this remarkable 
fragment appeared, it must, notwithstanding its imperfections, be recognized as 
a bold and able advance upon untrodden ground. Had Mr. Glashan had an 
opportunity of correcting his formule before they were published and of sup- 
plying the demonstration, they would, although not meant to cover the whole 
field of resolvable quintics, but expressly introduced as applying only to a group 
of such quintics,* have constituted a notable advance upon the only formule of 
the sort known up to the present time, those namely for constructing the trino- 
mial y* + 6ey --  — 0. In particular, Mr. Glashan's formule, if they had been 
corrected, would have covered, among other resolvable quintics, the whole of the 
élass of quadrinomials of the form y’ + 10yy + bey + ( — 0, a form which 
includes as special cases both the trinomial already mentioned and the trinomial 
y + 10y4j-- —0. It has been a matter of some difficulty for me to work out 
the points of connection between what Mr. Glashan's formule would have been, 
if set right, and the general system now presented, but I have succeeded in 
. doing so, and shall now present Mr. Glashan's system correctly, though in my 
own language. 


32. If our general parameters, q, r, £, w, are made rational functions of 
four other parameters, g, k, m, n, which at the same time are rational functions 
of q, r, t, w, the new parameters must take the place of the old without léssen- 
ing the generality of the system, and the group covered by them is the whole 
mass of resolvable quintics. If, on the other hand, we make g, r, t, w, rational 
functions of g, k, m, n, while the latter are not all rational functions of the 
former, we may assign rational values at will to g, k, m, n, and thereby always 
produce resolvable quinties, but our field’ is now restricted to a smaller group, 
outside of which are to be found all resolvable quintics produced by assigning 
‘rational values to g,7,¢, w, which do not correspond to rational values of 
g, k,m,n. Mr. Glashan’s parameters were g, k, m, n, of which q, r, t, w, are 
rational functions, but to obtain which from g, r, t, w, requires (except when 
r= — t) the intervention of a biquadratic equation. The relations between 


* His words were: ''the coefficients must be so related that if p, — n0k?, p, —af?k*, and p, = Be3k*, 
then must p, — 2 (1-F n) 76*k*,”’ eto., the coefficients being p, for our y, p, for our 2, etc. I have itali- 
cized two words. i 


æ * 
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all lie in the even intervals to the right and left of the origin, in each of which 
there is an odd number of roots. Neumann,* slightly modifying Bessel's proof, 
shows that J, (zx), —4 < ù < 4, has an odd number of roots in the intervals in 


question. We have seen that if mcs «n« me : , where it will be supposed 








that à is a positive integer or 0, the x positive root of J, (x) lies between the x” 
positive roots of J_.(x) and Ju: (z), and that J, (x) has but one root in this 


interval. When t=0, we have: The x root of J, (x), — à «n «&, lies between © 
the x^ root of J (a) and of J, (a). Since J(e) = cosa and J, (x) 
ER sin æ, the x!^ root of J, (æ) lies between 7 — : 
quadrant. | | | 
| When i= 1, we have: The x'^ root of J, (x), < n <$, lies between x7 
and the x root of J, (x), 


(= E RE eg). 


the first positive root of J, (a): is TT than x, the first positive root of J, (x), and 
it is n seen (by substituting in J, (x) the values «= 4 = ; ct, Qn, ote. ) 
that the x root of J, (z) lies in the. x + 1* odd quadrant. Thus the x" positive 
root of J, aye <n< 4, lies in the x + 1* odd quadrant. 


In the same way we could go on determining dpa narrow limits 





n and, xn, i. e. m the x even 


for the roots of J, (a), n 7» $, by determining the intervals of e in which the 


roots of J; ,, (x) lie. Unfortunately there seems to be no simple law governing 
the distribution} of the smaller roots of J; , , (x). 

Very good approximations to the roots of J, (x), which we have seen lie one 
by onef in the even quadrants to the right and left of the origin, are wm by the 
mid-points of the intervals in question. 


* ti Theorie der Bessel’sche Functionen,’’ pp. 65-6. l 

tM. P. Rudski (tome XVIII of the Mém. de la Soc. Royale de Liège), after a somewhat cumbrous 
analysis arrives at the result, which is readily seen from the tables to be erroneous, that the root of 
J, +3 (Œ) (i integral) lies between (i+ 2«— 1) y and (i+ 2x) X 


tA fact noticed in the review of Gray and Mathews’ ‘‘ Bessel Functions," Math. Bull., May, 1886, 
p. 258. 


Porter: On the Roots of the Hypergeometric and Bessel’s Functions. 197 


- The curve y= J, (x), to the right of the origin, will consist of an infinite 
number of arches which, as a increases, become flatter and flatter while near the 
origin, the curve has an infinite branch going off to infinity in the positive direc- 
tion. When n passes through the value — 1, the I-funetion in the expansion 
for J, (x) p changes sign and the branch at the origin goes off to infinity in the 
opposite direction. Thus it is clear that when n decreased from the value — 4 to 
the value — 1 — e, where e is a small positive quantity, an odd number of roots 


disappeared at the origin. The positive roots of J., (at) =y E cos 2 are: 





qm x = ne. — Ee = Axle. The interval 0, Z is by LIT' the 
2 2 2 2 
first to become vacant, the root a, decreasing from the value = to 0 while the 
à7t 


root a, remains in the interval E: loc 
when n decreased through .— 1. In the same way it is shown that when n 
decreases through any negative integer, one positive root is lost at the origin and only 
one. The negative roots of J, (x) being equal in absolute value to: the positive 
roots, behave precisely like them, and consequently when n decreases through a 
negative integer, one and only one negative root is lost at the origin. Denoting 
by x, the n' positive root of J, (a), n «0, a question that naturally presents 
itself is: how large can we let — x (x «C 0) become and J,,,(x) still have a 
single root in each of the intervals 0z,, aa, aa, etc. The preceding considera- 
tions enable us to answer this question at once. If n and x are negative,* the 
positive roots of J, (x) and J, 4. (x) will separate each other if —x<E(—n+1)+n. : 


, 80 that but one positive root was lost 


§2.— Determination of Intervals for Roots of J, (x). 


The theorems relative to the motion of the real roots of J, (x) as n decreases 
can be applied to some interesting questions concerning the distribution. of these 
roots. | | 


. Bessel} showed that if we divide the axis of reals up into intervals of T i 


the first interval to the right of the origin being 0, T then the roots of J, (x) 


*If n and x are positive, the corresponding theorem (Math. Bull., Mar. 1897, p. 212) is: If «<2 
the positive roots of J, (x) and J,4.. (x) separate each other. | 
T Berlin. Abhandlungen (1824), 814, ‘‘ Untersuchung des Theils der Planetarischen Stérungen,” etc. 
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Sturm deduced, by the methods developed in the memoir already referred 
to, the well-known theorem that Ja (x) has, when n is real, an infinite number of 
real roots. | | 

The series for J, (x) shows that the negative roots are numerically equal to 
the positive roots, so that in future we shall only speak of the latter. 


$1.— On the Variation of the Roots of J, (x). 


In the 10 vol. of the Math. Ann. (footnote, p: 137), Schläfli has shown that . 
the positive roots of J, (x), n positive, increase with n.* When m is negative, 
the corresponding theorem is: the positive roots of J, (x), n < 0, decrease with n. 
Both statements can, of course, be embodied in the single theorem: the positive 
roots of J, (x) decrease as n decreases. To prove this, when n is negative we pro- 
ceed as follows: The large roots of J,,(a) are given approximately by the expres- 


Bion a = =. (2n + 1-F 4p),¢ p taking on in succession all large integral values; 


go that if n< 0 decrease, x, will decrease. It is only necessary to note that 
y — NM zJ, (x) satisfies the differential equation 
4n? —1 
x” 





—1)yz (e, n) y, 


and that (x, n), n< 0, as n decreases, increases for all values of æ. Thus 

when x, > 0 decreases, all the smaller positive roots must decrease, for other- 

wise we should have two roots J,_, (x) (x > 0) between two consecutive roots of 
J4 (x), which by III is impossible. 

Since, as n increases, the roots of J, (x) and J_,(x) are moving in opposite 
directions, they must pass each other, and this takes place when and only when 
n passes through an integral value; for it.is only then that J, and J_, cease to 
- be linearly independent of each other. Theorem III’ tells us that, £f x, denote the 
smallest positive root of J, (m), n «0, J,_,(x) (x > 0) cannot have more than one 
- root between 0 and x. 

Let us now suppose that n, eun with the value — 4, in which case 


Ji) m d “cosa - 
n (2) TUE 
decrease, the positive roots of J, (x) will decrease. 
* For a proof of this theorem see p.203. Another deduction of this theorem, which I shall extend to 


the case where n is negative, is given on page 212, Math. Bull., Mar. 1897. 
t Gray and Mathews, ** Bessel Functions,” p. 40. 
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[1] or [2], although a or @ might be singular points of [1] or 2) A slight 
generalization of III, which will be useful, is the following: 

IT. Let y, be any solution of [1] and x, be the root of y, which in the 
interval af is nearest a, then no solution of | 2| can. vanish more than once between 
x, and a. This follows directly from I and II, for let us suppose that y,, a solu- 
tion of [2], did vanish more than once between a, and a, then by I, a solution y, - 
of [2], which vanishes at +, will have at least one root between a, and a, and 
by II so must y,, which contradicts our hypothesis that x, is the root of y, nearest 
a in the interval af. 


On THE Roots or BESSEL’S FUNCTIONS. | 


The first questions that will be considered relate to the real roots of the 
" transcendental function J, (x), where it will be supposed that the index n is real. 
The case where the index is positive has already been treated in considerable 
detail in the Math. Bulletin, Mar. 1897, in the paper by Professor Bócher, “ On 
Certain Methods of Sturm and their Application to the Roots of Bessel's Func- 
tions.”* We shall accordingly consider mainly the case where n is negative. 

J, (x) is a particular solution of the homogeneous linear differential equation 


dy, 1 dy n? 2 
eta eth Ta )y=0, 
and is defined by the seriest 


I.) = ap py LI max )+ are 7 "d 


except when n is integral we have the linearly independent solution 


LOS ne C) * sra 03) 71 
the general solution being, when n is not integral, of the form | 
| | y, = ad, (st) + OF, (2). 
When n is an integer we have the important relation 


JL. (2) — (— 1)J, (x). 


* This paper will be referred to in future by Math. Bull., Mar. 1897. | 
t For other definitions, e. g. by complex integrals, see Gray and Mathews’ ‘‘ Bessel Functions," p. 59. 
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A somewhat generalized form of this theorem is the following: 
V. Lf, within an urea ab (excluding the ends) the coefficients of the diferen- 
teal — 


"t 


TY + p (a) E +g(s)y=0 


are continuous, and if there exists a solution y, which does not vanish between a and b 
and such that its ratio to a linearly independent solution y, approaches zero ae we | 
approach each end of the interval, then y, vanishes once and only once between 
a and b.* 

In the case of a regular singular point at a, y, would be the solution cor- 
responding to the larger exponent of a. 

IL If, à, and @ being continuous real functions of the real variable x, $, <-e, 
and if y. and y, both vanish at a point x, and satisfy respectively the equations 


T = ay (a)y, [1] 
" = $»(z)y, [2] 


id if ys has n roots to the right (left) f Xo, Yı will have at least n roots there and the 
^ root of y, will be greater (less) than the x" root of y, from q.t 
UI. Jn a certain interval aß of the x-axis, if (x) and ð, (x) are continuous, 
and $ (x) < $s (x), then between two successive} roots, lying in this interval of a 
solution of the equation 


Py | 
Ts = fi (z) y: [1] 
there cannot lie more than one root of a solution of the equation 
= ĝ (x) y. [2] 


Here it is to be noted that the continuity of $4 and ¢, restricts the application 
of the theorem to an interval of the x-axis containing no singular point of either 


* Math. Bull., Mar. 1897, p. 811 and footnote. 
1 Liouville, tom. I, p. 125. 


tThe ends of an interval z, 32» determined by two consecutive roots are not excluded. Cf. II, 
above. 
? Liouville, tom. I, p. 186. 


On the Roots of the "— and Bessel’s 
Functions. 
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INTRODUCTION. 


The questions discussed in this paper relate mad: to the real roots of 
Bessel’s functions of negative order, the real roots of the convergents of the con- 
tinued fraction for J,/J,.,.,, and the real roots of the hypergeometric series. The 
theorems obtained are applied to the problems of enumerating the imaginary 
roots of J, (x) and the roots of F(a, B, y, x) between 0 and 1. 

The methods employed throughout are those developed by Sturm in his first 
Memoir, on the real roots of functions defined by homogeneous linear differential 
equations of the second order, published in the first volume of Liouville's Jour- 
. nal The theorems of the above-mentioned memoir, as enunciated by Sturm, 
are applicable only to intervals of the z-axis, the end points being included, in 
which there are no singular points of the differential equation. It is found, how- 
ever, that in certain cases these theorems admit of a generalization to the case in 
which one or both of the ends of the interval in question are singular points of 
the differential equation. These generalized forms of Sturm’s theorem are espe- 
cially useful in dealing with the roots of the principal branches of the hypergeo- 
metric and Bessel's functions. 

The following theorems of Sturm's memoir, which for convenience of refer- 
ence will be stated at this point, are of constant application : 

I. p and q being continuous real functions of the real variable x, between two 
successive roots of a solution of the — equation 


d'y 
ETE d Z + gy = 0 


will lie one and only one root of any linearly independent solution." 


* Liouville, tom. I, p. 126. 
26 | 
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49. I add a suggestion for the benefit of those who may have occasion to 
_employ (34) or (37) to determine whether or not a given numerical quintic is 
resolvable. The regular course would be to determine the numerical values of 
the coefficients of the sextic, and then to examine the sextic to see whether it 
has & rational root. Referring, for example, to the quintie (83), the regular 
course would be to frame the resolvent (85) and to examine it for a rational 
root. It is however usually easier to find the values (see paragraph 4) of 
(r) = aL— 280, for r= — 1, v— 0, «— 1, ete., by reference to the known 
values of A, L, and c, as for example in (84), without actually determining the 
numerical values of the coefficients.of the sextic. In (84), what we have to do, 
after dividing L by 8 and o by — 4, is to find a value of + which shall reduce to 
zero È (T) = (875 + 10744 2078+ 402? — 107 + 4)(839v — 1398) — 50 (72? — 107 
+ 9r + 22). The first of these two terms must in that event be positive, and 
must be divisible by 50, so that v must be even, and we might thus be led 
speedily to.c==2. Proceeding regularly, however, we find $(—1)— — 3.30839; 
$(0)— — 32.19.49; $(1)— —27.17.167. Among the divisors there is no 
- ascending sequence with the common difference 67, which is the coefficient of 
75 but we perceive — 3, — 2, — 1, also 1, 2, 3. We next find $ (2) — 0. 


Postsoript, February '7,1898.— OR1TIOAL Case F: y= — (0? -+ fy) + 28t. This case is 
normal as regards solution, but if we attempt to produce a resolvable quintie of this form we 
find 7 indeterminate, so that special measures become necessary. In fact, if we substitute — 2ydt 
for 63 + Z?v in (42) we have at once /==—y7, whence g — —1, which causes the denominator 
of the constructive expression for 7 in (39) to vanish. It is therefore necessary that the numera- 
tor, 12402 — r? — r?1?, shall vanish also. ‘To effect this we must assign a rational value to the 
usually irrational quantity m in the equation w = 2m + (m? — 1), and we must also limit r to 
the value r = 2mt + (m?-+-1). We have therefore three available rational parameters, besides 
qg = — 1, namely, 2, m, yr. Then /=——y, d= — (r + Ay, vy? + (i+w?), and the values 
of « and ¢ follow from (40) and (41). . In this case v is a perfect square and vi, r,, and s, are 
rational. For example, let ¿=q =—1, m — —2, and y —5; then w= — $, r—$, ?—1, 
v= 9, e= 0, č = — 22, and the quintic is y® + 50y8 +-10y2— 22 — 0. Since this paper was 
read I have devised many resolvable numerical examples involving the suppression of e, but 
my impression, conveyed in the text, that a general method for suppressing e is probably imprac- 
ticable, is not weakened. . 
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The resolvent (37) being AL — 250 —0, we see that the work can be somewhat 
reduced by using $c and $0 and $L, and we have this resolvent for the pro- 
duced quintic (83): | | | 


6745 + 1119645 — 85007 — 8007? — 463604? — 24647 — 29792—0. (85) 


According to (80), this also has 7—2, and dividing by v — 2, as before, and 
writing 2, for v, we have this second produced quintic: 


672 + 113302 + 141602 + 275202 + 86802 + 14896 — 0. (86) 


The process may be continued indefinitely, but it becomes more difficult. The 
first produced quintic (83) might have been framed as an original quintic by 
assuming the following values for the parameters, besides ba ^7 !—$: q= H, 
r=, t=, wa. The value of v is À, as may be verified by using the 
covariants (84) in either of the formuls (38). 


40. The sextic (85) is a function of the coefficients of the quintic (83), sup- 
plying seven equations from which it would appear that the five fundamental 
coefficients of (83) may be obtained in terms of, and as rational functions of, the 
coefficients of the sextic. We might therefore work backwards, starting from 
the quintic (86), and multiplying it by & — 2 to produce the sextic (85), then 
using the coefficients of the latter to determine those of the quintic (83). Simi- 
larly, from (83), knowing its resolvent 2, we could produce the sextic (82), from 
which the coefficients of the quintie (81) could be obtained by the solution of 
seven equations. In like manner it would seem that we could work backwards 
from our original quintic (81), multiplying it by x — 2 to produce a sextic, from 
which the coefficients of another and, so to speak, prior quintie could be ascer- 
tained, the chain of resolvable quintics thus produced one from the other extend- 
ing in both directions without apparent limit. | 


41. The property just discussed, possessed by the sextic (37) in v, cannot 
reasonably be looked for in connection with any other resolvent. It depends 
upon the relation (80) by which the rational resolvent +, is the same function of 
the other roots of the sextic as it is of the roots of the original quintic, and this 
can only happen when, as is the case with v, the function is of weight 1. It is 
not to be presumed that any other resolvent function of weight 1 exists which is 
possessed of this peculiar property. 
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that (78) can be collected at once into this form (also an alternating function of 
the roots) : | E 
Opty (Tg — To): v, — Opty (Ta — Ta) T= 0, (79) 
where the sequence 13254 applies to the subscripts of r. Therefore, 


— Og (Lg — ag) Xy Et? (Ts — 73) Ta 
T= | DL ULT ML LL (80) 
Og, (ar — 25) Opty (Ta — Ta) 

This means that v, is the same function of the other roots of my resolvent (37) 
as itis of the roots of the quintic. In other words, this remarkable theorem is 
true, that if the sextic resolvent in + have a rational root r,, and if the sextic be 
reduced to a quintie by dividing it by v — t, the resolvent of the new quintic 
will itself have the same root t.” 


39. There are therefore framed implicitly an apparently infinite number of 
resolvable quinties for each one which we may frame directly by means of the 
method of (39).and (40), the new series being produced one from another by the 
formation and, so to speak, decapitation of resolvent sextics of the form (87). 
As an example, we may put q— 0, rz: —2,4— 2, w=3, so that from (39) and 
(40), or from (69), we have 7=1, v= h, e—$, (— — 2, so that the quintic 
constructed is | 


x + 48 o—2=0. (81) 


Employing the general resolvent (87), or preferably the reduced form (68) 
which it assumes in this trinomial case, the resolvent for (81) is, after clearing 


of fractions, 
3«* + 495 — 907 + 247 — 8 = 0. (82) 


Dividing this by + — 2, and writing z for 7, we have the produced quintic 
325 + 102* + 202 + 402 — 107 -I- 4— 0. (83) 
The necessary covariants of this, for developing the sextic resolvent according 


to (37), are 


n == 67127 — 11184, 
0 == — 284? + 407° — 367 — 88. 


A — 30° + 107 + 207° + 407° — 107 + 4, | 
(84) 


* As a fact ascertained from a sufficient number of numerical examples, but as yet devoid of proof, 
this theorem was laid before this Society by the writer on taking his seat as President in December, 
1890; and was also, shortly afterwards, communicated in a private letter to Professor Cayley. 
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is true of all transpositions not affecting «,. Since the other grand terms are: 
derived from the first by successive cyclic substitutions according to the sequence 
LLL any transposition affects every grand term only by a change of sign, 
except transpositions including x, for the first grand term, a, for the second, x 
for the third, æ, for the fourth, and 4, for the fifth. Any single transposition, say 
(xx), affects three grand terms only by a change of sign, and we shall now see 
that, as regards the other two grand terms, it merely transforms each into the 
other, again with a change of sign. For (a,2,) changes 4, into 4, 4, into 44, 
aba into V, 4b, into e, 4 into 44, and 4, into 4/4, in each case with a change of 
sign, and the same effects are produced upon the functions @. Hence (a,a,) trans- 
forms the first grand term (4$ — 4441) (Wud, — do) (a — ds) into the 
second grand term with its sign changed, namely, — (dep, — debs) (Vs — beh.) 
(s — di), and vice versa, so that (xx) alters (76) only by changing its sign. 
The cyclic substitution (zxyxyrgr,) leaves (76) unaltered, so that successively we 
have, after (xx) the transpositions (x124), (xx), (as), (xx), all affecting (76) 
only by a change of sign; and since all possible transpositions are composed of 
odd numbers of the transpositions named, any single transposition can affect (76) 
only by a change of sign. It should be remarked that the sequence 13264 in 
the roots is equivalent to 12435 in the subscripts of @ and 4. . 


38. By expanding and rearranging the terms of (76) we have, after dividing- 
throughout by 2, | 
dada debabiDs — VrbsVePshihs 
+ dada eDiDaDs — Patehepa 
+ obolis. mE dada: 5 
+ bybbePihshs — "ebobebibsb: 
+ babrbedahads — bebebe: pps 
T papabe m ebbe 
E wWwegbidibade — dahh pP s 
+ dahaki pp — hibet s 
+ bel bshohihe — bebalihibahe 
+ Vals tsdidibs — Vabrbobsbads = 0. (78) 


Substituting tp for 4, and dividing throughout by dyhopgh.hs,, We perceive 
25 i 
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36. Let us take afafz$x, as the term in (76) whose coefficient is to be exam- ` 
ined. Now (76) consists of five grand terms, the first of which is (4, — YQ) 
(dee — dis) (55 — es), and the others are derived from this by successive 
repetition of the cyclic substitution xxx. The coefficient of a]eja$z, in the 
second grand term is therefore the same as that of afz5aix, in the first; in the 
third is the same as that of axe, in the first; in the fourth the same as that of 
xbrixhc,, and in the fifth as that of seirm. The sum of the coefficients of these 
. expressions in the first grand term is therefore the coefficient desired from the 
whole of (76) for alagajx,. The three factors of which the first grand term is 
composed consist each of 24 terms, of which I quote the following (all to be mul- 
tiplied by 2) as bearing on the present example: in the first factor, — a1z21, 
CLA — Tze Zl, — Weis, Zaire; in the second factor, — ajxix,, — M235, 
etter, — ahte, 92a3xgc,r,; and in the third factor, faše, dat, — cxi, 
— mir, — dits, mé. Wo find that 2eme, (— vins) minis = — aep yrs ; 
that — ataei (— adeb) (— maai) = — ah, and syll (— adim) (atrai) 
== — axfagxiv,; that there is no term æiæixix,; that — ajar, ( Qaprgryr,) (— aéré) 
= Mir; and that — che (— ma) mat = atalaia, and — edel mit 
(— a 232%) = céxhaËx,. The sum of the coefficients is zero, and there is therefore 
in (76) no term ares. | 


37. It remains to be shown that (76) merely changes sign when any two 
roots are transposed. Let us consider first the first grand term (Pis — 4491) 
(o, — Vide) (Vs. — ddr), and let us begin by excluding the root x, from trans- 
position. In the following schedule we have the effects produced upon the 
several functions 4 by the transpositions noted at the left, and it is to be observed 
that the same effects, as to both signs and subscripts, are produced upon the cor- 
responding functions @. | 


Ya — 95 Vs oN Vs 94) 
(rite) — hs — th —t, — 4 — h —dd, | (77) 
(202%) — Vs dE Vs E V, EX apa ES dà 7 Ws | s 
(xxs) aM LS UA — We — dy — h xx We — ps 


Each of the transpositions (a2), (ss), (ax), therefore, affects the first grand 
term only by changing its sign, and as all other transpositions of a, vs, £g, £p, 
may be transformed into an odd number of the transpositions named, the same 


- 
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35. I EU — that | | 
Os (is — Wah.) (a — as) soy — Vds) = 0. | (76) 


It will shortly be shown that it is an alternating function, that is to gay, one 
which has the same value, but with the opposite sign, whenever any two roots 


are transposed one for the other. As such, being of the fifteenth degree in the 


roots, it must be composed of two factors, one namely of the tenth degree, con- 
sisting of the product of the differences of the roots, (a@— x,)(a— a8) . .. . (m4 — 25), 
which changes sign when a transposition occurs, the other a symmetrical func- 
tion of the fifth degree, upon which a transposition produces no effect. If, hav- 
ing this in mind, and expecting the product to consist of a large number of 
terms, we attempt to evaluate (76) we are met nevertheless by a zero coefficient 
for the first term we deal with, and again for the next term, whatever it may be, 
and so on, until we cannot but be convinced that the symmetrical factor must 
vanish, if it exists at all even as a phantom. To evaluate the myriads of terms 
contained in the product would be impossible. It is, however, feasible to reduce 
greatly the number of terms which it is necessary to examine. Every term 
found non-existent proves the non-existence of every other term of the same - 
form with different subscripts, since transposition leaves the value unchanged 
unless in sign. Hach of the three factors of (76) consists of terms in which no 
one root enters in & power above the second,so that no term of the product 
can contain any power of one root above the sixth. The three factors of (76) 
contain 24 terms each, which when examined show that the product can contain 
no term of three letters, and that no term can, as to its literal part, be a perfect 
cube. Each factor is of the form 4,4, — 4,9, and every term of 4,,@, is repre- 


. sented in «4,9, by a complementary term affected by the same coefficient, the 


literal parts being such that the product of the two is afsfafetx!; and it follows 
that when any term in the product is found to vanish, the complementary term 
must likewise vanish. For example, aixixiz? is complementary to x feces, 
equivalent as a form to afatatats,. For the same reason there can be no term 
atatatetc3, which is besides to be set aside as a cube. It thus results that the 
number of terms in the product which, to make sure that every term vanishes 


` it is necessary to examine, and which I have examined, is reduced to sixteen. It 


is unnecessary to present the details, but to assist any one who may wish to look 
into the matter | illustrate the process of evaluation by an example. 
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33. Thus far we have dealt almost altogether with the shorter form (2) of 
the general quintic, for which my resolvent is the quantity £. The broader 
resolvent in + was exhibited in (37) as the covariant sextic AL — 250 — 0. It 
will be remembered that $ is the same function of x, in the longer form (1) of 
the general quintic, as it is of y in the shorter form (2), but that in (1) we have 
Ņ = i$ — ba 79 = 0 — ba", and rT =407 !—t— bat, just as x= y — bam’. 
It has also been remarked that for the longer form of the general quintic the 
quantity ba^! may be regarded in a sense as a fifth parameter, though it is much 
broader as & function of the roots than the four parameters, having only one 
value instead of six. Let us now examine the form of the six values of 7 in 
detail, r. being the leading parameter of the general quintic (1), reduced to ¢ 
when ba = 0, as in the shorter quintic (2). 


34. In paragraph 13 we had the symbol c—cycle or circle—so defined that 
Gf (8 rEg, Ug, Cys 25) =f (2, Tas Dzs Tis cs) +f (23, Ug, Las Tps 23) +f (25, V4 y Vey Tis Ta) 
A. f (245 2g, Lis Les Vg) HS (25, 91, Le, Los 2,) ; that is to say, C represented the 
sum of five similar functions of the roots, each function differing from the one 
preceding by a change in the subscripts, from 1 to 2, and so on, in the order 
19345. Let us hereafter write œ for © as heretofore used in this sense. For the 
family of six-valued functions of the roots with which we are concerned, there 
are five other possible sequences, which may be distinguished by assigning 
different subscripts to c,* thus: 


C,: 12845 C; : 12453 
O,: 12534 © : 13426 (75) 
0,: 14235 0,:18254 


We have had 9, = Oa, (m — +), and h = Oa, (m — X) s. Similarly, 
Py = Ou (2g — Ls), Vo = Oy. (ts — Xp) ta; Pa = Og (4 — Lo), Wa = Ca (La — 23) Ty ; 
and so on. It will be observed that each 4 consists of five positive products, 
each of two adjacent roots, according to the sequence employed, plus five nega- 
tive products, each of two non-adjacent roots. Similarly, each « consists of five 
positive products, each of three adjacent roots, plus five negative products, each 
of two adjacent and one non-adjacent roots. Then the six values of v are . 
v,— 401; 797 debs"; and so on. 


* The subscripts were arranged differently in the paper of 1885, following Cayley. Itis necessary 
for symmetry to make certain changes. 
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the general parameters g, 7, t, w, underlying all resolvable quintics, and Mr. 
Glashan’s parameters g, b, m, n, pertaining to a group only, are: 


t = Ok (aà — 2), 
q-—n"p, | 
r —k(au—aX--2), t (74) 


= 9 ar (m —g)—m 


an (aA-—2)+ 2 4 


where » = (1 + en +m), 0-—1--n—mw», A= 1 + nm -—g-—ng, 
a= 4g(m — g — ng) > (2 —1— m’), and w= [2an (aà — 2) + 4] + [ay 
+ (aà — 2) (1 4- n) — 4n]. It will be seen that £, q, r; w, are all rational when 
g, k, m,n, are rational. Substituting these values in (39) we have J = u 0E, 
and it may also be proved by due substitution that œ (1-- w^) — 14-«*. Hence, 
from (40), y — 70%, 6 — af, v= kt —- (1-- m). Then e and ¢ may be deter- 
mined by (40) and (41). For example, let the group parameters be g==— 1, 
k—i,m--2,m-—1;then 4-210, 0——8, A=3, a=— 4, u= tH, and bs 
(74) the general parameters are ¿= 28, q— 184, r— — ME, w=— HE. We 
find that y =— $, = — 4, v=, e—:34. It has been said that to ascertain 
the values of g, k, m, n, from those of ¢, v, and the coefficients, it is necessary 
in general to find one of the roots of a biquadratic equation: in the present 
example the biquadratic must have a rational root. The quantities £, v, qg, v, w, 
l, p, 71, 73, 81, &, all belong to one family of functions, conjugate to which are: 
five other like families, since each of these quantities is a six-valued function of 
the roots of the quintic. When we find, by means of the resolvent, a rational 
value of £, we are enabled, by means of the formulæ herein given, to obtain the 
corresponding values of the other functions comprised in the same family, and 
we have, for present purposes, nothing to do with the other five sets of values. 
The various quantities contained in one family with the given value of # are 
each and all rational functions of t and of each other, and they have therefore 
been spoken of herein as "rational" It is unnecessary to remark that the rela- 
tions between them hold good, and that they are all still rational functions, each 
of each other, when the value of ¢ is not rational, and when therefore all 
other quantities of the same family are in general irrational. The quantities 
g, b, m, n, discussed by Mr. Glashan, belong to one subdivision of this family 
of functions. 
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$3.— On the Roots of J, (x) and Jagi (a). 


"When à is integral, and in this section we shall suppose it so, J,(x) and 
J,,4:(v) are kindred (verwandt) functions and relations of the form* 


Japi (x) = gf? (xt) J, 1 (x) — gs (æ) J, (25) 
exist where the g's are rational integral functions of +, Such relations are 


only a limiting case of a general class of similar relations connecting three 
kindred hypergeometric functions. | 

The roots} of these rational functions play an important rôle in the study of 
the roots of J, (zx). The first case to be considered is where i = + 1, and here 
we have the theorem: The positive roots of J,+,(x) and J, (x) separate each other. 
This follows at once from the two formule 


dac L() =h (2), (1) 
deam x). Q) 


* Gray and Mathews’ ‘‘ Bessel Functions," p. 18. 
t Hurwitz, ‘‘Ueber die Nullstellen der Bessel’sche Function," Math. Ann., Bd. 88 (1888). 
i Van Vleck (vol. XIX, p. 75, American Journal) first established this theorem by means of the 


relation , ; 
d. id in — dauid = Penne (n integral J, ,1Y, —J,Y..1— =) . 


extending the method to the contiguous P-funotions of Riemann by means of the analogous relation 
connecting two pairs of linearly independent contiguous P-functions. In the Math. Bull., Mar. 1897, 
this theorem is proved by methods more analogous to those here used. Van Vieck’s method can be 
applied to similar questions concerning the real roots of any solution y of the homogeneous linear differ- 


ential equation : 
y + py’ + qu =0, [1] 


and the real roots of y’ and y”. Here we make use of Abel’s relation (a) y,g41— yay { — — Ae JP, and its 
derivative (8) yiyi/— yayi! = — Ape" where y, and y, denote linearly independent solutions of [1]. 
The functions y; and y;' satisfy a homogeneous linear differential equation of the second order with the 
singular points of [1] and, in general, certain accessory singular pointe besides. Equations (a) and (8), 
applied to Bessel’s equaticn, show that if | œ | > | n | thereal roots of either J(e) or Jf’ (x) and of J, (x) 
separate each other. This theorem was given in the Math. Bull, Mar. 1897, p. 207. It is to be noted 
that the theorems thus obtained do not, in general, relate to corresponding branches of contiguous func- 
tions. Applied to any solution y of the hypergeometric differential equation 


— 


7—(a+B8+1)æ,, aB = 
y" — y TE Er NL nn [2] 


c€(1—2e 
(a) yields: In any interval of the x-axis containing no singular point of (9), the roots of oy and oot sepa- 
rate each other. And in the same way, the roots of Px(w) and PET (2) between +1 and — 1 separate 
each other (Pz (w) denoting the associated function of Spherical Harmonics). 
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(1) by Rolle’s theorem shows that between two consecutive positive roots of 
J, (x) lies at least one root of Jp, (x), and (2) that between two consecutive posi- 
tive roots of J, 41 (x) lies at least one root of J, (x), hence the theorem. In the 
same way it can be shown that the positive roots of 


Yn = ad, (2) + b-a (2) | 8) 
and of | — aJ, 4.1 (2) + bn (2) (4) 
separate each other. It is to be noted that (1) and (2) are not contiguous unless 


a or b vanish or n is integral. 
Attention has already been called to the relation 


Js +i (a) = gr (x) Jat 1 (2) — gs (x) J, (a). 
The following lemma of constant application will show the use that can be 


made of the roots of gf? (x) in determining the relative positions of the roots of 
J, (x) and J,4;(x). Leta, and xj}, be two consecutive positive roots of J, (a), 


we have | 
Jari) = gia (23) dpi (2) 
and Japi (E) = 912.4 (23.1.1) Ju 41 (255 +1) . 


Since neither x, nor a ,, is zero, neither J,,,(»;) nor J,,4(2,,1) can vanish. 
We know that J,,:(x) changes sign once between a, and a,,,, therefore unless 
gf 1 (x) change sign an odd number of times between x, and 2,1), Jn4,(x) will 
have an odd number of roots between a; and a,,,. If |A +il> (n), J,,4(x) can 
have at most one root between a, and a,,,, by theorem III of Sturm, p. 194. 
Thus from the relations, | 


Jan) = 207. 1) p. s () — 4, (2), n> 0 
4g) 159, ,—2 (0) | nO 


we get the general theorem: The positive roots of J,, 4 (2) and J, (x) separate each — 
other.* 
$4.— On the Functions G (x). 


The rational functions that we have denoted above by gí?, (x) and gf? , (x) 
are computed at once from the relations inter contiguas. We have 


* Math. Bull., Mar. 1897, p. 207. 
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Thus 


where 


and 


2 , — 
Jn 41 (2) — un Ja +i—1 (x) — dote, 


_ 2(n+i—2) 
mé a 


Jati n--i—8 — Ynti — 8) 


2 (n 2 

Jats S ata 
9 

Ju ps = PEU 4. 


J, Li = Qi ie — ga (x) Jaira 
= gii (æ) Jh + 1 — gi (x) Ja 


gf? (a) = EE EITA qn (e) — gto (a) 


gx) — 0, gf (x)= 1, 


thus g™ (x) is a polynomial in 2 of degree x. 
TC = 


K 


From the recurring relation I we get 


gf? (a) = FID) D : 


T = 


gf (a) = = (n + i— 2)(n + i — 1) —1, 


P= 5 n + à — S) i9) + à — 1) — 2 2 (n +i— 2), 


"aA = = 


and by inspection, 


P(e) = D ni 9) tint)... ni ai), 


AE (x — 1) 








æ"? 11 


L 


4 


(n +i—x + 2)....(n+i— 2), 


x—4 j e 
pe EE D nt d — 3)... (ndo $— 3). 


A] 
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the r“ term being 


+(— " 1 STi Beds a) moy D » (x— 2r-]-3) (n4-43—x--r—1).. . (np i— 7). 


(x+1—r)(*—r).... (x — 2r + 3) 


ince the expression 
os P (r— 1)! 


is always a posi- 


tive integer, the sign of the 7^ term depends only on the factor 
(n+i—x 4T7—1)....(n 3-4 —7), 


: . 2 ; : 
moreover, the coefficients of the various powers of — are rational integral func- 
ea a 


tions of n and are therefore rational numbers if n is rational. 
Ty Ce) = ga (0) Taga (8) — gis (9) Sr (2). 


If. J, (x) and J, ,; (c) both vanish for the same value of x as 2$ £ 0, we must 
have gf? (a) = 0,* i.e. if n is rational or merely algebraically irrational, the com- 
mon root a, must be algebraically irrational. If we knew that the positive roots 
of J, (x) were, when n is rational or algebraically irrational, transcendental 
numbers, we could at once conclude that J, (x) and d cim) have no positive root 
in common. 

When n is the half of an odd integer it is easy to show that the roots of 
J, (x) are transcendental numbers. 


JL (2) =. sin a, 


Aa (00) = V —. {gf +¥ (x) sin — gf (a) cos a]. 


The coefficients of the various powers of =. in the g-functions are rational 
numbers, and it is clear from the relation (I), p. 201, that g (x) and g™., (x) can- 
* Since Ja (7) and J, :1(&) have no root in common save 0. 


t Bourget, An, de l'École Normale, 1866, p 66, stated such a theorem when n is Integral without 
proof. 
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not both vanish for the same value of x. Let a + 0 be a root of J; ,,(2), and 
suppose that g/t” (a) 0, we have ` | 


fon a= Hea) $* | (III) 


where, if a is merely algebraically irrational sois a. III becomes in terms of 
exponentials | | 
ot — 1 + ai 


1—a 





Lindemann's equation,* from which he deduced the transcendental irra- 
tionality of x, asserts that if x, is algebraically irrational, this equation is impos- 
sible. Thus:-No two Bessel’s functions whose orders are the halves of odd integere 
can have a positive root in common. 

The recurring relation connecting three consecutive g-furictions suggestst a 
useful expression of g™ (2)/gf? , (x) as a continued fraction. 


—— 
i | ^ 9(nti—1) 


This is evidently the à — 1* convergent of the continued fraction 
| E (a) 20-1. | 
Jai (x n 2 ED ae 2) — 

, ETE IEE) 


T- 


?i(2)/gr NUS ETE) D) — e (e, n) 


— ett, 
Writing 


from the continued fraction itself, it is easily seen that if, when n and x are posi- | 
tive, we slightly increase n, x remaining constant, the term Ci I? increases 
while ẹ (x, n) decreases, thus: when n increases, the eee: roots of gh, (x) 
increase, ifn > 0. , 

It is easily shown that the roots of g os (a), as 4 increases indefinitely, clus- 


tert about the roots of J, (x), so that we get a new. proor of the ees that 
the positive roots of J, (x), n > 0, increase with n. 


* Math. Ann., Bd. 20, p. 224. t Hurwitz, Math. Ann., Bd. 88, L c. 
t Hurwitz, Math. Ann., Bd. 88, pp. 2560-58. $ Quoted on p. 196. 
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On page 200 it was seen that the roots of gj"), (x) can be used to find those 
intervals determined by consecutive positive roots of J,(x) in which no root of 
J,4:(x) lay. From the expression for gf? , (x) on page 201 we see that gf? , (x) has 


at most Æ (=>) positive roots. It is shown (p. 212, Math. Bull, Mar. 1897) 


that, if n is positive and 2p < x € 2p + 2 where p is any positive integer, in each of 
the intervals* bounded by successive positive roots of J, (x), there will be one and only 
one root of J,4.,(x), except in p of these intervals, in which ‘there will be no root of 


J,4,(c). Thus in the case we have just been considering there will be Æ (* a 





vacant intervals, and consequently, af n and à are positive, all the roots of gf? (x) are 
real and, moreover, at most one les in any interval determined by two consecutive 
positive roots of J,,(x)-- When both n and à are negative we have a similar 
problem and one whose solution is. deducible PERY from the case in which n 
and ? gre positive. We have | | 


TERES 1) 


Japi Antipi n4- £-- 21 


ns — uc J, | — d, i 
where both n and t are negative,. .. —-- 
. Eliminating as in the case where both n and à are positive, we get - 
Ja +: (2) = gi (a) J, ~1(%) — gé s (x) Jn (x) 
and readily obtain the relation __ 
| gi (a) = (— 1) g?? (a). 
Thus since the roots of g™, (x) are all real, we have the roots of gi (x) are all real. 
If nis an integer we have J, , ,(z) = (—1)^ * J , ,(z) and J, (z) = (—1)"J.., (a), 
so that there are .E es of the intervals determined by the consecutive 


* When J,., (T) and J,(z) have a common root it may be regarded as (vine in oiher of the inter- 
vals abutting on the common root. 

+ Hurwitz shows by a different ienai; p. 255, 1. c. Math. Ann., Bd. 88, that when n 0 all the 
roots of gi, (x) are real, but does not show that not more than one en of gf? (x) can lie in the interval 
delimited by two consecutive roots of J, (z) . 
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positive roots of J,(x) in which there is one root of gf, (æ) and no root of 
Jay: (æ). When n is not integral it is only necessary to let n increase to the 
value — E(—n). We know that before n began to increase there were at most 





E (— a =) vacant intervals to the right of the origin, and when n reaches the 


value — E (— n) we have seen that there are exactly E (= um 


2 
intervals. It is, moreover, clear that when n increased to the value — E (— n), 
no intervals were gained since the large roots of J, ,, (x) and J, (x) all move out 
by equal amounts. Thus: in each of the intervals. delimited by the consecutive post- 
tive roots of J, (£), n«C0, lies one and but one root of J, +, (x), i« 0, except in 
n (—*=+) of these intervals in which no root of J, (2) lies- 

The method hitherto employed does not enable us to treat the question of 
_the reality of the roots of gf" (x) when n and à have different signs. Here, in 
general, as the method of Hurwitz* readily shows, imaginary roots present them- 
selves. The analytic expression for gf?,(x) on page 201 shows, however, that if 
i=2%+1>0 and n« 40; if x « —n« +l, all the roots of g™,(a) are 





*) such vacant 





imaginary (all the coefficients of powers of + being of same sign ) , 80 that the 
positive roots of J,,.(x) (n«;0 and à odd) and J,(x) separate sache. other, 4f 


i—1 < — n< UE or when i is even when E < —n PST. 











&5.— On the Complex and Pure Imaginary Roots of J, (x). 


Hurwitz, in his paper * Ueber die Nullstellen der Besselschen Function," 
which has already been referred to, first enumerated the imaginary roots of J, (x), 
when n is real,+ and determined the regions of the complex plane in which these 
roots lie both when n is real and when n is pure imaginary. | 

The theorem on page 197 affords an easy means of solving the first of these 
questions, and it is to this that we shall next turn our attention. 








* Hurwitz, Math. Ann., Bd. 88, 1. c. 
tit has long been known that when n >—1, all the roots of J, (Œ) are real; the proof follows at 
once by the method due to Poisson (Theorie de Ia Chaleur, p. 178) from the integral 


f. dy (Hx?) Ja (p) d v = aa [Hide (4) Jupi Unt) — id. (u.a) Jig (14)]. 


The imaginary roots of 


$= peg (4 ES Er Jtr )- 


are the same as the imaginary roots of 


m—— "res eren G2 + sexe (8) - 


where it is to be noted that f(x, n), regarded as a function of the two complex 
arguments z and n, has the following important properties: 

If S denote a piece of the finite region of the x-planes, and Za piece of the 
finite region of the n-planes. 

1°. For any given value of n in the region Z, f (x, n) is a finite, continuous, 
and singly-valued analytic function of x throughout S. | 

2. For any value of x in the region S, f(x, n) is a finite, continuous, and 
singly-valued analytic function of n throughout Z. 

To prove these properties of f(x, n) it is only necessary to note that for 
values of n in the neighborhood of a real negative integer — +, we have 





1 : 
, popa Turm Le 
where a(n +1) is analytic at n= — i, while $(m,n)— E: = Os (a, n ti), 
where o, is analytic at n = — i; so that, since the product of two analytic func- 


tions is analytic, f (x, n) is an analytic function of either æ or n in the regions in 
question. 
Concerning functions of two arguments, which satisfy the conditions 1° and 

2, the following general theorem* holds: | 

If. f (e , n) — 0, where n is a point within the region Z, has no roots on the 
boundary of the region S; the numbert of roots of f(x, n) within S will remain 
unchanged, if n be changed to n + An, where | An | < p and where pis a sufficiently 
small positive quantity. 


* See, for instance, Neumann's Abelsche Integrale, p. 141. 
tA. x-fold root is, of course, to be counted as « simple roots, 
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ose that n, starting with a value — 4, in which case 
y (x) = M —. cos £, 
ma 


) are real, decrease through the value — 1. Al tl 
x towards the origin, and when n passes through tł 
‘ach the origin when n==—-1, disappear from the 
fore, by the theorem just quoted, become conjugat: 
ray, when n continually decreasing passes through tł 
; become conjugate imaginary. When n decrease: 
, 2E (— n) roots become conjugate imaginary by dis 
'eals at the origin. Since J, (z)* can have no multip 
imaginary roots of f(x, n) must arise at the origin 
wy to show, however, by means of the asymptotic : 
wy roots can come in from the point o; In ther 
thé of the axis of pure imaginaries, we have asympto 


| Ta 2n + 1 
Jd, (2) = y —— cos | me L, 
(x) = pe 
pure imaginaries;{ 
. JA (x) = iy ao 


root of J, (a) so also is —a, we need only consi 
sounded by the positive halves of the axes of reals a 
the asymptotic values given above show that all tl 
L. 
ns on pages 197-8 show that when — 1znz— i, 
J. Ifthen we let n, starting with a value a little 
ll the roots of f(a, n) will move away from the orig 
ear from the axis of real, we have the theorem: 

a negative integer, Ja (x) has 2H(—n) conjugate im 
infinite number of real roots. 





o the same roots save at the origin. 
Bessel Functions, p. 70, and Jordan, Cours d’ Analyse, tom. 3, p. 


68. 


al value, the moduli of all the imaginary 
e, when n is integral we have J, (x) 
ots are real. 

strical with respect to the origin and the 
rust be at least two pure imaginary roots. 
)e deduced by the considerations we have 
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y questions relating td the roots of the 
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2 exponent-differences being. 
A=y—1, u= 


ere it-is supposed that a, @, and » 
By the change of dependent var 


Y — yr 
becomes 
dy _ _ 
qa T È (A, p, V; z) y 
= 9 ous 


When à is positive, and in the I 
3 is the case, the solution correspo 
inary hypergeometric series 


Fa, 8, y, a) 1 


ere, since œ and (9 are interchange 


. E = 
reover, since 
9$ (A, u, v, 
: Du 
see that $ decreases with the incr 
By II we see that if x, = 9, (u) : 
ween 0 and 1, x, will increase as , 
the case À < 0, and as yet I hav 
roots of a solution corresponding 
The next question that we shall 
mall amount, Au, À and v rema 
its of | 
y (v, u): 
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sage; all the roots of 
of the intervals deter- 
en 0 and 1, there will 
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theorem: When v >0, F(a —: 
each of the intervals 2,25, dame, ++ 
if 0<xS— 8 —E(— 8B) the 
more generally: F(a—x, B+ 
the intervals ax, Ugg .... 1 

F(a—x, B +x, y, x) les, if 
n + $—1 

when y = — 8 — E(— 8). 

When v < 0 (we assume th 
F(a, B, y, x) = ( 


and since F(y— 8b, y—a, 4 
exponent differences À, u, 
F(a—x, B -- x, y, v) has one 
Quy... Ll, except $n i of 
F(a — x, B+ x, y , a) uf 

9 - 
where . |"-—0a—y-— 


In precisely the same way, 


i OO — 3. 
OA ‘5 

i40. 
2 Op __ 
Qv  '« 

ify > 0. 


By 1* F(a +x, B+x,y+ 
intervals tte, ce. , Zal, demu 


there will be no root of F(a +x, 
| 2»T*—: 
when, as before, n = — Q — 4 


— E (a — y) and a — y —x > | 





* When F(a, B, y, œw) and F (a— «, 84 
either of the intervals separated by the c 
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pe of the circular triangles on which the a-halfplane is mapped, has be 
ved more recently by Hurwitz* and Gegenbauer.t The solutions of Hurw: 
1 Gegenbauer both depend on the determination of a chain of contiguo 
pergeometric functions which can be used as a set of Sturmian functio! 
ein's method, on the contrary, only makes use of the differential equation, b 
ile extremely elegant and interesting, does not lead to this result so direct 
the methods of Sturm which we have been employing. 

On page 210 we saw that when À > 0 and v > 0, one root in the inter 
was lost whenever 8, through the decrease of u, increased through a negati 
eger. When B , always increasing, reaches a value a little greater than ze 
'1— B)f roots will have been lost, and as the hypergeometric series then I 
its terms positive and can have no roots > 0, all the roots between 0 and 
ist have been lost. Thus when 47» 0 and v >0, the hypergeometric ser 
s E (1— B) roots between 0 and 1, and in the same way by the consideratic 
page 211 when A > 0 and v<0 the hypergeometric series has E (1— (y —c 
ts between 0 and 1. 

When 2 «0, we must take, not the hypergeometric series, but 

ga p (tety, Ie Rea e. d—2A, z), 
DN 2 2 
ich is then the solution corresponding to the larger exponent of the orig 
ie hypergeometric series on the right which we may denote by F(a’, B, y’, 
isfies a differential equation whose exponent differences are — A, u, v, 80 tl 
the interval 01 F (a', B', y’, x) has E (1—8!) roots if »>0 and E [1 — (y/—a 
ots if» < 0. | 
All four results can be stated in the one formula 


aede ES 


When 2< 0, we determined not the number of roots of F'(a,, y; 
tween 0 and 1, but the number of roots of a solution which, in general, 
early independent of F(a, B, y, æ). 

Theorem I’ of the introduction shows that in this case F(a, B, y, x) I 
— y or x + 1 roots between 0-and 1, the even or odd value of N being chos 
cording a8 %,—11i8 >> or < 0. There are thus two cases to be considered. 


* Math. Ann., Bd. 88, --fBitz. Bericht., Wien. Akad., Bd. 100, 2a. 
t E (s) denotes the largest positive integer leas than 8, while E (a) = Oif s<1. 
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lere, according as 6 is > or < 0, i. e. according as 


e E a aT, is > or <0, 


> or <0. 


lere, according as a is > or < 0, i, e. according as 


rp (LEASE) p (1E ERT T) is orato, 


), i e.if(1d2Ad-u-d-»)/2 or (1+ à—u -+ v)/2 is zero or a 
F(a, B, y, x) ceases to be linearly independent of F(a, B, 
— x), which, when v > 0, is the solution corresponding to the 
f x= 1, so that by the theorem I’ of Sturm F(a, 8, y,.«) has 
8 between 0 and 1. | 

3 reason in 2°, when a= 0, i.e. when (1+A—yu—7#»)/2 or 
: is zero or a negative integer, the hypergeometric series has y 
nd 1. 

iced that in discussing the general problem of enumerating the 
y, €t), we have been led naturally to consider the case where 
ve integer, and have in & certain sense generalized the results 
ites Rendus, tom. 100, and Hilbert, Crelle, Bd. 103, which refer 
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9. Another point worthy of attention is the fact that the identity of 
(tr S + — A(S-F 1) Moi )^AT + 1) 
1 tr SA. S — 


juite independent of the form of A, and that therefore whatever A may be, 
: root of 

| A — A (B -- 1) — (tr S + 1)-14—0 

à root of 


ir S. A. S— Az 0. 


jen, however, we proceeded, towards the close of $6, to solve for the root of 
: former equation, we introduced the condition A= tr A: consequently when 
is unconditioned* it cannot be expected that the root thus reached will be a 


it of the equation 
irS.A.S—A=0. 


10. Returning now to the general equation with which we started, viz. 


tr §,.D.8,=D, 


us give S, a form analogous to the form 2(4 + N)^'A — 1 obtained for 8 
$6, changing A, of course, into the more general D and, in order that we may 
ve the full number of arbitrary constants, putting a perfectly arbitrary matrix 
in place of the zero-axial skew matrix N. Our equation then becomes 

tr 83. D.{2(D + M)-'D—1}=D 

tr S,.12D (D + MYD — Di =D: 

ir &.|2D(D-- My3—1|D =D, 
Is T tr S, ={2D (D + My! —1]7. 


11. In place therefore of the simple theorem of. $5 we have the following as 
seful alternative: 


T'he transformation of the bipartite quadric | 
eh Yr ee . {De y, Z, eea.) into (E, 9 Gy DIE, vf Cle oes) 


* The solution of A — A(9+1)-!— (fr 84-1) 40, when A is unconditioned, does not seem to 
easy. As we see readily from the complete equation tr 9.4.9=>2 A, there are then implied n? 
ations for the determination of n* unknowns. | 
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or, as the saying is, into itself, can be effected by the substitutions 


(£, Y, Z, ese) 5 (2ATD— 1YE, n, Crese), 
(a, Y, Z, aeo e) = tr (ADA — ME, v, C... 2 


where A= D + an arbitrary matrix and has a non-vanishing determinant. 


12. Bearing in mind the equation ir $,.D.8 — D, we see that the foregoing 
regult rests finally on the identity | 
(2DA~*— 1) D(2A-1D — 1) =D, 
which is the same as | 
D(2^A71D—1)-(2DA71—1) D.* 
This latter however leads with equal naturalness to the identity 
(2DA ^1 —1) D(2A ID — 1)! — D, 
so that another form of the solution of the equation 
| ir S,.D,.8 =D 
is available, viz. 
| S, —(2A71D — "d 
S, = tr (2DA^! — 1). 


13. The existence of an alternative form of solution is, of course, what 
might have been expected from the character of the function under discussion, 
which itself has two forms: | 





ly Dy esra |2 


Or | (x y ze Dix y. Boss); 
and (d y z....ftrDím y z....). 











* The ultimate basis is, of course, the fact that 
2DA^?D-—D 


is equal to either D(8A-1D—1) or (2DA-!—1)D. 
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The object of this paper is to determine all the primitive groups of degree 
16 and to study them in regard to solvability. It will be seen that the number of 
these groups is considerably larger than it has been supposed to be.* The paper 
is divided into two sections. In the firs we determine the groups by very 
simple methods and study them with respect to the given property. In the 
second we prove that it is impossible to construct a primitive group of degree 
16 that is not given in the first section. 


S1. 
Determination of the groups. 


- It will be proved that all these groups, with the exception of the two that 
include the alternating group of this degree, contain a self-conjugate subgroup of 
order 16. As a self-conjugate subgroup of a primitive group is transitive, this 
must be regular. Since the entire group must transform each of its substitutions 
except identity into a system that generates it, it must be the Abelian group 
that contains 15 subgroups of order 2. We shall denote it by H and suppose 
that its substitutions are | | 


1 ai.bj.ck.dl.em.fn.go.hp T, 
ab.cd.ef.gh.W.kl.mn.op B, aj .bi cl .dk en . fm .gp . ho J, 
ac.bd.eg.fh.ik.jl.mo.np °C, ak.bl.ci.dj.eo.fp.gm.hn K, 
ad. be.ch.fg.il.jl.mp.no D, al.bk.cj.di.ep.fo.gn.hm L, 
ae.bf.cg.dh.im.jn.ko.lp E, am.bn.co.dp.ei.fj.gk.hl M, 
af.be.ch.dg.m.jm.kp.lo F, an.bm.cp.do.ej.fi.gi.hk N, 
ag.bh.ce.df.io.jp.km.in G, ao.bp.cm.dn.ek.fl.gi.hj O, 
ah. bg.cf.de.dp.jo.kn.lm H, ap.bo.cn.dm.el.fk.gj. P. 


* Only 12 of these groups that do not contain the alternating group are given in Jordan's enumera- 
tion, Comptes rendus, vol. 75, p. 1757. We shall prove the existence of 20 such groups. 
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The group of isomorphisms of H* is evidently doubly transitive, of degree 
15 and order 15.14.12.8 — 8.1— 2. It is known that there is only one group 
that satisfies these conditions, and that it is simply isomorphic to the alternating 
group of degree 8 (K). To every subgroup of Æ corresponds a transitive group 
of degree 16 that contains H as self-conjugate subgroup. Its subgroup that 
includes all its substitutions which do not involve a given element is simply 
isomorphic to the corresponding subgroup of K. We shall confine our attention 
to the primitive groups. | 

The subgroup of the group of isomorphism that corresponds to & primitive 
group must transform each of the substitutions of H, excepting identity, into 
substitutions that generate H. It must therefore be of degree 15, and its order 
cannot be less than 5. To a subgroup of order 5 in Æ corresponds a group of 
order 80 that contains H as self-conjugate subgroup. This group ( G1) must be 
primitive, for it contains no selfconjugate subgroup besides H and 1, and there 
is no transitive group of degree 8 and order 80. It is solvable since its factors 
of composition are 2, 2, 2, 2,5. It may be generated by H and 


boeje . dphnl . fAgim + 


From the preceding paragraph it follows that to every subgroup of whose. 
order is divisible by 5 there corresponds a primitive group of degree 16 that 
contains H as self-conjugate subgroup. If we include X, there are 16 such sub- 
groups, viz. (abcde) cyc.,{ (abcde)n, (abcde) cyc. (fgh) cyce., | (abcde)oy (fg) } pos. 
(abcde) 1) (Jgh) cyc., (abcde) pos., (abcdef)y, |(abede)g (Jgh) all} pos., | (abcde) all 
(fg)! pos., | (abcdef )» (gh); pos., (abede) pos. (fgh) cyc., (abcdef) pos., | (abcde) all 
(fgh) all} pos., {(abedef) all (gh} pos., (abedefg) pos., (abcdefgh) pos. As all the 
subgroups of K that are similar to any one of these are conjugate, there can be 
no more than 16 primitive groups of degree 16 that contain H as self-conjugate 
subgroup and whose orders are divisible by 5. We proceed to prove that no 
two of these 16 primitive groups are simply isomorphic and to find their factors 
of composition and generating substitutions. 


* Hélder, Mathematische Annalen, vol. 48, p. 314. 

t The substitutions that are to be added to H to generate the required groups permute the substitu- 
tions of H in exactly the same manner as their own elements; i. e. they have been selected in such a 
way they they are the same as the corresponding ones in capital letters. 

{Cayley, Quarterly Journal of Mathematics, vol. 25, p. 71. 


Minter: On the Primitive Substitution Groups of Degree Sixteen. 231 


The group of order 160 (G,) may be generated by G and 
bj.dl.eo.fh.gm.nr. | 


Since it contains G, as maximal self-conjugate subgroup, its factors of com- 
position may be found by adding 2 to those of G,. Hence it is solvable. The 
group of order 240 (G,) may be generated by G and 


bmn .cik . deh. flo. gpi. 


As it contains G, as maximal self-conjugate subgroup, its factors of composition 
may be obtained by adding 3 to those of Gi. It evidently contains 16 conjugate 
subgroups of order 15. The groups of orders 320 and 480 (G,, G;) may be 
generated, respectively, by G, and 


bejo . dgim . fnhp . ik, bmn . cik . deh . flo .gpj. 


Since G, is a maximal subgroup of each of these groups, their factors of compo- 
. sition may be obtained by adding 2, 3 respectively to those of G,. Hence they 
are solvable. G, contains G, as self-conjugate subgroup. 

Since K contains 3 subgroups of order 60, there are 3 primitive groups of 
degree 16 and order 960 that contain H as self-conjugate subgroup. Only one 
of these (G,) is solvable. It may be generated by G, and 


bejo . dgim . fnhp ‘ik. 


It is solvable since its factors of composition may be obtained by adding 2 to 
those of G,. We have now found the 6 solvable primitive groups of degree 16 
whose orders are divisible by 5. The remaining 12 groups whose orders satisfy 
this condition are insolvable. 

The remaining two groups of order 960 correspond to 


(abcdef jo, (abede) pos. 


in À. Hence each of them contains only two self-conjugate subgroups, viz. 
Hand 1. Their factors of composition are 2, 2, 2, 2, 60. The former (G;,) 


may be generated by G, and | 
bpo . end . ekl. ghi. 


The latter (G,) may be generated by H and 
boife . dpgnh .emjlk, bop.cge.dil.fmj ohin. 
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Since the substitutions of order 3 in G, permute only 12 of the substitutions of 
H while those of G, permute 15, these two groups are not simply isomorphic. 
The two primitive groups of order 1920 (G, Gio) correspond to 


i(abedef s (gh)} pos, | (abede) all (/g)] pos. 


in &. Hence each of them contains 3 self-conjugate subgroups; viz. H; 1 and 
the one of order 960. "Their factors of composition are obtained by adding 2 to 
those of the preceding two groups. They may be generated by adding | 


6djl. ck. epon . fmhg, | bpch . dà . ejmk . f gon 


to G, and G, respectively. They cannot be simply isomorphic since their self- 
conjugate subgroups of order 960 do not have this property. 


The group of order 2880 (Gu) may be generated by G, and 
bmn . dil . ceg . hoj . f kp. 


Its factors of composition may evidently be obtained by adding 8 to those of G4. 
. The two groups of order 5760 (G3, Gis) correspond to 


| (abcde) all (fgh) all} pos, (abcdef) pos. 


Since the former contains G4, as self-conjugate subgroup, its factors of composi- 
tion may be obtained by adding 2 to those of G,,. This is the last of the six 
primitive groups of degree 16 whose solution depends only upon that of the 
alternating group of degree b. It may be generated by Gu and 


 bpch . di .ejmk . fgon. 


The factors of composition of y are evidently 2, 2, 2, 2, 360. It may be 


generated by G, and 


bop . cge . dil . fm .hkn 
For | 
bnloj . cpekd .fhimg X bj .dl.eo. fh. gm . mp = bpo . end .ekl.ghi, 
bpo.ceg . dl . fim . hnk X bpo. end .ekl. ghi = bop . clt .deh . fim. gnl. 


Hence the given generator corresponds to a substitution in the same elements in 
Kas G,. It clearly corresponds to a substitution of degree 3. 

| The group of order 11520 (G,,) contains G; as self-conjugate subgroup. Its 
factors of composition may therefore be obtained by adding 2 to those of Gs. It 


is generated by Gy, and 
bdjl.ck.epon. fmhg. 
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Gj, and Gy are. the only two primitive groups of degree 16 whose solution 
depends only upon that of the eae group of degree 6 but not upon any one 
of its subgroups. | 

The group (Gis) which corresponds to the alternating group of degree 7 in 
K may be generated by H and 


biophjg . clnmekf, bed . emi . fol. gpj hnk. 


For the former of these generators is transformed into ite square by 


eln . fkm . gop . hio. 


Since the latter is commutative to this, it must correspond to a substitution of 
degree 3 in À whose elements are included in the substitution of degree 7 to. 
which the former generator corresponds. The factors of composition of Gs are 
2, 2, 2, 2, 2520. 

The largest group that contains H as — subgroup (Gi) may be 


generated by Gs and 
bd .fh.gl.np. 


For the alternating group of degree 8 contains only two types of substitutions 
of order 2. We have seen that the substitutions which correspond to those of 
~ the type ab.cd permute 12 substitutions of H. The given generator must there- 
fore correspond to a substitution of degree 8 in A. The factors of composinon 
of G4, are 2, 2, 2, 2, 20160. 

We have now considered all the possible primitive groups of degree 16 that 
contain Has a self-conjugate subgroup and whose order is divisible by 5. We 
have.seen that 6 of these 16 groups are solvable, 6 others depend upon the solu- 
tion of the alternating group of degree 6, while the remaining four depend upon 
the solution of the alternating groups of degrees 6; 7 and 8. There are 4 addi- 
tional primitive groups that contain H as a self-conjugate subgroup. We pro- 
ceed to consider these. 

Since the groups 


(ae. bf .cg . dA)(abc) cyc. (efg) cye.,* - (ae. bf.eg.dh){ (abc) all (efg) all} pos., 
(afbe .eg. dh){(abc) all (efg) all} pos., (ae. bf.cg . dA)(abc) all (efg) all 


are maximal subgroups that do not contain any self-conjugate subgroup besides 


* Cayley, loc. cit. 
ol 
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identity of the four groups, in order, 


(ac. bf. cg .dh)(abcd) pos. (efgh) pos. (ae . bf . cg . dA) 1 (abcd) all (efgh) all} pos., 
(af be . cg . dh){ (abed) all (efgh) all} pos., (ae.bf.cg.dh)(abcd) all (efgh) all, 


each of the latter four groups is simply isomorphic to a primitive group of degree 
16.* As each of these groups is evidently solvable, its factors of composition 
are the same as the prime factors of its order. 

The first (G4) may be generated by H and 


bjofpm.ceg.dnihlk, bpo .cnd . ekl . gh. 
Hence all its self-conjugate subgroups, except identity, contain H. From this it 
follows independently that it is primitive. G,, may be generated by Gy and 


bmpjof . cki . dghlen. 
It contains Gy as selfconjugate subgroup. It is of order 576 while G is of 
order 288. Gh is of the same order as Ghas. It may be generated by H and 


bpo.cnd.ekl.ght, bm . cide . fojp . gklh. 


G,, contains Gy, Giz, Ca as self-conjugate subgroups. It is of order 1152 and 
may be generated by G and 
bjofpm . ceg . dnihlk. 

We have now found the 20 primitive groups of degree 16 that do not con- 
tain the alternating group of this degree, and hàve seen that 10 of them are 
solvable while the remaining 10 are insolvable. Since the given generating 
substitutions, excluding H, do not contain a, they generate a subgroup G4 whose 
order is obtained by dividing the order of the group by 16. If G{ is a times 
transitive, the corresponding group is a + 1 times transitive. ‘The class of G4 is - 
the same as that of the corresponding group, etc. The Gj of G, is the group of 
isomorphisms of H. By adding the alternating and the symmetric group to the 
preceding we obtain the 22 primitive groups of degree 16. The last two are 
evidently unsolvable. Their factors of composition are respectively 16!~ 2; 
2,16!+2. 

§ 2. 


Proof that there are no other primitive groups of: degree sixteen. 


As we have examined all the possible groups that contain H as a self-con- 
jugate subgroup and whose orders are divisible by 5, we do not need to consider, 


* Dyck, Mathematische Annalen, vol. 22, p. 102. 
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in what follows, the groups which satisfy these two conditions. We shall con- 
sider the simply transitive and the multiply transitive groups separately, begin- 
ning with the former. The group in question will generally be represented by 
G and its subgroup which contains all its substitutions that do not contain a 
given element by G’. 

A.—Simply transitive groups. 


We shall-make frequent use of the following theorems: 

Theorem I. G! cannot contain a transitive subgroup. 

Theorem Il. All the prime numbers which divide the order of one of the transi- 
tive constituents of G^, divide the order of every other constituent. 

Theorem IIT. If a transitive constituent of G! is of a prime degree, all tts other 
transtiwe constituents are of an equal or a larger degree. 

Theorem IV. If p ds the highest power of a prime number that s contained 
in the order of G, the subgroups of order p* are transformed by the substitutions of 
G according to a transitive group whose order is divisible by p° but not by pti. 
G contains a self-conjugate subgroup of order p*—*. 

Theorem V. If G' contains a self-conjugate subgroup (H) of degree n — a, 
n being the degree of G, H' must be the transform, with respect to substitutions of G, 
of a, — 1 other subgroups of Œ (Hj, Hy, ...., Hl) The substitutions of G that 
transform Hj, (B. —1, 2, ....,0 — 1), into A’ transform also all the substitutions 
of G' that are commutative to H; into substitutions of G'. 

Theorem VI. G transforms Hj, Hj, ...., H1, according to the elements in 
one of tts constituents of degree à — 1, and no two of these subgroups can have all 
their elements in common, nor can any of them contain all the elements of H'. 

Theorem VII. The group generated by Hj, Hj, ...., Hl. is of degree n —1, 
and G! 4s a maximal subgroup of G. 

Theorem VIII. Every Ed SUL de of a primitive group w tran- 
sitive. 

G! contains a transitive constituent of degree 12. 


The other constituent is the symmetric group of degree 3. To 1 in this 
group must correspond an intransitive subgroup of ‘the constituent of degree 12 
(H'). The systems of intransitivity of H' are systems of non-primitivity of the 
constituent of degree 12. These systems could not be of degree 2 since they 
would have to be transformed according to a regular group, and A’ would then 
contain all the substitutions of G” whose degree < 13. 
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The given systems could not be of degree 3 since they would have to be 
transformed according to a transitive group whose order is divisible by 4. As 
the degree of the systems of H’ could evidently not exceed that of a constituent 
of G’, it is impossible to construct a primitive group of degree 16 in which G"' 
contains a transitive constituent of degree 12. From one of the given theorems 
it follows directly that G’ could not contain a transitive constituent of degree 11. 


G contains a transitive constituent of degree 10. 


The constituent of degree 6 must clearly be transitive, and its order must 
be the same as the order of G'; i. e. @ must be obtained by establishing a 
simple isomorphism between a transitive group of degree 10 and one of degree 5. 
When the order of G is 5, 10, or 20, the subgroups of order 2*in G must be trans- 
formed by its substitutions according to a transitive group of degree 5. Hence 
there must be a selfconjugate subgroup of order 2°, 8 — 0, in G, according to 
the given theorem. Since the substitutions of order 5 are of degree 15, we have 
the congruence 

2P—1. mod. 5. 


Asa<8,8=4. We have considered all such groups. 

When G' is of order 60 or 120, G must transform its subgroups of order 2* 
according to some transitive group of degree 5 or 15. In the former case G con- 
tains a self-conjugate subgroup of order 16, as we have just proved. In the latter 
case the corresponding group of degree 15 must be non-primitive, since the orders 
of the primitive groups are divisible by 9. -Since such a non-primitive group could 
contain no substitution besides identity that leaves all its systems unchanged, it 
must be simply isomorphic to a transitive group of degree 5. Hence the preced- 
ing proof applies also to this case. 


G contains a transitive constituent of degree 9. 


Since the order of @ cannot be divisible by 5, the constituent of degree 6 
must be either non-primitive or intransitive. If the order of G/ would exceed 
that of the constituent of degree 6, the constituent of degree 9 would be non- 
primitive and @ would contain an H’ of order 3% As the substitutions of 
order 3 and degree < 9 in the constituent of degree 9 are commutative, those of 
order. in the constituent of degree 6 could not be commutative, i. e. this con- 
stituent would be transitive and it would contain 4 conjugate subgroups of 
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order 3. As this is clearly impossible, the order of G is the same as that of the 
constituent of degree 6. 

The order of G’ cannot exceed that of the constituent of degree 9, since the 
order of the quotient group of the constituent of degree 6 with respect to & 
suitable selfconjugate subgroup would not be divisible by 9. Hence G/ must 
be composed of two simply isomorphic groups whose degrees are 9 and 6. The 
latter must be transitive, for if it were intransitive all its subgroups of order 3 
and degree < 15 would be self-conjugate. 

From the preceding it follows that G” must be of order 18, 36, or 72. G 
must therefore contain 8 conjugate subgroups of order 3 and degree 12. As 
none of its substitutions besides identity can transform each of these subgroups 
into itself, it must be simply isomorphie to & iransitive group of degree 8 and 
order 288, 576, or 1152. "There are only 4 such transitive groups. We have 
seen that each of them contains one maximal subgroup that does not include any 
selfconjugate subgroup besides identity and whose order is obtained by dividing 
the order of the group by 16. In other words, we have seen that each of these 
groups is simply isomorphic to one primitive group of degree 16. As each of 
the given groups of degrée 8 contains only one set of conjugate subgroups of the 
required type, each of them is simply isomorphic to paly one primitive group of 
degree 16. 


G contains a transitive constituent of degree 8. 


It is clear that the constituent of degree 7 must be transitive. Since the 
two transitive constituents of G’ would be primitive, they would have to be 
simply isomorphic. Hence G” would be of order 168. Its substitutions of order 
2 would be of degree 12. The 6 systems of such a substitution are transformed 
according to {(abcd)(ef)} dim. by the substitutions of G’. The substitutions of 
G would have to transform these systems according to a transitive group of 
degree 6 and order 16. This is clearly impossible. 

If G' would contain a transitive constituent of degree 7 the other would 
have to be transitive and of degree 8. We have just seen that this is impossible. 
We have now considered all the cases when G' contains a constituent whose 
degree exceeds 6. The remaining cases do not lead to any additional group, 
and are so simple that it seems unnecessary to consider them here. 
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B.—Multiply transitive groups. 


We shall begin with the cases when G' is non-primitive and contains an 
intransitive selfconjugate subgroup (A). If Æ contains 3 systems of intransi- 
tivity it must be composed of three simply isomorphic transitive groups of degree 
5, since its order cannot be divisible by 25. If its order is 5, 10, or 20 it must 
contain a self-conjugate subgroup of order 16, as has been proved above for a 
similar case. Its order could not be 60 or 120, since the number of its sub- 
groups of order 3 and degree 9 would not be divisible by 7. 

If H, contains 5 systems of intransitivity its subgroup of order 3° must 
satisfy one of the two congruences 


* —] mod. 6, *='3 mod. 6, . 


since a substitution of order 5 in H, could not transform two of -its subgroups of 
order 3 into themselves. Hence a = 0, 1, or 4. Ifa were 4, A, would contain 
5 or 10 subgroups of order 3 and degree 6, for only 20 such subgroups are found 
in the group of order 35, and the two of the same degree could not occur in Hj. 
In G each of these subgroups would have to be transformed into itself by a 
subgroup whose order is divisible by 5. This is clearly impossible. Hence 
a= 0 or 1. | 

We have seen- that G contains a selfconjugate subgroup of order 16 when 
a—=0 or when a= 1, and the systems of intransitivity of H, are permuted by 
G' according to the metacyclic group or one of its subgroups. When M; is of 
order 3 and @ transforms its systems according to the alternating group of 
degree 5, its 3 substitutions that correspond to a substitution of order 3 in this 
alternating group must be of order 3, two of them must be of degree 12 and the 
third of degree 15. All the substitutions of G" must therefore be commutative 
with each substitution of H,. Hence all its subgroups of order 12 that do not 
include any self-conjugate subgroup are conjugate in two sets. Since one of. 
these two simply isomorphic transitive groups* of degree 16 contains substitu- 
tions of order 3 and degree 9, we need to consider only one G’. We may sup- 
pose that it is generated by 


adgjmbehknefilo, adh .bei. cfg. mon. 


The substitutions of G that transform the latter of these generators into 
- itself must permute its systems according to the alternating group of degree 4, 





* Jordan, “ Traité des Substitutions,” p. 272. 
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since those of G’ permute them according to the alternating group of degree 3. 
Hence and from the fact that bc.dh.eg . ^f. kl. mn transforms the given & into 
itself, we may suppose that G contains one of the following substitutions: 
amdohn boefig ip M 
andme D ae 
aodnhm bfegic 


By trial we find that only one of these 18 substitutions, viz. amdohn . bcefig .jp . ki, 
generates a group whose substitutions that do not contain p are contained in @. 
The cube of this last generating substitution and its transforms form the 15 sub- 
stitutions differing from identity of a self-conjugate subgroup of order 16. Hence 
the group which contains the G’ that transforms the systems of H, according to 
the symmetric group of degree 5 must also contain a self-conjugate subgroup of. 
order 16. 

There could be no primitive group containing the H, of order 6 since such a 
group.would have to contain one of the two preceding as self-conjugate sub- 
group. This is impossible, since the substitutions of degree 12 and order 3 in 
G' could not transform the negative substitutions of H, among themselves. 
Hence it remains only to consider the cases when G" is a primitive group of 
degree 15. | | 

There are only 4 such primitive groups that do not include the alternating 
group, viz. those which are simply isomorphic to the symmetric group of degree 
6 and the alternating groups of degrees 6, 7, 8. Hach of these groups contains 
substitutions of degree 12 and order 3. It will not be difficult to find substitu- 
tions of G that are not contained in G' and that are commutative to such a 
substitution. We shall pursue this method to find all the possible groups and 
then prove that each of them contains a self-conjugate subgroup of order 16. 

The G' of order 360 may be generated by 


abc . efg . ijm . kin, ahof . bedg .imkn .jl, adjkl . bmnci . eohfg. 
Since the first of these generators is transformed into itself by 9 substitutions of 
G' which permute its first three systems cyclically, and all the substitutions of 
this type are conjugate, G must contain a subgroup of order 36 that transforms 
it into itself and permutes its systems eccording to the alternating group of 
degree 4. Hence it must contain one of the following substitutions: 
aebfeg ikjimn dh . op 
vi inm | do .hp 


agbecf ) \injkml) \dp.ho 
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As the required substitution must be transformed into its 5'^ power by 
af . be. cg . dh . dj . kl, it must be one of the three used as factors in the following 
products : 


aebfeg .anj kml. dÀ . op X uhef . bedg . émkn .jl = adeb.gh. jui. op, 
af bgce . injkml.dh .op X ahcf . bedg . mkn .jl = cd . ehgf .jnlm . op, 
agbecf .injkml.dh.op X ahef . bedg .imkn .jl = abdo .efhg .jnlm . op. 


From these products it follows that only the last can occur in G' since G" is 
of class 12. The transforms of its cube generate a self-conjugate subgroup of 
order 16. 

The G of order 720 may be generated by the preceding G’ and ae. bf .cg.dh. 
Since the squares of. the first two of the given three products are not contained 
in its subgroup of order 48 generated by the first two given generators of the . 
preceding G/ and the one just given, there can be only one G that contains 
this G’. It evidently contains the same self-conjugate subgroup of order 16 as 
the preceding G. These two groups are doubly transitive. As the remaining 
two primitive groups of degree 15 that do not contain the alternating group are 
doubly transitive, the corresponding groups of degree 16 will be triply transitive. 

The G' of order 2520 may be generated by 


aem . b fn .gjk. hil, cek.dfl.gin.hjm, akodn.bfmij . cgehl. 


All the substitutions of G' that are similar to the first of these generators are 
conj ugate in G and each is transformed into itself by 9 substitutions which per- 
mute 3 of its systems according to the alternating group. Hence G mist con- 
tain one of the following substitutions: | 


abefmn  . ( ghjilel ed . op 
afam | | nia | | co . dp 
anebmf) \gljihki) Vep.do 


Since the required substitution must be transformed into its 5° power by 
the last of the three generators given above, it must be one of the three employed 
in forming the following products: 

anebmf . ghjikl . cd .op X akodn . bfmij .cgehl = biopdglef kenA, 
 anebmf . güjlkh. od . op x akodn . bfmij . cgehl = bi. enhefklopdgy, 
anebmf . gj khi. cd. op X akodn .bfmi . cgehl = bief jl . enhopdg. 


E 
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From these products it follows that only the last can occur in @. The trans- 
‘forms of its cube generate a self-conjugate subgroup of order 16. 
The G of order 20160 may be generated by 


ab . cd. ef . gh, aem . bfn. gj . hil, akegemj . bldhfni, aocgymk . bdnf iA. 


As all the substitutions of @ that are similar to the second of these generators 
are conjugate, this G must also contain one of the 27 substitutions given in the 
preceding case. Since the required substitution must be transformed into its 5th 
power by em.fn.gk.hl, which is contained in G’, it must be one of the three 
used as factor in the following equations: 
anebmf . glj hii . ed . op X akcgem) . bldhfni = atel . bif k . ch . dg . mn . op, 
anebmf . gljhki.co . dp X akegemj . bldhfni = aiel . jfk. cogdph . mn , 
anebmf . gj Ma . ep. do x akegem; . bldhfnt = aiel . bifk. epgdoh . mn. 


Hence only the first of these three can occur ina G'. The transforms of its 
cube generate a selfconjugate subgroup of order 16. We have now considered 
all the possible primitive groups of degree 16 that do not contain the alternating 
group, and have found no group that is not contained in the enumeration of the 
first section. It may be observed that the substitutions upon which our argu- 
ments have been based may be selected in many different ways. As suitable 
substitutions can. readily be found by means of the given generating substitu- 
tions, it did not seem necessary to indicate in every case how the particular one 
that has been employed has been obtained. 

It is well known that a solvable primitive group must be of degree pup 
being a prime number.* The following table gives the enumeration of all these 
groups whose degree is less than 27: 

Degree, ` 39 4 6.7 8 9 11 13 16 17 19 28 
Number of groups, 2 2 3 4 2 7 4 6 10 b 6 4 
PARI, June, 1897. | | 


1 


* Of. Jordan, ‘ Traité des Substitutions,” p. 898. 
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Point Transformations in Elliptic Coordinates of ` 
‘Circles having Double Contact with a Conte, 


oe Les + 


By E. O. Loverr. 


"There are two gystems of circles having double contact with a conic, the 
. chords of contact of each system being parallel to one of the axes of the curve. « 


If | 
lH the conic, » these two systems are 


Hp wage + ad — O, 
zy A Vy— sui =, 


corresponding respectively to the chords » contact 
g — v =Ù, — y = 0. 
The ee (1) may be written in the form 
a + ÿ — 20x cos 6 + ¢ cos? 0 — b gin? 0— 0. 
This équation i 18 — into its equivalent in elliptic coordinates 
wo? — Qur cos 6 — a? sin’ 0— 0, 
by assuming E ese. ee 
| ex = uv 
The equation (4) may be replaced by the relation 
cos ! "1 + cost 7 ” =, 
whence, by VN i 
dus + dv o; 


(1) 


(2) 


(3) 


- (4) 
(8) 


(6) 


(7) 
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the differential equation of the orem of circles (1). Similarly we find that 


| es | 
TRS * wa = 


is the differential equation of the second system of circles (2). 

It is proposed now to find the general point transformations in the elliptic 
coordinates u, v which leave these families of circles invariant. 

Let the general infinitesimal transformation of the group which leaves the 
first system of circles invariant be - 


Uf Eu, v) M E 07 


| Putting x —p, the general infinitesimal transformation pi the first extension 


of the original group is 


USE») 2L +a DL tae v, p) À A | Q9 
where Ur pamt(m—E)p—Ep 00 70 (1) 
^— By this transformation a function Q (p, v, p) receives the increment | 
ja = T'ON GE cca 4 yy, (13) 
where Set (u, v) ab by =n (u, 2) dt òp = x vip) ot. . (18) 


- Tf the function Q is to be invariant, then OQ. i is zero. 
The function Q for the case in hand is given by ihe equation (7, which 
may be written 


— Oey», pm d ER — y’ t pva — uP — y? —0. (14) 
The total variation of Q becomes E 
80. = up 3p — vår + T a Gear 9M, | (15) 


. which by the relations (13) assumes the form. | | 

{uk FT Ne A)} p E QE) p —m + s (a Ne) = 0, (16) 
which must be true for all values of pi. accordingly we find the following equa- - 
tions of condition for the functions £ (u; v) and 7 (u, v): : 


ung d | Qr) 
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The logarithmic integration at equations 7 7) gives 


ra ae 
S i "ES y = ott Ost) A " 
in which — n ; d ( i — mpo) “3 | 20 | 
| | SW ver der rr , oe 


. € (u) and 4 (v) being arbitrary functions. The equation (18) leads to the deter- - 
mination of the forms of ® and ¥Y, for, subjecting (19) to the condition (18), there 


results 
+ D (u)et BP (veto s — 


gin^! peni E | | 1 ) 


whence, integrating by parts, - 
@ (u) — sin + log} y- mL 1B sint. s = J} toy &(»). (22) 
| -Accordingly the tenim transformation sought has the form 
| Z Qf e Za : 
Fun F(a) . 
Uf= et <7 Te bs (23) 
where + F(u, v) = + ® (u) sin 


In like manner we may find the infinitesimal point-transformations which 
leave invariant, respectively, the system of circles (8) and their orthogonal 
trajectories, | | | 

du /ui—a?_ dv [a —3» 

It is to be observed that we cannot pass dei the form (23) to the form of 
Uf in Oartesian coordinates by equations (5) solved for u and v in terms of x 
and y, since the equations T dó not represent a continuous group of transfor. 
mations. : 

PRINCETON, New JERSEY, October 12, 1897. 
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‘Note on the Integration a a certain System of 
Differential Equations. | 


By Jonn ErssLAND. 


* Professor Craig, in an ida which appears in the T volume of this 
Journal and is entitled “Displacements depending on One, Two and Three : 
Variables in a Space of Four Dimensions," deduces the following system of 
differential equations: dE "ES 


n Pub — Puy + Pub, 
— — Pua + Pay + Pad, 

" | 7 (1) 
| | 

a wn na | 


which are satisfied by the four groups of direction cosines a, n c, d; d, A e, d; 
al, b", c", d! ; a", b!, d", d)! and admits of the integral 


a ++p += const. 


We shall first consider the case where the constant differs from Zero. By | 
eine the left side by a suitable constant, we may always suppose that 


P+ Py PRI. 002 A 


We now employ the transformation | 


E = - B y | = Ex 
a TT ps FTU CE! ge 
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where x! = A? $ u +°. The system (1) now takes the form : 
u^ Pu + dust — pu + À (pu^ + Puit + pur), 
n TE — pu — pa F Pav + u (Pud + Puit + Pur), + MES 
dv. | mm | 
P — Pa F Pas — Pratt + v (pu^ T Pau + Pa); 
which is a generalization of Ricatti's équation. 
If now we consider A, u, v as coordinates in ordinary space and é as time, 
this system defines an infinitesimal transformation: - 
TEE | | | a 
Uf= {put Pus — Pu? + A (pus + Puu + Pu) By 
| | | | Of |. B 
+ {Pu — Pod + Pay + u (Pid + Put + pu?) 3; (4) 
| "P" 
+ {pu + Pu — st + v (Dud + Patt + pur)! 2. 


which is performed on the point A, u, » in the element of time di. A point 
à, u, v is thus transformed from an initial position Ao, Lo, v, into another general 
position A, u, y by means of a projective transformation which changes with the 
time ¢. The general integral of (3) will therefore have the form of & finite 
projective transformation EM 


Got bwtomth y a t by + or + dy 
ado + Do + Vo + da | dado + bilo + Co + du 
__ do + Balto + Co + ds - 7 2.7 (B) 


. in ao + buts T gH + d, | 


where the coefficients a;, bis C di, (t = 1, 2, 3, 4) are functions of £, and As, Ug, Vo 
are the coordinates of the initial point and play the, role of arbitrary constants 
.ofintegration. It is easily seen that the coefficients a,, bi, C, d, are particular 
solutions of the system (1). In fact, the general integrals of this are 


a, = ha, + kabi + Aye, + kd, 
B = kaa, + Kb, + Jos + Hide, 
y = kias + kabs + Hits + Aids, 
ò = kha, + 4h + kc, + lis 
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where ay, b, e dı; dz, 5 ‘81 ER ds ; a, bs, Cs; dy; 24, bis Ĉi» d, form a set of four 


particular solutions of (1), and from this system of integrals we readily pass to 
(5) by taking into account the relations 


à | 
a cru a ai oe 
Suppose now that we know a set of three particular solutions of the system - 
(3). Let this be A4, À, Ag}. t; Us, Us; 9i, Va, vg, the determinant of which we 
suppose different from zero. We are able to Du the general system of 
integrals by means of these solutions. ! 
. An easy calculation will show that this system is 


vier virt tape 
va van et JAT” ER 
OTAS ATST ATI” HATT 
VERTI" JATIN Jay "VER 
YATI vari" vara "* vai 


OVER ATT ot Fatt Un E 


A= 





; y, — 


Returning now to the system (3), we will consider A, u, v, ¢ as coordinates 
in a four-dimensional space. An. m hypersurface may be represented by 
the equation n | 

dia E m (7) 
p. 0; and v being certain unknown functions of ¢. Differentiating and substi- 


| dA du dw. 
tuting the values of Edt di given by (3), we get 
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Pu + Pu — Pat + » (pu + puit + pu?) 
— p {Pu ^ put — put + À (pu^ + puu + pur)! 
— 04 Dy — Pad Pur + u (pu^ Pu + 224v)! 


M $ — do d 
d "gp dp 


and, since: y = pA + ou + +. is an integral hypersurface, this equation must be | 
identically zero for all values of À and u, when we substitute for. v its value 
given by (7). We thus arrive at the following system of differential pougnon 
satisfied by the functions p, o and ¢: | | 


D = pat pus + Put + p(Pup— Put + Pur), 
g= — Pa— Pop + Puo + 0 (Pup — Pao + Put) KONS 


X = Pu— Pup — put (Pup — TEA 


a system analogous to (3). | 
Suppose now that we know a particular solution of (8); then the integral 
hypersurface is known, and we shall prove that the system (3) can be reduced to a 
linear system in three variables. Let the surface be written as before  . 
| U^ y= pà +ou tr, | 
iss p, c, 7 form a particular solution of (8). .If we intersect this surface by 
the linear spaces ¢ = const., we get an infinity of planes which stand in a projec- : 
tive relation to each other by virtue of the transformation (4). We now intro- 
duce a projective transformation of coordinatés, whereby the plane of each space - 
.¿ = const. is transformed to infinity. Such a transformation is | 


` À = = ? - AT y — ph — Gp y= ph — ope (9) | 


Introducing these new variables in (3), takinga also account of the equations uH 


| M we get the following linear system: 
CP (pur + 2pup — Pry) Ay + (p — pad) in + (pu — T 


pes Pu — (Ps — Pap) fa — (but — Bp + Pap) ts + (Bu + pu) - (10). 
-— (Pu + fu) — (Pu + par) (prop + pur — Tp) v. 


“w 
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A knowledge of a particular solution of (8) has thus reduced the integration of 
(1) to the integration of the linear system (10), which we shall write in the 
general form 


dA, _. j 

UE = Ay + 0424 + ag Tan, 

r3 =), + ba + bytes + 59, À (11) 
dy, | | 


di = 0 + GA, Tt en. J 


We now proceed i in the same way as before, writing - 


= pay + Oy + Fa 
here Pir Os 7, are HORN puoi of t. Differentiating and substituting 


dA, du, dv 
the values of us uu a get o 
Ci F GA + cgi + 0401 — pi (Gy + 8594 + agu + 2424) | | 
— a (bi b + Byes + Bo) — Ia SP — py  — SF = 


and this equation must be identically zero for all values of A, and u, when we 
substitute for », its value. This gives us the following system of differential 
equations : > 

dme (as e) — he — pa (apr + hn) | 
(12) 
di C3 —7 Apps — (by — &) 1 — 01 (dpi + 5,0); 


mi mo — dpi — bo: — CT — Fy (a, p T 5,0) . 


Let us suppose that the first two equations, which do not contain the variable ¢, , 
have been integrated. Substituting the values of p, and o, in the third it reduces 
to the form 

cat mA + 5, 
which may be integrated by two quadratures. The — orales Pi 95 Ty 
having been found, all the integral hypersurfaces v; = pĝ + ciu; +7, are known, 


and therefore also all the integral curves. We may therefore say: Jf a particular —— 


solution of the system (8) ts known, the integration of (3) is reduced to the integration 
of a system of generalized. Ricaiti’s equations in tico variables and two quadratures. 
33 . 
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We may now proceed with the system. (12), using a method 
the one employed for three variables.* An integral surface may b 


9, — op + V, 


where and " are particular solutions of the equations | 
P = — n (n b) p — ad — e (be — bab), 
= aop (— e) — (ob — Et). 


#mploying the transformation 


i, | | — 1 
pi $$: — o 9$, — 9p — p? 


` we finally arrive at the linear system 


/ 
Pi — Api + Bel + O; 


/ a ! 
PE = Ay + Bol + On, 


the integration of which can by a method identical with the one er 
case of three variables be reduced to the integration of a Ricatti 
single variable and two quadratures. We may therefore say,. 4, 
solution p, 0, v of the system (8) and also a particular solution $, À 
| (14) are ienown, the integration of the original system qa) 18 reduced to 
of : a Hicatti equation and four quadratures. 

II. We shall now consider the case where a, 6, y, 6 is a set 
solutions satisfying the relation 
| | a? 4- B 4 y! 4 9 0, o 
and let us suppose that the p's are imaginary functions of ¢. . In th 
able to find a transformation by means of which the problem of 
simplified a great deal. | 


We put 
a + 30 (yc &) " 
y — ið ^) &—à4D i 
a— 8 _ + 8 n" 
y—430 atib — y’ 


* For a complete discussion of the generalized system of Ricatti’s equations in | 
Sophus Lie's ** Vorlesungen über continuierliche Gruppen," p. 778. See also an article 
‘Zur Theorie der Differentialgleichungen,’’ in Crelle’s Journal, vol. 115. 
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which give us 3 the relations | 
ay _ a i+ aA 
ô’ z—y 8! amy | 
or, introducing a factor of proportionality p, 
a=—pi(l—ay), B= Anis y= piety), ô = p (æ — y). 
Differentiating, we get Fs | 


— À 








de 54a) B+ (y & + x AY. jd 

dB — " 

Ga Hag rrr to $5 
EE dy 

Z= sets toi G+ À): 

dà 

dt 


B (y 4. yp 92. dv 
dii DE te ( di à) 
. The first two of these equations give us at once | 
| . dp da ^ .d8- 

hc da Hé d | 
Substituting this value of j; P the last two equations and solving for d 


and Y , we get 
. de _ dy , ; dà » da ;db 
CNE di 


dip D — dr (59 Ly (de 5 48 | 


Introdueing on the right-hand side the variables £z, y and p and reducing 
we get the following equations : 
dx 
= = — i( pa — py) € + (Pu + Pa)? a tu) 


m En) = (pat malig 
a “ited Be Pu)? — (Pis — Pu) 


diac =) = Ps — Pu)? ys 


(9) 


+ = pe + Put Pat p (pipa), + Ba pu + (De Pu)? y. 
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The equations in z and y have the well-known Ricatti’s form, and resemble 
those deduced by Darboux in his “ Leçons sur la Théorie des Surfaces, » vol. T, 
p.22. We now put 


- 1 = 
umat—, v= y. xo 


the above-mentioned equations will take the form 


p~ — (Pa + Pu) — (Pu + Pu)* 

2 

+ E (Ps — — py) T m p) is (pu T m À; 

du — — (Pis — Pu) — (Pr — Pu) © | 

| + LE (Pis — Pu) + (pu — pu) + (Pas — Pu) tt y] b. 
which may be solved by means of 4 quadratures, We have thus arrived at the 
following result: Ifa, B, y, à be a particular solution of (1) satisfying the relation 
a? + (9* -- 55 += 0, and if also the p's are imaginar y functions of t, then four 


quadratures will be necessary for the complete integration of (1). 
Suppose that the p's are real; if z bea particular solution of the Bass 


. in z, then will — 3 , where a/ denotes the conjugate imaginary of x, also be a . 


particular solution of the same equation. ‘his is easily seen by changing 4 Ho 
— i on the right-hand side and putting + for œ. (Compare Darboux, “ Leçons,” 
p. 23.) The same holds m the. equation in y, so that we get two pairs of par- 


ticular solutions m — l.. Büt we know that if two solutions of a 


T Y, y 

Ricatti equation are known, only one quadrature is necessary for the complete 
integration of the equation. It follows therefore that when the p's are real 
functions of ¢, only two quadratures are necessary for the — E 
of Qe Bs Y, é being a given pen solution. 


Compound Determinants. 


By Wiuuax H. Merzum, Pu. D. 


It is proposed in this paper to show, by a method similar to that employed 
in the Am. Jour. of Math., vol. XVI, No. 3, pp. 131-150, how the value of 
certain minors* of the m^ compound of a given determinant may very easily be 
found in terms of the given determinant and its minors. - 

1. If A denote a determinant of order n, then A (m) will denote the mt? com- 
pound of A, and A(n— m) will be termed tbe adjugate of A(m). We have 
the well-known relation connecting minors of A (m) with those of A(n — m), 
viz. any minor of À (m) of order k is equal to the. phone) of the correspond- 
ing minor of A (n — m) multiplied by At~ Ds. 

2. Fór the sake of definiteness, let us start with a desinant of order five: 

Au Og Hs Ay 
Gi day yy Qy 
A-|4 d dg QW wj, 
du Ag Ug Ay 
| Gy Qi As Gy 
then ET As de ue Ae Aigo Ae Aw Ans Aass Aus 


18b 145 - 


| Api Aim, Ae Án Aa Ay Aig, Sigg A Ai 
-IBA 


384 345 


Pu Foi A Aig, Av Fas Aus ds Ass Ass 
HS 1 16 1M 18 - lS A 285 MS MB 
Assy Arga Ass Aig Aisa Ái Ass Aru Ary, Aiu 
. 338. iM l% 1M — 185 145 334 ^ M5 — 245 — 345 
|. 1988 à 124 X5 18 — 185 146 394 28 — M5 
Aus Aus E Aus Ags Aus Aus E Aia Aus 
A An Ami Aen Ary Amm Ai Lae Aes Aa 


[A Am due Aam Ae Pen Ams Ae Aon Ag 
Au Aau 7 cc hs P. d hs ^. 


143 1x 


Ass 





* All those which are expressible as a produce of minors of the given determinant. _ 
t Vide Mutr's ‘Theory of Determinants,” 3175. 


-< 
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. Ay Ay, Ay 4, Ay Ay Ay Ay Ay Ay Ay 

A Ax Ars Ay A Ay Ay 4s Ay Ay 

: Ay Ay Ay Ay Ay 4, Ay Ay Ay 4s 

Ay Ay Ay Ay Ay Au Ay Ay 7 Ay 

Am Án An Án An Án dm Ay dm Aa 

ET Ay 4 Au Au Arg Any Any Au Are Ay 

An Au An An Ån Ån Le FRE 

. 19 18 M 15 88 34 35 M A 48 

| Au áu As Ag, As, As, Au Au Ag Au 

12 18 M 16 33 24 25 54 85 45 

Ags Ag, Ag Ags Ags Ass Ass Ags Aas Ags 

12 18 04 15 38 34 B B 85 45 

Ags Ay Ags Ags Ay, Aggy Ags Aas Ags Age 

13 18 14 15 .98 3 95 Si B. 45. 
and | g : Ay Ais Aj; Ax, As 
| | Án À Ags Ag, Ass 


SAA Ad, he 
AO) Aa As As Ay Ag 


Agi Ass Ass As Ars 
By Laplace’s theorem we have 
Ag = dy Ay — de Ays + 3545 — Os A5, T cM 
15 26 - 85 46 | 
= — Ay Ags + Gus Ass — Ars Ans + Au Ar = ete., | 
16 15 85 45 | (1) 
= ay Ays oed Ay Ags + GÀ — 0414,45 = etc., OUS p 
16.0 2^ B 16 16 


LE À, me dy Ars 2s ds + amd i duas = ete. 


0 = — dg. A5 T ag Ag — ds Ans + andy | 
= dm Arg is M T aes — aud = — ete. zm (2) 
m = "TN T tas dag — AR + A s= ete. 
| dus 77 Gas Au — — tp Agus + an Aus = = ete., B 
= adig — au Ave T ——— = ete., | | 5 (3) 
Ay ES T — aná + ouA = = ete. Jo 
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0 = — agg Ages + Ayo — Ag Ags = etc., 

B45 345 145 

= — Ag Ay — agl + aA, = ete. |. 
185 285 845 - 


Ag. — Asis Ares —= AA + Aus Arg 
845 12b 245- 185 . 2% 145 . : 
+ Asus Aro, — AAi + Ag Ais — ete., 
145 385 185 $45 vod 
Ag = Arsys — Ayes As + Asus 
198 545 124 28 ae canes 
+ Ais Ages — Arss Agus + ggg = ete. 
984 1% 285 125 245 133 7 


| 0 À pus A 195 — Ass Ais + Asli c l 
S45 128 245 135 286 145 


+ Asus Arg, — Maas Ais + Apis Ay = etc. 
145 285 135 245 . . 125 845 | 


Operating on these equations by the Law of Complementaries* we get: 


. Aay = = Ay Aggy — Arg Age, + A5 Ass — A Ans; 
294 194 | 154 138 
= — Andy + An Arg, — Agli + Adi = ete., 
234 14 è -.. 14 123 
= Án — Ay Aig, T Ag Ary, — Ay Ary. = etc. 
| 384 234 234 $94 


Ades gu — AA AA À A4 es alo | 
| | 25b .. “ASB: .. - 125 128 , 


0 = — Ad + Mao Asi —Ags Ast + À 4 = etc., 
| 334 - 184 124 128 | 
= — Ajg Agu + AnA — A Ary + Auris = etc. 

334 384 339 3M 


128 là ; 18 28 


= Ass =s As d Anda — eto. 
Adis = AyAg; — AA + An Ás = etc. 
D c #4 M 13 


124 


0 = — As + AnA — Ans = etc. 
| PAP PEAR 


* Vide Muir, “ Theory of Determinants,” 298. . 
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(4) 
(5) 


(6) 


(1) 
(2) 
(3) 


(4^) 
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Aág = AyAy — As Ass + Au + Ans 
15 8 18 34 lé 58 28 14 
— Ay, + Ai Ag = etc., 
Mui 5M 5 (5) 
Ady = AyAyy — Agdy + Mass + As l 
45 18 | 85 14 $4 15 15 M | 
— Aq Ais + Maa = ete. | 
M 5. 15 € 
0 = AA, — Ady + ases A IUE 
12 34 ] x ume B 14 \ (6^) 
— Ans, + Andy = eto. | 
5 9 585 . 


Operating on equations (3) and (4) by the Law of Extensible Minors,* we get 
AgAy= Ayl — An asa + Ag As, = ete. | | 
$4 1M M 184 M 3M | | 
— Aug — And + And = ete, L. ` | (3") 
M IA ^ 94 14 B 14 | 
Gr = —-Ayg Ang, — Arg Aggy + AAs = etc. | 
18 3M 98 184 84 158 7c | 
0 = — Ayu + Aybi — AyAin = ete., E" a 
| 84^ 124 u 14 M $84 (4"") 
—' Assis — Ay Ags + Airdi = etc. | | 
- ,18 54 23 1M 84 133 


3. If for the sake of uniformity we write A for A, À, for Ars, Ay, .., for 
i i 8 a. 


an, etc., then in each factor of every term of the foregoing expressions there are 
two lines of suffixes. Ishall refer to them as the upper and lower. We may 
‘ make the equations homogeneous in the A's by multiplying any term when 
necessary by E » Which i is unity. l 


4 1f we are given any combination of n numbers & at a time, the combi- 
nation-of the remaining (n— k) numbers is said to be the complementary | 
with respect to n of the given combination. Considering any # numbers 
Ay, Ag, Ag ooo On, lot Anti; ura 0, denote the combination complemen- 
tary with respect to n of the combination dy, dg, e.s e am. 


* Muir, “Theory of Determinants,” 2179. 
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5. The equations of art. 2 are all of the he : | 

D ED E 
where r +s =m, and a,,0$5,.... Q, are some r of the nümbers a,, d$, ... + mn 
and yis Yg... . y, are the remaining m — r = s numbers, that is, a1, ag, -...@, 
and y1, yg, «+. y, are complementary combinations of the numbers dy, a, ... Qm; 
similarly Gi, 8,,. .. . @, m Sa, des- -< 6, are complementary combinations of 
the numbers 5,,5,,.... ba. The œs are those numbers that are found in the 
upper line of the suffix of both factors of every term, and the d's are those 
numbers that are found in the lower line of the suffix of both factors.of every 
term. Either the a/s and y’s remain the same for every term while the Q's 
and 6’s vary, or the B’s and ó's remain the same for every term while the a’s and: 
y8vary. The numbers in the line of the suffixes which vary from term to term 
are.the combinations r at a time with their complementaries of the m numbers. 
ibi, s ics y | | 

The value of y for any term is given by the equation 


v = (a, + B.) Sa + be); 


where | À = the number of a’s > Ampli |^ 


té 


— ? 
= SS GB D Oui, 


À. — u a alg > One xt 
La ponas i d B's > bn +1: | 
Uus = E D F8 bens 
ue = ti T [o 


If the c's and ds are the same, we may in practice neglect the second term 
in the value of y. 

lf n— m= 0, then A, = u, — 0. 

If i = 0, that is, if there are no repetitions, A, a becomes A and equa- 
tion (A) takes the form i | 


iS Rm «=> 1) ETE . ze dq ET (B) | 
which is the form of equations (1), (3), (5/). 


* The a’s, the b’s, the c’s, etc., are supposed arranged in their natural order (order of magnitude). 
34 Sz ` 
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6. Since the numbers in the upper line denote the rows and-the numbers in 
the lower line denote the columns, it is evident that putting an a equal to ay 
is equivalent to making two rows identical, and putting a 8 equal to a à is equiv- 
alent to making two columns identical. If an a be put equal to a y or a to 
a6, then two a’s or two 5's become identical and the expression vanishes, and 
the equation is of the form of (2), (4), (6), (2), (4^, (6’), (4). 


7. Operating by the Law of Complementaries is equivalent to replacing each 
line of every suffix by its complementary with respect to n, and operating by the 
. Law of Extensible Minors is equivalent to striking out the same j c’s and the same 
J d'afrom the suffix of each factor of every term. It is possible therefore to 
reduce all equations to the form of equation (B). It may often happen that the 
same result is obtained by the operation of these two laws. 

8. Let (n|m), (nim), . . . < (n|m) represent the na = u combinations of the 


n tiumbers 1, 2, 3, n iaken m andina? and let (n|m), (m), ie (alm) 


. denote the complementary combinations. . If we take any PE of the 
numbers m at a time and combine the numbers in it in all possible ways l at a. 
time, there would be m, = À such combinations. Let 


(n|m|d), (n|m|?), seus (im) 


denote the a combinations of the numbers in the combination (n| m) taken / at a 
time, and let (n|m | D denote the combination complementary with respect to m 
of the N (im, that is, the combination formed by the numbers 
remaining after the se in the combination (n|m|)) are taken from the 
combination (n|m). Let (n|m | D (a|m) denote the — of the numbers 
in the two combinations (n|m | 1) d (n|m), and. so in general one combination 
*following another will denote Tm combination of the numbers | in the two com- 


binations. 


* Let it always be understood that the baie: in every combination are arranged in their natural 
order. 
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9. With this notation, equation (B) may be written as follows : 


BorézA — " ; 
cv —ÓÀ Animi |. O 
PORNE mimi zT (& | m) | 
Y 
Bor&4zsA 
‘where » means that when 8 varies from 1 do A; à is constant, and when 3 
for §==] 


varies from 1 to À, Bi is constant. The idi: of v is the same as before. 


10. If we operate on equation (C) by the Law of Oomplementaries we get 
gor8=A ` ee 


(-1* Aca ise ptm Age im Lj m 


Vida TEM ssa 
-Y Y Y 8, y 


= Ai ivy 1m) Ain m 
a a ` a 
(Himis 1m) (nim) 
Y Y Y 
= Ain: 
a 
(n | m) 
* | Y 
since Aaima = 1. 
« a A. 
(5 | m) (n ] 9) 
Y Y | 
This is the equation that would bé obtained on expanding the minor. 
Ais» by Laplace’s theorem. : 


(A | m) 
y 


11. Let A denote a determinant of T€ n, let Aim) donoe the m" com- 

pound of A, and let A, im denote the P compound of Agim: etc. 
19) (mm) 
| The upper line of the suffix is the same for every constituent in the same 
row of À, and the lower line of the suffix is the same for every constituent i in 

the same column.” 

The upper lines of the suffixes of the constituents in the columns from tops 
to bottom and the lower lines of the suffixes of the constituents in the rows - 
from left to right are the combinations (n | m), (n| m) Pad (n|m). 


* If the rows and columns were interchanged, this statement would be reversed. - 
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12. The determinant Ag.) 

— e ) 

. (w ] m) 


= (41m Im DAG mal nib inr Ag m)(n| mip) 


—. 5 — @ “ ee 0 
(imon |m | (n |»)(* |m | D (nim) (n |si 
7 Y | Y y à Y y A | 
Am (mT So o 
ji À im $0700 (n|m) * (7) 
m 2 _ a - 
(5 | m) , (n | m) 
Y : Y 


Operating on this equation by the Law of Extensible Minors we get 
$i (Aeizipdeinip idi: Ae im 1D) 


mimi) (nie 10: . (51m 1D "RET 
. 1 Y 3 Y ^ i 
(m— 1} (m$ —1u-—1i | 
a 
(nim) : 
Y 


This is Sylvester’s theorem," since the constituents of the determinant on - 
the left-hand side of the equation consist of the minor Aq,, bordered in all 
| | | ‘ i mim) | 
possible ways with Z of the remaining rows and columns. It is evidently a. 
minor of order A of the determinant A,,_», the (n — 1)" compound of A. 
Similarly Agi.  - —— | us 


IN e 
- Y 
= Á myn 17104 m) a | # | 2) one Ag I) 
a a 1 a a $ a, aa 
&im)niniD mimixi»im - Gima | 211 
Y y 1 y 13 = Y Y ^ T 
_ AMD S | | à 
= Agim « "x : .(9) 
($m | i 5, 5s 
Y 


Operating on this by the same law we get 
En Animam ess + Aim mp) 
i a 1 a 3 a À 
Alim) (n)a |E wl [D 
y 1 - ¥ 3 y A | | 
i | | = ANT Aer ° | : | 7 (10) | 
| P (alm) | | 
^ . Y ^ | 
|. Equation (4) might have: been obtained from equation (1) by the Law of 
Oomplementaries. | ; 


* Vide Philosophical Magaxine for 1851 ; also Camb. and Dublin Math. Jour., VIII, 60. . 
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4 a 


13, The E compound of Ag IRID (& |) 18 | a^ 
| a a . 
SE im) 


AG imn IR In im i "UNS P Po E Ai mnt 1D 1 | it im) 
= 


F 


PM Ee qe po mip ; Gimo Ripen» 
Y y 6 y 51 


and is equal to | _ ee LS 
G — 1) 
njn) (as |miD°. i (11) 
a a B ‘ 2 . 


DEUM | im [RID | 
Operating on this equation by the Law of Extensible Minors we get 


(AG ime imis im e impp © 2 Aami mi 2 19) 
LL a « a A & : : e c 
arces CIT dis (n | 914] %) (n | m) n im | ijk) 
y 3 2 Y 7 y 8 © | 
Mx Da T" ` ; e 12 | 

ER Amelie) Ü ). 
Gi | m) nim er? 

Y y 


and . AEN E E tone Anim] nm mii 
„a B a B 1 a B a B 8 ag apo 
ew ID belt wima nalila - (n[mw]1D(n | ma? ik) 
y $93 ‘ y è y Sr 

= => At De ; E" | (13) 


PU TN) 
exl Rn 
8. Y 


and (Aie iple imigip «+++ Annis). 
i alalla [m TH 2d 
2 
AG 440—154. Rl 
= A Aamin uc M (14) 
1 | 
min? 


14. If the constituents in the intersection of the last r columns and the last 
(n—r) rows are zero, then 4 = (—1)’ nA n Ain and equation (8) becomes ` 
Win (a [Aon | 


Án oan | Q9 8 | - e 


eImiD misip- emip C _ 3 
wae! one Ge 4-—Dioi | 
=(—17¢ Dm A n Aw ip 4e ^ | - (8) 


(n|*—r) mia (im) 
j 1. Y 


EN 
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If n — r =r, then equation (15) becomes 


(Aeinipfininip cree Aw imin) 
a 1 2 aa 


aisd @iniD (nim |D 
y 1 y 4 y A | 
nE r? (m— 1): ,(—1i = (s —1),_; * 
-—(—1) Ain Ago mimo | 
(^1n—r  (R|n—r) (n|9» 
1 i 1 Y 


Similarly for equations (10) and (14). 


15. The determinant 


(Aoin iipon cone Ed) 


GEHE GIRIH (nfm £1) 
y $252 


is à minor of DRE o of 


(Amimipdiniy +++ Aalmi) | 

a 1 | & 2 a 

(n | m | X) (n | m | &) (n | m | À) pa My 
y 1 y 3 Y p 


and by equation (14) is equal to 
(—1. 40—14.4 
A Ageia - 
| (n Hy 
y è 
16. The determinant . 


(Anim india 19 ernie Anio) 


i iiid mimi 
Y 
o AB 40—1,4.4 
=A Agim 
a 
(5 | m} 
Y 


and.the determinant 
(Aeisip "impii ers) 
a 1 a À a p 


(ajm |E) (n |] k) |^ (mim) 
y l yê | Y P 
AM Dii Am (Art. 12). 
(x | m) 
= + LS 





* Cf. Scott, Proc. Lon. Math. Soc., vol. XIV, 388 
+ Of. Scott, ibid. art. 6, p. 90. 
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The product | 
Aetio Amin: Amim) s 
. (Im (mimi) (5| | tP 
y 1 y 3 y i . 
X MILI ILI Fe "deimin) 
a a 2 3 & p 
(Ajm|k) amip (n | m | $), 
y 1 Y 4 Y Bc 
— Ai At d ram 
= A A, |») Agim ELI > + Aisin): 
Is E rg = 
k k) - 
po ORÐ GIRID, aw 
vs (Acimipdeinin PRES Aami) 
k k k) 
civi) eni» ISLE | 
— di~ (mI 4i—(m—1) PLE wo 
=Å Ah (es Aniz Aus») (17) 
"VN a d a 113 a p | 


m |k “|k (n k 
n FE emm p 
If A has a block of zero constituents, its value may be given as in art. 14.* 


17. The product RS 


QU sain Ein Dani DE 9 SL Ain + 2) 
des =i i l1 NC 
UN UN D CL où be ) INIM. D ; "INIM 1) 


X dis TR) n|m[-—1**** CORTE 
1 1 1 »* 

ee NEN, | -— oh aT ret T 

Cale } ii eL | DRIN 


= À" dinim Agin— Din imc Xing * oe Ag Dés [n—m +1) 
im) — I» (a | m) (a | m) 
1 1 . | 1 


the product of the constituents along the principal diagonal of the product. The 
truth of this is seen on observing that all the constituents on the lower left-hand 
side of the principal diagonal of the product are zero. | 

The determinant 


(Ae iim codon ss T Aeigin 2): 
1 1 2 1 m 


min] *|m—1 *[*»—1 
Gels, ) ul. ) : ol ele) 


* Of. Scott, ibid. art. 9. 
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being a minor of order m of A, y is equal to 
M due. E -. 
1 i 


E erm) 
Therefore | ; 
(Acininza a ren aa at os Agis—e +n) 
(a|]m[m—22 (nimim-—2 m in |m | m — 1) 
204 i 1 8 1 m 


=A. Aamiainen Aana SET Ag ingin—m + D " 
(a | m) (nim) (^ Lm) 
1 T 1 
This is the theorem given by Muir in his ‘ Theory of Determinants,’ 
18. The product . - | ; 


A - I 2 w jt". . À Te NM | 
signet "s Taur ) MEA PH 
nl m | m n | we | ~~~ nimim 
1 1 1 8 ipl i | 


x pe sui | p ~ ] s.. a i Pu — 
Ae (im 0 Nim ) Ao rin D 


n [9 [9 — 1) (n m1) ` »|*|»X—1 
RIRE NN a n 


-— Al . = | 
=A „Anim Taa IN co PO delni tD IHD 


oly mM | (w 15) | 
X (écrin pde 1m =D eae Anim m—1) 
eka Siea] NET = 
AT QE Eee (Rim D 


— ł oa "PM 
1 1 1 .1 m 


" ' i ed — | 
ie "m d ede 
Mmm fmm 1 
x A Aim 
MIT 
n — ] D. m - 
== A™ Ain mA jn Án n t ve Anim 23 + Din E 
(sim) (n|m-—2D (n|) (n | se) 
1 1 1 1 


Therefore | 
(AeieieinÁe inim Ets »*99 Ae imine i GI 140). 


= nin DA@im—ni leon ess + Ain Eat 
: Glue M Em (1m | 
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Operating on equation (18) by the Law of Complementartes we get 


Ammo Aa aa MILLE ME MILES ; 


in | m— 1) (a [m)(n| *-—1]m-—2) (a | soin |m-—rz|m5—8).  (mi»9nll) 
1 1 1 1 1:003 1 1 mE 
bs [^ A didi D Ae iR In | "TOR (20) 
(aim) Im i (0pm 


19. The determinant obtained on writing & ml [mI — 2 for 


(n|m|) in 


(AcimipAimimip +++ + Larmi) 
a 1 a 3 aa 
nimi) imid MIINID 

B 1 p 3 B A 


evidently has two rows identical and therefore vanishes. 


20. The determinant M, obtained on writing nim] |) Lic rata for 


(»|m]D* i in NE E . & 
SUITE Ain) 
a 1l a 8 aa 

Mimi) (ni md mimi : 

pl B 8 B -À | à 


vanishes, though two rows are not identical. For if we multiply M, by 
A a 5 À [ml + n [5$ , 
orm Dae rmt Aimy) 


{ml awl (aim |D 
B1 y à B à 


every constituent in the y™ column of the product will be zero since the upper 
line of every suffix of M, contains some number in common with the combination 
(n|m | oF The product therefore vanishes, and since the multiplier i is in general 


different from zero, M, must vanish. 


21. Àny eee er M, of order 2, the upper line of every suffix of which 
contains at least one of some (m — 7) or fewer numbers and the lower lines of the 
suffixes are the combinations / at a time of some m of the n numbers, vanishes. 

This theorem, which is perhaps a little more comprehensive than that of the 
last article, is proven in a similar. Way; | 


* We may, of course, have similar substitutions in the Appr lines of the suffixes of the constituents 
_ in other rows at the same time. 
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Let the numbers in the combination (n|m|!) be the (m—J) numbers in - 
‘ a ¥ 
question, and let the lower lines of the suffixes be the combinations (n |m] 1); 
- , E B i1 
(njimi)... (n| m]. 
8 2 -B à 
If we multiply M, by 
(Aeisindei xi) tees damig) 
e i M » À 
eni inl? miele 
every constituent in the y column of the product will be zero, since the upper 
. line of every constituent of M, contains some number in common with the com- 


bination (n|m |). Therefore the product and consequently M, vanishes. 
ae 


22. Every minor of the determinant M, of the last article, which is of order 
S{(m—k), +1} and which contains any Æ numbers in at least mes E) + 1} of. 
the upper lines of the suffixes, vanishes. 

Without loss of. generality we may suppose that the upper lines of the 
suffixes of the constituents in the first (m — E), + 1} rows of M, contain the 
same % numbers. m MM Le 

Multiplying any minor containing these rows by the same multiplier as in 
the last article, it is readily seen that every constituent in the intersection of the 
" first {(m — k) + 1} rows and last |m, — (m—k)} columns of the product are 
zero. Therefore the product and consequently the minor vanishes. | 


. 28. Any minor of | 
; | AoimiDAaimn ss Ed) 


^ Im1D mn em 1 


can be expressed as a product of A and its minors s whenever the rente i 
of the corresponding minor of | 


(Aeisip Aem oes Ae mt) 
a À a 3 a À 
(EEE Wien eTs1D 
can be so expressed. 


If we know the value of any m minor of À, the Law of e —n gives 
us the value of the corresponding minor of A4. ,, and the theorem of art. 1 
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gives us the value of the complementary of the corresponding minor of Aq ,, 
which again operated on by the. Lew.of Complementaries gives the value of the 
complementary of the original minor of Aj). .To determine the value of all the 
minors of A, and 4,_,, all that is necessary therefore. is to know the value of 


4 | | 
the minors of any E orders of one of them. 


24. Let us illustrate the foregoing principles by finding the value of minors 
of A», the second compound of the determinant A of order five. | 
The product 


A À: À; P Ed Åy AA 0 0 
12 B 33 | MS - - 
Ay, Ai As |-| — Ags As —Ag |=|,..0 | A. Ais 0 |= LAr. 
2 B B | 38 123 
0 0 1 An —Ay „Anp: Ay —Ay Ay 
(An Ay) = 4. dim. 
18 138 
The product 
Ay Ay Ay As Ua As Au — Ags 
| 1 48 14 15 
Ay, us Ax Ay — Ags gg 77 ayu Q5 
Ay Ay Ay Ay Ag — 043 Qu 0 Us 
0 0 0 1 — Uu Us — An gs 
A, 0 0 0 
0 A, 0.0 
= $c 
TES 0 0 Ay 0 = dy Aly, } 


"a (4n Ars Ay) = ned o or Aj, Aa 
` 13 18 
| The product 


Ay Ay Ay E" — Am An 
1, p g |.| — 4e i — An 
de dy He Ay — A5. An 
13 n 5 l 


"Hel dedii tho greatest integer in Le 
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À . Ags 0 ` 0 $ | i 
1 | | 
— 0 A. As | D — 4? " 
0 > 0 A. Aggy BT 
| 188 


^ (An An Ap) =A. Ate (Eq. (8) E 
1) 19 %8 18 > | 


` 


- The. product (by columns) 


Ais Ais Ais As — Aw - As 
12 15 46. 
As Ay Ag — sg Ag — Án 
og Ags Ags Ais — Aj, Án 
13 15 45 
A. Arg ..0 0 | E 


A duo Ads AA, 
. 845 345 . I 

(As Ay Ag) = A. Ary. Aus (Eq. (18)). 
. 13 15 46 195 145 


‘The product 


Ay Ay An | | "dm — 4e Aa 
12 18 2% an 
Ag, Ags “Ags Ay — Án À; 
2 8 B 
A.Aysg 0 0 TE 
123 o 
2n =| 9 44$ 9. | AS. Ai Am," 
— À . Áy = 0 À . Åg 
138 138 


0 0 1 
0 0 0 
Agy Ar Ay 
3:1 n 
0 0 0 
A. ag; 0 


Ay 

28 £8 
—|4u — 4 
ld 14 

0 0 
Ay — Ag 
: 13 . 12 

The product 

pm Ais 

13 18 

Ag Ais. 

12 18 

Ay Ay, 

13 


There are 2x 10 x 20 = 400 vanishing 


The product 
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Gs; Ass Au Qs 0 


B (4n Ay Ay Ay) = A’, (Hq. (7)). 


e P sP uP as 


2 Án Án Ay —Ay Ay | À, | 
98 — 94. M 84 M 98 - H 18 
s Ary Ayg | | — Au Au — Au — Au — 4; 
88 24 M 84 E^ 23 14 18 
0 0 Ag — Ås Aso Ay — n 
| E 84 24 33 14 18 
90.0 Ay, — Ay Ay Ay — Ay 
; . 84 24 28 M 1B 
Ay, Ag, a Ais As — Ajs: Ais Ais 
4 34 O4 A ^39 4 18 
0 1 Åy” tec As p.m rm — À, 
84 28 14° 18 
0 “0 0 0 | 
0- 0 0. 0 " 
Ass Ay S Ay yt 8 LA. A A 
t & =A’ aet 
As Ay —Ayg Áy | “ H à 
lé M 14 14 
0 0 . A.ag 0 
Ass Ary Aj, Ág 
13 B 13 18 
. (Ar Aj Ay) = (Au Ay Ass) 
13 18 M 
Ay, Ay Ay | — e x A. Ars 0 == 0. 
Ais Ay ‘Ay € Á Ads A Au 0 
128 128 
es (4n Ais Au) = 0 (arts. 20, 21). 
13 18 43 
minors of order three, 
Qa ys Quy Ags Ay 0 0 0 
Ge gg gg gg 0 A, 0 0 
: Ll. A. 
| as % au al | 0 0-4, 0 x 
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The product 
Au Ay Aj, Ay, Ay An As — As, Ay Ay — Ay Ay 
189 18 M 8 24 M a 34 28 14 18 18 
| Ays Ag Arg As ug ug — Ay, A, —Ay — A,, Ag, — Ag, 
B B MB M u OM 94 |. B li Bo 1 
Ay Ay Ay Ay-Ay Au Ag — Án Ay Ag — Án Án 
p B HM. o3 M M 84 24 23 - 18 19 
Ag As Án Ay — Ay Arg Ay — Ay Ax, 
1 1 M 38 954 M Em 1 18 12 
0 0 0 0 1 0 sa Ais As Eu Ass À; Ag nud Ais 
24 98 14 18 12 
0 0 0 0 0 1 Ay; — Ais Ag A, = P Ag 


| | 
0 0 0 <A. dy ns 
—Agy- Ay — An — Au Ag 12 
18 18 18 18 18 


de (Ars À Ay, Aigo A. Ay, Ass P. TN 
- 383 M B 198 1284 


The product 


A, Ay Ay Ay Ag —~ Aag Ay — dx 
12 B 4 1 
Ang ua Ag —7 Us Gs, — gy dis 
B 8 4 É 
Ay Ag Åy Ay Ag —— As Ay —— 045 
it 18 M ‘16 
Ay Ay Ags —7 Ase dg — Ass Ass 


` v. (Ag Aa du Ag) = An Án Aa (Eq. (20). 
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Ås À; Aj, Ay, Ay, Aj, = Ay, Ay, ies Ax, —Ay — Ay, 
18 1 38. 84 34 $4 . M 18 12 
Ay Ay Au Ax, Ax Ay, sl Ars Ass As E Ags Ags 
$8 24 84 34 8 NH 18 12 
‘Ais Ax Ay As, ‘Aig Ais Ay c= Ay, Ay Aig LÍ Ay Ay 
19 18 14 58 84 | V x 14 18 13 
0 0 0 0 ] 0 tre Ais Ais — Ay M À; Ás — Ass 
24 23 . 14 12 
0 0 0 0 Q 1 Ay — Áis Ais Ass — A, Ay 
| . $4 38 i4 18 13 

A.dg 0 0 0 0. 0 

0 A . Css 0 0 0 0 

0 0 A . ag; 0 0 0 

— A . as; À . dg; A. ay. 0 0- 0 = 0 
— Ay ` Åu c.a. — À, Ay — Ais | 

18 13 1B 18 18 -18 

Ay © — Ay E Ay — Ág Ay. 

13 12 13 13 18 13 


(Aig An Ay Ay) = 0 (art, 22). - 
12 18. M 38 Er 


From this it is apparent that 


any determinant of order four formed from the 


An Ay Ay Ay As 
13 14 23 24 84 


Ay, Ag Aus Arg Aig 
18 lé 24 84 


Au Ay A, Aj, A, 
18 14 8 | 
g As Au As Ag An 


18 HM 3 4^4 HB 


There are 2.175 x 5| = 750 vanishing minors of order four. 


mairix 
À; 
Aj; 
12 
Ay 
A, 
vanishes. | 
The product | 
1 0 0 0. 0 O0 


` 


RÉ 
" 
ba 
& 
| 


Ay —A —Ag As 
45 25 HM 23 
— Ag Ass — Ay — Ass Ay, — Age 
45 E: 4o 3s A -3 
Ay —Ay Ay. Au —Ay Ay 
45 85 84 25 24 23 
Aw — As Ay, Ax — Ay As 
- 45 3 m 25 34 33 
—Ay Ay —Ay —Ay Ay — Ay 
45 8b. 84 35 34 38 
Ag 744 An 4p — Ay Ap 
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As — Ay Ay — An Ay — Ay 


45 45 45 45 
0. <A.a, 0 0 0 0 
as 0 0 | A yy 0 0 0 = a5 AS P 
0 0 0 .. A.a 0 0 45 
0 0 0 0 Aa 0 
0 0 0 0 0 À. 
: (Au As Au Aa Au) = À oh Ay or À? Ai Aus. 
l 94 95 84 85 45 45 ' 8845 — 45 
The product | | 
Ay Ais Em Aj Ais Aj Ay ms Ax Ay Ay. 
12 18 14 28 4 84 84 23 14 
Ais Ais Aag As Ag A — Ay, Ay — Ay — Ay 
13 18 14 38 9$ K 84 24 14 
Ay Ay Ay Ay Ar Ax, Ags TT Ags À EM 
18 4 28 24 84 84 H 28 14 
Ay, Ay, Aw Airs A5 Ass Ay — Ay Ay, Ax 
18 ë 18 li 3 COM M 84 14 
Ags Ay, Ags As, Ags Ags — Ag À; — À E Em 
12 18 l4 33 94 84 24 lé 
0.00 0 0 1 da xe Ap... Ae 
4 u $8. 
A.ag 0 0 0 0 0 
0 A . as 0 0 0 0 
0 0 A.ag 0 0 0 
= A Gas A’, Ags A . Os 0 | 0 0 d 
0 0 0. Adag 0 0 
Ay —Ay Ags Ay — Abs Ais 
13 at. 13 13 12 13 | 


os (Au As Au Ay Ai) = 0. 
19 18 M 58 M 


There are (6.5 t3 — {80} vanishing minors of order five. 


SYRACUSE UNIVERSITY, Sept. 1, 1887. 


A Theorem in Determinants. TE 


. By W. H. Mxrzrxs, Pu, D. 


The theorem in question is an extension of one given ny Binet in Journ. de 
l'Ec, Polyt. IX, cah. 16, pp. 280-302.* ` 
If we have the four gets of n quantities 


au thy dy ee Gin | 

Og Qg Ugg... e Ag, 

Qi Ags Aag aeo’ in) 
and Ait denotes the sum of the n, determinante of ilie fourth order obtain- 
able from them, xm denotes the like sum obtainable om the first three sets, 


. etc. Then Binet proved that 


mE | 2224s + DAY Zaga =F Ay 
and 24 D Aou T didn D As + Dan 2 Ara + Fa Y A = 0. 


These may be extended to the case where instead of four we have m sets of n 
quantities, and instead of taking the sets one and m — 1 at a time, we take them 
i and m — / at a time. 

The proof of the general case will be better understood if we i consider 
a special case. 





* Vide Muir's ‘‘ The Theory of Determinants in the Historical Order of ita ORELO pman Part I, 
pp. 86-91. 

TIt is to be observed that the notation used throughout this paper is inclusive, i. e. Aw.. 
denotes the minor formed et the constituents in the intersection of the T,8,0....TOWB with the 
u, 0, W .... columns. 

86 


B 
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If — 


then 
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Os Os . d Gh, dis 
Gy, Any us Cu Qy Us 
pe Gy, Ass Ogg Cg, ss ss 
| du an Uy Au Gus Ag 
Gg; Om Ays Gs y xs 
he, es es Ce Les Les 
mer gt Anc As An + Autos + du) 
— (4 Ay + Au + t Au {Au + Asc ee: + Au) 
+ (Ay wt Au + vee + Ay dy + dat ie + 4a) 
| ates es UE VUS" 
(Au t Aut. TF Au Ag + Aa + Ay) 
+ (Ay + Ay bene + Au Ag Au + i+. + Ag 
56 
= 2 


(Agé Au + Aan + Aa + Aaa 
+ Agu + Ans + Luu + Anu + Ai 

. . 1556 1845 . 1846. 1556 1456 

TE disu + Anu + Ans + Anu + Aiu). 
2 8545 2846 1856 2456 SAS 


For if we expand the left-hand member, the sum of corresponding terms in the 


. products vanishes or not according as the factors of the terms have or have not 


a column in common, i. e. according as there is or is not a number common to 
the lower lines of the suffixes of both factors. - | 


Thus 


It is easily seen that Aysu as well as each of the other terms on the 


Ay Ay — Aida + AA + AA — 
13 12 13. 18 n i 13 1 

© Ay Ag, — Aga + Aug + AssÂu — Aud; + Asi Arg = 0, 
19 18 å > B 18 . R 18 19 18 19 13 B 18 . 


| As Ag — Agtu + Auts + ENTM 
15 8 12 84 19 M 13 M 


Aus + Anus = 0, 
19 13 19 13 


etc. | 

— Ayti + AyAy = Ary,” 

| P 13 B8 18 8 1284 - 

Ap A — Ag Ay, Aud + An, — Auts + Ang = — Anu, 
18 $4 18° 24 18 94 18 t4 18 M. BM 1984 

etc. ' 


right 
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will be obtained in A. — 6 different ways, four of which will give a positive 


and two a negative sign, since in the set of combinations 1234, 1324, 1423, 2314, 
2413, 3412 there are four having an even number of invérsions and two having 
an odd number of inversions. Hence the truth of the equation. 

In general if . C. al 
| y Ag Agere > Ain 


then B^ Bite — : 
| = 1) UR Des 
d TR BIS er 

i : SEER, C iiec 


£c ly y Ya Des in 


ei ws, ul wah 


+ etc. 
B= hy 
= p(m, l) MS 
Q Bæl IT 
P 7 
or | S ic. 
»*-— 1)’ [Feinde] 
y | Seek. an In ir QE 
= (m, D Y Asi. 
Bi pm 


where v denotes the number of inversions in. (mm Of |2), : ied $ (m, D). ` 
denotes the excess of the number of combinations in the get 
(n |m| fn [m 2), (n | m Zn | m |), .... (n| m|Tfn | m|D), 8— n 
B 1 B 1 8 3 B 83 B 8 B 8 


which have an even number of inversions over those which have an odd number.* 


- 





* For an explanation of this notation vide this Journal, vol. XX, No. 8 
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For if we expand the left-hand member aB before, it is easily seen that the 
sum of corresponding terms of the products will vanish or not according as (|Z) 
and PX l) have or have not any numbers in common. Any term A, Im) 
» i > o T 
which does not vánish will be obtained in m, ways from those particular sums of 
corresponding terms of products which are gen by 


Yew DT id =i 3,...., m). 


yal GH mimib 


~ 


The coefficient of A im) is therefore } (m, D.* 
E B 

The theorem is thus established. 

BYRAGOUSE Univensiry, February 10, 1898. 





| '* Vide author’s paper rend before the Am. Math. Soo., Feb. 26, dou and to appear Lis a later number 
of this Journal. 


On the Perfect Groups. 


By G. A. MILLER. . 


The necessary and sufficient condition that a group is solvable is that its at? 
derivative (derived group) is unity.^ When no lower than the a‘ derivative is 
unity, the (y — 1)" derivative must be an Abelian group whose order exceeds 
unity. All the derivatives which are lower than the (a — 1) must then be non- 
Abelian. Dedekind calls the first derivative the commutator subgroup. The 
more general notation which we employ is due to Lie. | 

When a group is insolvable its at* derivative must be a perfect} group whose 
order exceeds unity. Tho factors of composition of this perfect group include 
all the composite factors of composition of the original insolvable group. Hence — 
the study of insolvable groups is reduced to that of perfect groups. In other 
words, an insolvable group is either perfect or it contains one and only one per- 
fect group as a characteristic subgroup with respect to which its quotient group 
is solvable. | 

Since a perfect group 18 dential with its derivatives, it cannot be isomor- 
phic to any Abelian group whose order exceeds unity. Conversely, if a group 
is not isomorphic to any Abelian group whose order exceeds unity, it must 
coincide with its first derivate, and hence it must be perfect. The totality of 
perfect groups, therefore, includes that of simple groups of a ——— order, 
but it is included in that of insolvable groups. 

It is easy to see that no two of these three totalities are Hentai for ie | 
direct product of any number of simple groups of composite orders is evidently 
a compound perfect group, while the direct product of a perfect and a solvable 
group is insolvable without being perfect. - All the symmetric groups whose 


* Quarterly Journal of Mathematics, vol. 28, p. 288; of. Frobenius, Sitrungsberichte der Berliner 
Akademie, 1898, p. 1848. ~ - 
T A perfect group is identical with its first derivative (Lie). 
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orders. exceed 24 are also insolvable without being perfect. We proceed to 
consider some general properties of any perfect group. 

Theorem I.— Every pujas group has an a, 1 isomorphism to a simple group 
of composite order. | 

When a = 1 the perfect group is simple and of a composite order, and vice 
versa. When the-perféct group is compound it must have an +, 1 isomorphism 
to a perfect group of lower order, for if this group of lower order were imperfect 
the original group would have to be imperfect. We repeat this process if the 
given perfect group of lower order is not simple. * We shall thus finally arrive at 

a simple group of composite order to which the original perfect group has an 
‘a, 1 isomorphism. The order of this simple group is à factor of re of 
the original group. 

Corollary I.— If an imprimitive substitution group $8 dis it must pen 
all «ts systems of &mprimitwtty according to a perfect group. 

Corollary L.—If a perfect group. has prime factors of composition it must 
contain a solvable charactertstec subgroup whose order i8 the product of all these 
prime factors. 

Theorem IIL.—If a — group 18 ec" as an intransitive substitition 
group, all us transitive constituents must be perfect. 

If à transitive constituent were imperfect the first derivaties of the group 
could not include all the substitutions of this constituent. It could therefore not . 
contain all the substitutions of the group which is supposed to be ss This 
18 impossible. | 

Corollary.— A transitive constituent of a, perfect substitution group contains: di | 

positive substitutions. 
| Theorem LIT. —4f a transitive substitution group of a prime degree ts perfect ti 
is also simple. 

If such a group were compound it would contain & transitive invariant 
(self-conjugate) subgroup whose order would be less than the order of the group. 
This subgroup would contain all-the cyclical substitutions of the prime degree 
(p) that are conteined in the entire group. With respect to this subgroup the 
entire group would have an a, 1 isomorphism to a cyclical group of order 
(p—1)+8, B being an integer. As a perfect group cannot. have such an 
isomorphism, the given group cannot be compound. | 

Corollary.— A transitive group of a prime degree cannot contain more than one ` 


compostie factor of composition. 
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If it contained two such factors both of them would be factors of composi- 
tion of its perfect. characteristic subgroup with respect to which if is isomorphic - 
to a solvable group. This is impossible, since this characteristic subgroup 18 
transitive, 

Theorem IV.—If a transitive substitution group of degree 2p, p being any 
prime number, is perfect, it is either simple or imprimitive. In the latter case it 
must contain p: systems of imprimitivity, and it must permute them- “according to a 


». simple group of degree p. 


Since all the groups whose degrees : are less than five are solvable, we may 
assume that p is odd. If the required perfect group were primitive and com- 
pound, all its substitutions of order p would be contained in an invariant transi- 
tive subgroup whose order would be less than the order of the group.* With 
respect to this subgroup the perfect group would have to be isomorphic to an 
Abelian group. As this is impossible, the given perfect group is simple if it-is 
primitive. If the required perfect group is imprimitive it must permute its 
Systems of imprimitivity according to a perfect transitive group of degree p. 
We proved above that such a group is simple. | 

Theorem V.—Any simple quotient group of a compound substitution group of 
degree n may be represented as a transitive group whose degree is less than n. 

Ifthe given group (G) of degree n is intransitive, it must contain at least : 
. one transitive constituent which has an a, 1 (æ being an integer) isomorphism 
to the given quotient group, since the latter is simple. Hence we may confine. 
our attention to the case when G is transitive, and we may suppose that n is the 
smallest number of elements by means s of which G can be represented transi-’ 
tively. 

If a subgroup of G', which contains all its bidons that do not contain 
a given element, corresponds to only & part of the operators of the simple quo- 
tient group (S9), it is possible to represent § as a transitive group of degree 
n.-m,m 1: lf.this subgroup is simply isomorphic to jS, it is possible to 
represent S as a transitive group whose degree cannot exceed n—1. If this 
subgroup is multiply isomorphic to S, we may use it or one of its transitive con- 
stituents in place of G. In either case the new transitive group of which Sis . 
also a quotient group is of lower order and of. lower degree than G. As this 
` process cannot be repeated indefinitely the theorem i is proved. 


* Jordan, Bulletin de la Société Mathématique de Francs: t. 1, p. 41. 
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Oorollary.—If a quotient group of G 4s perfect and compound, G 4s isomorphic . 
to some simple group of composite order which can be represented by a smaller 
number of elements than is required to represent G. | 

By means of these theorems we may readily determine a large number of 
perfect groups. As all the simple groups of composite order are perfect we 
need not consider these. We proceed to seek all the compound perfect groups 
which may be represented as substitution groups with 11 or a smaller number 
of elements. According to the preceding theorems the lowest possible degree 
of such a group is 8, and if a compound group of this degree is perfect it must 
be primitive. As 8 is equal to a prime number plus 3, the order of a primitive 
group of this degree is not divisible by 5-unless it is either the alternating or the 
symmetric group.* The composite factor of composition of the required group 
must therefore be 168 and its order cannot be less than 168 X8 = 1344, since it 
must contain a transitive invariant subgroup. There is only one primitive 
. group of this degree that satisfies the last condition and does not contain the 
alternating group, viz. the well-known triply transitive group of order 1344.+ 
That this group is perfect follows directly from the facts that it contains no 
invariant subgroup of order 168, and the seven operators of order 2 in its inva- 
riant subgroup of order 8 are conjugate. Hence there is one and only one com- 
pound perfect group of degree 8, and there is no such group for any lower degree. 

If a group of degree 9 were compound and perfect it would also be primi- 
tive according to the given theorems. As its order could not be divisible by 5, 
and as it could not contain two composite factors of composition, it would have 
to be isomorphic to the simple group of order 168 with respect to a transitive 
invariant subgroup. It could not be isomorphic to the simple group of order 
504, since this cannot be represented by less than 9 elements. Hence the order 
of the required group could not be less than 168.9 — 1512. But the primitive 
group of this order does not contain an invariant subgroup of order 9, and there 
is no larger primitive group of degree 9 that does not include the alternating 
group of this degree. Hence there 1s no compound perfect group of degree 9. 


* Jordan, loc. cit. 

t This group is given by Kirkman, Procedeu of the Literary and Philosophical Society of Man- 
chester (1803), vol. 8; by Jordan, Comptes Rendus, vol. 78; by Noether, Mathematische: Annalen, vol. 
15; and by others. Itis singular that Wiman supposed that he established its existence for the first 
time, Nachrichten, Göttingen (1897), p. 58. 
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Since a perfect group of a prime degree must be simple, and there is only 
one simple group of degree 5 and all the groups of a lower degree are solvable, 
there can be only one compound. perfect intransitive group of degree 10. It is 
of order 3600, being the direct product of two simple groups of order 60. An 
imprimitive compound perfect group of this degree must contain 5 systems of 
imprimitivity, and it must permute them according to the alternating group of 
degree 5. Its head can contain only positive substitutions and its order (25) - 
| mune satisfy the congruence . | 


.9*z:1 mod. 5 E 


Hence a = 4) and the order of the imprimitive group is 16.60 = 960. "There is - 
only one imprimitive group of this degree and order. *- If it were not perfect it 
- would contain an invariant subgroup of order 60, since no subgroup, whose order 
. exceeds unity, that is contained in the head can be invariant. Each substitution 
of an invariant subgroup of order 60 would have to be commutative with every 
substitution of the head. As this condition could not be satisfied by the substi- 
tution of order 5, the given imprimitive group must be a Sor potu perfect 
group. 

If & primitive group of degree 10 were conmuund and perfect it would be 
isomorphic to a simple group of a lower degree whose order is not divisible by 7, . 
since a cyclical substitution of a prime. degree (p) cannot occur in any primitive 
groups except those of degrees p, p + 1, p+ 2, and those of higher degrees 
which include the alternating group of their own degree. As a transitive group 
would correspond to identity in the isomorphie simple group, and the order of 
such a simple group would be divisible by 5, the order of the required primitive. 
group would be divisible by 25. This is clearly impossible, since. a group of 
degree 10 and order 25 must contain a cyclical substitution of order 5. Hence 
there are two and only two compound pale groups of degree 10, the one is intran- 
sitive and the other is imprimitive. 

The compound perfect groups of degree 11 must be. intransitive and their | 
transitive constituents must be simple and of degrees 5 and 6. Hence there are 
two such-groups, viz. the direct product of the alternating groups of these degrees 
and the direct product of the alternating group of degree 5 and the primitive 
group of degree 6 which is siniply isomorphic to it. Their orders are 21600 and 


= Cole, Quarterly Journal of Mathematics, vol. 27, p. 42. 
37 | 


€ 


282 : - MILLER: On the Perfect Groups. 


. 8600 respectively. We give below the enumerations of the simple, the perfect, 
and the insolvable groups which may be represented by 11 or a smaller number 
of elements. The lowest order of a compound perfect group is 120. There is 
only one such group of this order. As a substitution group it can be represented 
by-24, but by no smaller number of elements. 


$ & 9 9 & at 9 $9 9 € $^ 9? 99 9 + € à 





— Number of insolvable groups. . 





Curoado, Dec. 1897. 


* This enumeration includes all the possible substitution groups of the given degrees. If we regard 
these groups as operation groups they are not all distinct. | | 


On Darboux Lines on Surfaces. - 


| By. James G. Harpy. 

= 1. The problem which forms the subject of this note was first proposed and 
discussed by M. Darboux in an article entitled ‘ Des courbes tracées*sur une 
surface, et dont la sphère osculatrice est tangente en chaque point à la surface," 
which appeared in the Comptes Rendus for 1871, and in which he deduced the 
differential equation of these curves, which is of the second order, and integrated 
it in the cases of the quadric surfaces and cyclides. Later in the same year 
Enneper published in the Göttinger Nachrichten a paper in which the geometric 
signification of the various terms in the differential equation of these lines was 
pointed out, and in which he deduced their characteristic property that at any 
point of the curve the radius of its osculating sphere is equal to the radius of 
curvature of the normal section of the surface having the same tangent. He also 
showed that if one of these lines be a line of curvature of the surface on which 
it lies, the surface is the envelope of a sphere of variable radius whose centre 
describes an arbitrary skew curve. In 1875 an article by M. Ribacour appeared 
in the Comptes Rendus, in which the author showed that if we trace on & gurface 
S a curve of the kind considered, then each of the osculating planes of this curve - 
cuts S along a section superosculated by a circle. The last paper to appear on 
this subject is due to M. Cosserat, and is found in the Gomptes Rendus for 1895. 
In it he applies to the investigation of these lines methods analogous to those 
used in the investigation of geodesics, employing the theory of integrals of 
determinate form treated for geodesics in Livre VII of the “Leçons” of M. 
Dafboux. I have called these lines Darboux lines because first defined and - 
treated by M. Darboux; M. Cosserat named them D-lines, evidently for the same 
reasons. | ' | 


2, Suppose that at any point P of a Darboux line D on a surface we con- 
struct a trihedron 7, having its vertex at P and the normal to the surface as its 
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axis of z; let œ be the angle which the tangent to D makes with the axis of x 
of T, and let p and À be the radius of the osculating sphere and the radius of 
. curvature of D at P respectively. Since by definition the osculating sphere of 
D is tangent to the surface, its center will be at the intersection of the normal to 
the surface and the polar line at P. Then, by considering the right triangle 
whose vertices are the point P, the center of curvature K, and the center of the 
osculating sphere, M(xY%), and applying Meusnier’s theorem, we have: the 
radius of curvature R, of the normal section of the surface having the same 
tangent'as D, is equal to the radius of the osculating sphere of D at the point 
considered. Hnneper, Gótt. Nach., 1871. | 
Denote by T the radius of torsion of D, by @ the angle between the "—m | 
normal to D and the normal to the surface at P, and use the formule given by 
Darboux (Théorie générale, IT, 359) for the coordinates to, Yos % Of the center . 
of the osculating sphere of any line traced on a surface. We have 


% = À cos — Ta ino, 
from which | 

| | _ ml dR m tan 
tan @ = Tr P and 7 i 


If in the last equation we make R = const. we will TA T- o ades m e. 
Hence when the radius of curvature of a MUTO. line te constant, the line is either 
plane or geodesic. 

Conversely, when @=0 we must have Baden since TH 0; that is, 
: when a Darboux line is geodesic its radius of curvature is constant. 
If we use the formula 


1 . dà 


geodesic torsio = =F = 


we find for the geodesic torsion of D 


1 1 d 
T, .tang Gon 





Then for @ £O, E can only be zero when R, is constant. But when qe 0 
i 


g 
the line D is a line of curvature; hence if a line of curvature be a Darboux line, 


the principal radius of curvature corresponding will be constant. Now in this 


Harpy: On Darboux Lines on Surfaces. — 285 


case one sheaf of the evolute of the surface reduces to a line and, as Monge 
proved, the surface may be determined as the envelope of a sphere of variable 
radius whose center describes an arbitrary skew curve. (Enneper, Gótt. Nach. 
l.c.) This same result can be obtained in a different way, as will be seen later. 
If both systems of lines of curvature be Darboux lines the surface will be a 
cyclide of Dupin; for M. Bonnet has demonstrated (Journal de l'Ecole. Poly- 
technique, XLII) that if a surface be such that along each line of curvature the 
principal radius corresponding to that line be constant, the surface is a cyclide 
of. Dupin. 
^ Ina note published in the Bulletin des TUM Mathématiques, 21, 1898, 

M. Demartres gives some formule concerning skew. curves which have interest- 
ing forms when applied to Darboux lines. The distance between the centers of 
the osculating spheres at the extremities of an arc SS’ of such a line is 

f R, dk, y 





Along a line of curvature we have 4 = 0, but (unless the Darboux line be plane) 
this requires that A, be constant, or that ô — 0, in case R constant. "That is, 
if a line of curvature be a Darboux line it is a m line or a line of constant 
curvature. 

Using the definitions of absolute and relative spherieal torsion given by M. 
Demartres, we may define Darboux lines as those lines whose absolute spueren 
torsion is equal to their relative spherical torsion. 

The formula just used for geodesic torsion leads to a neat form in the case 
of Darboux lines on an ellipsoid referred to its lines of curvature. Employing 


the values given later for sin o, cos o, ds? and [S “y, we get 


Lace. c = a constant — 


This puts into evidence the property óf lines of curvature made use of. 
The line joining the points P and M generates a ruled surface Z. The locus 
of thé centers of the osculating spheres of D is the edge of regression of the polar 
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surface, and its osculating plane, which is the normal plane of D, remains tan- 

gent to >. Therefore the locus of the centers of the osculating spheres of D is 

an asymptotic line on Z.: Then along any Darboux line the normals to the sur- 
face generate a ruled surface on which we know an asymptotic line. 


8. The general differential equation of Darboux lines, as given by M. Dar- 
boux, i8 | 


| | OF OF 
i de — — ao» ,.0F ? 
H Sde. d LE 
Ox 


where F= 0 is the equation of the surface on which the lines lie, and’ the sign 
Z indicates summation with regard to the three coordinates x, y, g. This equa- 
tion in the case of surfaces of the 2nd degree takes the form 


A RE 43 — , OF ee 
(2) | | x. dè = S| ded —— | ; E x= 8 constant. 
or, introducing elliptic coordinates, ^ — | 
(8) + (u — x) du? | (v — x) dv? a 
(a? — u) ( — w(c-—wu (a (a? — e)(D — v)(c — v) ` 
If we denote by R, the radius of curvature of a normal gection of an 


ellipsoid, and if the lines of curvature are taken as coordinate lines, R, will be 

given by | | : | 

| E»? 4 G & du 
(4) Ps = Dara Di i | ae 

Let the plane of the normal section considered be passed through the tangent to 

a Darboux line; calculate 2? from (3), and remember that (Darboux, Théorie 
Générale, II, 37 9) 


pe abo (u— v) | Sabi (uo) | 
| | SuN — f MAG) f (o) — f(u) fO) 
then | | | 
| NE 
5 ' À, = 
"M a i | abe’ 
where A, and À, are the principal radii of curvature at the point considered. 
We have here a result stated by Ennepér: The radius of curvature of the 
normal section of an ellipsoid having the same tangent as a Darboux line is 
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proportional to the 4th root of the product of the principal radii of curvature at 
the point considered. 

From this result follows another still more interesting. If we. calculate 
the distance from the origin to the tangent plane at any point of an ellipsoid, - 
we Hue hl 

003 _ VER, 
6 | E 
(6) | | | ^/ abe | 
Taking account of (b) and (6), and remembering that for Darboux lines the - 
radius of curvature of the normal section’ through the tangent is equal to the 
radius of the aaoun g sphere, we have | 





p=— x E : 
that is; the radius p of ie osculating ee 18 lived proportional to the dis- | 
'. tance from the center of the ellipsoid to the tangent plane. A better way of 
stating this same fact is: the product of the radius of the osculating sphere and the 
distance Jrom the origin to the tangent plane is constant. 

(7) — - pd = const. 

If the Darboux line be a polhodie, ô = constant, and hence -p == constant, The 
line is therefore spherical, and also (Théorie Générale, II, 381) each normal 


section tangent to the Darboux line at one of. ite points is superosculated at that 
point by a circle. 


For the paraboloids Hem E + ny =A —z= 0, we find the distance | 
ô to be | | 
i 3 - memen 


4 af ` 
| i+ art ra 
Equation (7) then takes the form " 
pô = constant . 2. 
4. Equation (2) has a very interesting oman signification, communi- 


. cated to me for the case of the ellipsoid by Mr. Pell, and which I believe is new. 
ic d the surface of the 2nd M considered be of the form 
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- (Ry i P +G) à EN 


then (2) gives 


which, since S i wo | = are ‘ba direction cosines of the tangent at (v, Y, z), | 
may be written I 

| cos? a 4. 608 cog? 
(8) ae? x = ES TM E S. 


. If we denote by d the sernidiameter’ whose direction cosines are cosa, cos D, 
cos y, the coordinates of its end points are.d.cosa, d.cos B, d.cosy; and, since 
these coordinates satisfy the equation of the surface, 


, 3 
(9) 2 | e [ese + 9B eoe E. 4. 908 de 








(8) and (9) combined give 
| d — constant. 


That ia, if at any point of a Darboux line of F= 0 a tangent be drawn, and if we 
construct the semidiameter parallel to this tangent, the length of this semidiameter ts 
constant along the considered Darboux line.. ; 


5. The different Darboux lines on surfaces of the 2nd degree are obtained by 
giving different values to the constant x which enters AE Suppose in this 


equation we make x — 0, then - i 
. udi vd? — 





‘where U= (a? — u)(b — w)(e — u) and V= (a?— ey? — v) (e — v). But we 
have . | zx. Eo 
a dime UY TL 


henge "" ds? = 0.. 


That is, when x = 0 the Darboux lines are lines of length zero on the surface. 
. If in (8), after extracting the square root, we put x = o, we find 


M d do 
co. VU VY 


^ grise: 
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which is the equation of the right lines on the surface. This may be verified as. 
follows : the equations of the right lines on a quadric are | 


i = i cos + sin ĝ, CEU iein g E cosg. 


From these ` 
: do? , dy? dé: 
ae to te =% 


a 


- which, on substituting for dæ, dy, dz their values in terms of du and dv, | 
becomes VT 


6. Consider now an ellipsoid with three. unequal axes a > 6 7» c, and let us 
determine for what values of x the Darboux lines will be real. The elliptic 
coordinates which enter our equations symmetrically may be distinguished by 


T 
d«uc P; P ee 


Under. these conditions ue negative and — is positive, and aan In | 


U 7 
order that the differential — — 


UT. i 





du 





of. the Darboux lines be real, we must have | i 
~ u—x<0; . Ed D 1 

That T: the constant x ind satisfy the inequalities 

(1 1) f , | C x <a’. 


That the lines of Bn zero and the right lines on an ellipsoid are imaginary 
would appear from (11) if it were not otherwise obvious. 
According as the constant x has different values the following cases may 


1. P x, 
2. PL x< , 
x = a’, or b’, or œ. 


: 98 
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Now if o be the angle made by the tangent to the considered Darboux line: and 
the axis of æ of a trihedron constructed as in m we have : 


G de. 


snocd is 2;! 


du 
coso =N E —— d 
determining La from (3), we find 


_ 0 U(u—x) 
(12) | tan o= uw VG. 


CASE (1). x has a u-value x = t, which, substituted in (12), gives 
s tang 0, o=0. | 


That is, the Dixbous line x = u is perpendicular to the lias of curvature uox. 


Case (2). When x has a v-value x = v, equation (12) gives - 
tan oco 122290 | | 
That i is, the ES fida x = v is perpendicular to the line of curvature 9 — x. | 
Case (3) To fix the ideas, iake x =b. The differential equation of the 
Darboux lines becomes ; 
| (a — và — v) dut = (d ciii esca 
- which is the differential equation of the real circular sections on the éliivesid 


For x? = a? or © we get the other two systems of circular sections, imaginary of 
course. (Darboux, C. R., 1871.) 


. In the differential equation of the Darboux lines if we consider u and v 
as- the coordinates of a given point M of the curve, the equation for a given value 
of x determines the direction of the curve at M. Conversely, if the direction be 
given, the equation determines the value of the parameter x. Write 

Ba : 7 
de = Bo v = __ vd” _u gp se; 
than, sole $ the inclination ot the Darboux line to the curve v = constant, 
we have 











—— 


| |. . = fu 
(13) . | wn qe eee Pm 
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From the equation of the Darboux lines , 
| mE QO fax 
(14) HN ba 


Combining (13) and (14), we find 








the un, pes _ E) 


- Suppose.that for the circular sections we write =à, then since x = 0, - 





. vtan?A _ 
R? — u, 
and: | ; * 
| ~ — v [tan — tan* A] 
(15) i x = tani — K : 


> 


When $ = 0 or 90°, x = w or v, as should be. Formula (15) enables us to cal- 
culate x for any given point and any given direction. 


. 8. The results of $2 can be arrived at in the following manner: If the 
coordinates c, y, z of the surface on which the Darboux lines lie be given in 
terms of two parameters u and v, equation (1) takes a very long form, but one 
‘which simplifies when the u and v are taken as the parameters of the lines of 
curvature on the surface. In this latter case we have 


zo S[E—gD]dud'u t+ 3[G — D'g] dodo — 
aD D 0E7 ;,0E 
Pt ESI Qu fm 


[5 Co 35-12] —Á: 


ae — + fe 
| + {o[2 = E r4 -2 48 }aæ 
“i Rar $1— EE a 
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the symmetry of which is remarkable. If the lines v = const. satisfy (16), we 
must have | a 


oD D 2E a 
. Ou E Qu mu" 


| where p. is one of-the eid radii of curvature at the point considered. Then 


A=h (v). 
| Similarly, when the lines u = const. satisfy (18) we have 
| Ps = Ja (8). 


Reasoning just as in $2, we find again the result there obtained. . Most of the 
results obtained by Darboux and Enneper follow immediately when the equa- 
tion of the Darboux lines is expressed in terms of u, v coordinates. 

BALTIMORE, March 18, 1898. 


Sur l’intégration hydraulique des is 
différentielles. 


Par M. MIHEL PETROVITOE. à Belgrade (Serbie). 


1. Tous les intégraphes et les appareils pour lintégration graphique des 
équations différentielles, proposés jusqu’ aujourd'hui, sont fondé sur lemploi de 
certains principes cinematiques, p. ex. sur les propriétés des roulettes. On en 
trouvera la liste et la description dans le Catalog mathematischer ünd. mathe- 
matisch-physikalischer Modelle, Apparate und Instrumente, von Walther "e 
. München 1892-1893. 

Je me propose de montrer ici briévement comment de telles intégrations 
peuvent se faire à l'aide des principes d'une nature tout-à-fait autre, facile à 
"réaliser pratiquement, conduisant à des appareils très simples et pouvant intégrer | 
des types assez généraux d'équations différentielles du premier ordre. 

Supposons que l'on fasse immerger un corps solide M (Fig. 1) plus ou moins : 





profondément dans le ide usum dans un vase B. Le niveau du liquide 
montera ou s’abaissera d’aprés une certaine loi. dépendant de la forme du corps 
M et du vase B et ces formes une fois fixées, la variation de la hauteur du 
, niveau y, comptée à partir d'un plan horizontal fixe, p. ex. à partir de la face 
inférieure du vase B ne dépendra que de la distance « entre l'extrémité e de la 
tige ef et la face inférieure du vase B. | 

39 


„~“ 
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Désignons par #.la distance entre le niveau du liquide et le plan PQ et 
. soient @ (y) et F (z) les aires des ‘sections horizontales du vase B à la hauteur y 
au-dessus de sa face inférieure et du corps M à la hauteur z comptée à partir du 
plan PQ. Les fonctions et F dépendent de la forme du vase B et du corps 
M et ces formes une fois fixées, ces fonctions seront bien détérminées. 

On obtiendra la relation entre x et y de la manière suivante. 

En faisant immerger le corps M de sorte que x se change en z— dx et y en 

y + dy, le. volume du liquide qui s'est élevé au-dessus du niveau y sera 


| [® (y) — FO dy. 
Ce volume est égal au volume du liquide déplacé par le corps M quand | 


_. celui-ci sera immergé de dz, c'est-à-dire à 


On en tire l'équation | | 
7 [P(y—FGldy-FQb ~~ a) 
et comme l’on a à chaque instant | TE 
ME Zo y. .  * (2) 
on aura l'équation | mE | 
© (y) Ges Fe). 8) 


- C'est l'équation différentielle du probléme. En l’intégrant on aura la rela- 
tion entre les variables x et y. Le rôle de la constante d'intégration joue la - 
hauteur initiale du niveau. 

Sur ce principe simple on peut fonder une méthode d'intégration graphique 
des certains types d'équations différentielles du premier ordre. ' On conçoit aussi | 
la possibilité de construire plusieurs éspàces de nouveaux intégraphes de construc- 
tions simples, où des appareils pour le tracé continu des diverses courbes algé- 
briques ou transcendantes. 

Remarquons que dans la pratique il est le diss commode de donner au vase 
B et au corps M des formes cylindriques (Figs. 2 et 3) ayant deux faces planes 


ee 





$9.1. | $5.9. 


et paralléles au plan de la figure, deux autres faces courbes, cylindriques et per- 
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pendiculaires & ce plan, et la face inférieure plane et horizontale, On aura alors 
| . Bly) = ap (y); | P 2 Er (4) 
|. (s) = B0 (2) MAP | 

où a et 8 désignent les distances des faces parallèles du vase B et du corps M; 

@ (y) et 0 (z) désignent leurs largeurs aux hauteurs respectives y et z. 
On peut ainsi réaliser de telles formes des fonctions $ et 0 que l'on voudra ; 
sur une plaque p. ex. métalique on tracera les courbes correspondantes, scant 
comme ordonnées horizontales respectives ẹ (y) et 0 (2), à l'aide desquelles on 


formera facilement le vase B et le corps M. B 
L'équation différentielle deviendra .  . ELM | 


PLE CE 


On peut faire varier la distance x de diverses maniéres, dont je n'indiquerai 
ici que les plus simples. 


2. Imaginons p. ex. un cylindre vertical Æ (Fig. 4), tournant autour son axe . 





et une poulie D tournant autour de son axe horizontal, perpendiculaire au plan 
de figure. Supposons le cylindre et la poulie liés par un fil de manière que si 
l'extrémité g du fil se meut du haut en bas, le cylindre tourne dans le sens 
indiqué par la flêche, les chemins ] parcourrus pu g et un PRU quelconque de 
l'énveloppe du cylindre étant égaux. 

A l'extrémité g est fixé le corps solide M. A l'extrémité s d'une autre tige 
re, ne pouvant aussi que glisser verticalement, se trouve fixé un flotteur qui fera 
. monter ou descendre la tige à mésure que le niveau du liquide dans le vase B 
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monte ou descend. Enfin, à l'extrémité r de la même tige fixons un crayon Lo 
va tracer la courbe intégrale sur l'enveloppe du cylindre. 

En faisant immerger le corps M plus ou moins profondément dans le liquide 
contenu dans le vase B, le niveau montera ou s'abaissera d'une manière continue 
et le crayon r tracera sur le quo la courbe intégrale de l'équation 


LUE WY. = gos —y), 


où x et y pron l'abscisse et ani d'un point quelconque de cette mure 
La courbe ainsi obtenue sera l'intégrale particulière de cette équation prenant 
pour z = À la valeur y = k, het k désignant les valeurs initiales de x et de la 
hauteur de niveau au-dessus du plan RS. — | . 
L'appareil servira donc pour l'intégration graphique des one différen- 
tielles de la forme ` 


d | | 
r^ L =/ 99 G—»; m (6) 
on donnera pour cela au vase B une forme telle qu’ on ait 


dE 


et au corps solide M une forme telle qu'on ait 
| 1 
0 (2) = B 4 (2), 


où a et 8 désignent les largeurs respectives de B et de M. - 


Si les rayons de la poulie D et du cylindre # n'étaient pas égaux, l'appareil 
servirait à l'intégration graphique des équations de la forme - 


ON — 0 


.Envisageons deux cas particulièrement simples qui peuvent se présenter. — 
1°. Si le corps M est prismatique, de sorte qu'on ait 
0 (z) = const. = f, 


o= Bad ? O4 


et l'appareil servirait comme intégraphe pour la courbe @ intersection du vase B 
avec le plan de PER 


on aurait . 


| d'où 
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2°. Si le vase B est prismatique de sorte qu on ait 


$ (y) = const. = a’, . 
l'appareil construira les courbes intégrales des équations de la forme 
dy. 1, u 
En y posant Beg esty 
D devient ce TETON 


p. @) | 
et l'appareil servira aussi dans ce cas comme intégraphe. Mais comme le crayon 


r décrit la courbe (x, y), cette courbe une fois construite, pour avoir z, corres- 
ponsant à une valeur donnée de x, on FAR y de a. 


3. Au lieu de Ia disposition du ie précédent, imaginons deux — 
dres verticaux D et Æ de même diamétre, liés entre eux de manière (Fig. 5) que 





si le cylindre Æ se meut autour de son axe, le cylindre D le fait aussi. Fixons 
le corps solide M à l'extrémité f de la tige ef ne pouvant se déplacer que verti- 
calement et ayant à son extrémité supérieure un clou métalique, qui touche à 
chaque instant l'enveloppe du cylindre D. A l'extrémité s d'une autre tige rs 
ne pouvant également se mouvoir que verticalement, fixons un flotteur qui fera 
monter ou descendre la tige à mésure que le niveau du liquide dans le vase B 
monte ou descend. Enfin, à l'extrémité r de la même tige fixons u un Crayon qui 
‘va tracer la courbe intégrale sur l'enveloppe du cylindre. " 
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Supposons que sur le cylindre D soit enroulé un papier, sur lequel est face 


la courbe ` 
ñ =f (E); 


l'abscisse £ étant comptée le long de la périphérie de la base du cylindre’ e et 

l'ordonnée y le long des génératrices, à partir du plan fixe de la base du vase B. 
En faisant tourner les cylindres p. ex. à l'aide d'une manivelle et assujottis- 

sant l'extrémité e de la tige ef à se trouver à chaque instant sur la courbe 


n =f (E) 


| (par exemple en la guidant par la main, à mésure que la cylindre Oo on : 
aura à oe instant | T 
| —À 


et la hauteur du niveau, considérée comme fonction de £, sera donnée par l'inté- 
gration de l'équation différentielle | 


9) 3 — e O-O, 7 0 (g) 


où l'intégrale pour £ = valeur initiale de l’abscisse, p. ex. ee 0, doit avoir la 
. valeur y = valeur initiale & de la hauteur du niveau, qui joue le rôle de la con- 
. stante d'intégration. Cette oda donc tracée sur l'enveloppe du cylindre 
E par le crayon T. > NN | 
Si p. ex. le corps Af est xm de sorte qu 'on ait | 

: 0 (z) = const. =a, 


<. la courbe décrite par le crayon r sera l'intégrale de opua 
d 
ap (y) Z —agr' (6, 


d'oà B _ 3 S Dg re] - foi 


En donnant'au vase B et à la courbe n = f (£) des formes convenables, 
l'appareil pourra servir à éffectuer le tracé continu de la courbe s 


y=® CFE), 


où Ẹ est une fonction donnée à l'avance, lorsque la courbe n= f (B est con- 
struite etc. i 

Il est facile à voir T em peut servir de diverses maniéres comme 
intégraphe. MEE 


~ 
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. 4. Concevons le méme appareil que celui décrit dans le paragraphe précé- 
dent, mais avec les modifications suivantes: 

1°, Les cylindres D et # tournent par action d'un mécanisme d'horlogerie, 
autour de leurs axes verticaux avec une vitesse uniforme, de maniére qu'un point 
des leurs enveloppes respectives parcoure l'unité de longueur pendant l'unité de 
temps. 

_ 9°. Le liquide contenu dans le vase B s'écoule continuellement à travers un 
orifice pratiqué sur la face inférieure du vase B, dont on peut régler la largeur à 
volonté. | 

Le crayon r décrira alors sur l'enveloppe du cylindre E certaine courbe, ' 
dont on aura l'équation différentielle de la maniére suivante. Si dans l'intervale 
. de temps dé on fait immerger le corps M de sorte que x se change en x — dx et 
y en y + dy, la quantité du liquide qui s'est élevée au-dessus du niveau y sera 


| | [ap (y) — 60 (2)] dy 
et cette quantité est égale à la différence de la quantité du liquide déplacé par le 


corps M quand, celui-ci sera immergé de dz et celle qui s’est ecoulée par l'orifice 
~ pendant le temps d£, c'est-à-dire à la différence 


B6 (2) da — A y dt, 
ou A= uN 9g 


(u étant le coefficient de contraction du liquide, Q l'aire de Vorifice O et g la 
constante de gravitation). On en tire l'équation différentielle 


[a (y) — 80 (2)] dy = B0 (2) ds — aw dt: 
et comme l'on a à chaque instant 
gay = f(O—y; 
l'équation différentielle du p" gera | 


oo (y) LE + any — af (D = 0. 


L'intégrale de cette équation, qui pour i—0 prend la valeur y = h, égale à 
la valeur initiale de la hauteur du niveau, représente la loi de variation de cette 
hauteur avec le temps. Le crayon v tracera la courbe intégrale sur l'enveloppe 
du cylindre Æ. | 
On a ainsi l'intégration graphique de équations différentielles de la forme 


2y det PW) =H) PO) 
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(où F, D, Y sont des fonctions positives dans l’intervale considéré des yero) 
et de celles qui s’en déduisent par les changements de la forme: 


t= P(E), y-9(u; 
il n'y a pour cela qu'à choisir convenablement les fonctions $(y), 6 (e) et 
f(t), c'est-à-dire la forme du vase B, du corps M et de la courbe HEN sur le 


cylindre D.. 
En donnant p. ex. au vase B une brie telle qu'on ait — 


| a (y) E iy 
et au corps M une forme telle qu'on ait 
| B0 (2) (z) — — const. — 4 


et en R gur le cylindre D la courbe correspondant à 
f() a f x (à 


la courbe (y, t) tracée par le crayon r sur le cylindre Æ, sera à telle qu’à chaque 
instant la valeur Wy(t) est égale à la valeur ptm de l'intégrale u(t) 
de l'équation de Riccati 


= X () — Aw 


qui pour ¿= 0 prend la valeur VA, A étant la hauteur initiale du niveau. 


Des principes analogues B 'éiliquent à bien d'autres ‘nek d'équations. On - 
aurait des types nouveaux d'équations intégrables graphiquement en faisant 
p. ex. varier l'aire de l'ouverture O suivant les lois données, ce qui est facile à - 
faire à l'aide d'un troisième cylindre à l'axe horizontal, sur lequel serait tracée la. 
courbe correspondant à la loi donnée. 


- On the Hyperelliptic Sigma Functions. 


By H. F. Baxzs, St. John's College, Cambridge. 


INTRODUCTION. 


Tt is known of what mone for the development ( of the ony of SES 
. functions is the equation | | 


o (u + v)oc(u—v) | d 0? 
SNO “de ' logou ds 108 Ov. 


It becomes therefore a matter of interest menn: whether an analogous equa- 
tion holds for higher cases. Denoting a theta function with half-integer charac- 
teristic A by 3 (u; A), and a theta function whose characteristic is the sum of 
the half-integer characteristics A, B, by (u; AB), it is known that there exist, 
in the general case of Abelian functions, k p(p + 1) equations of the form 


J AUR SEA A) -X65 CUIRE (u c 





. wherein À is an arbitrary characteristic, P, is one of a group of 2% characteristics 
over which the summation on the right side is to extend, O, is a constant, and 
t4, t; are any two of the p arguments th, ...., Up (Frobenius, Crelle LXXXIX, © 
1880). These equations furnish £p(p-F 1) conditions for the expression of 
the 2—1 quotients S*(u; AP,)/5 (u; A) in terms of functions of the form 
o’ 

Qu, Ou; 
expect, by means of the addition equation of the theta functions, to be able to 
obtain poi function 3 (u4-v ; A)9 (u —v; A)/3* (u; A) 3* (v; À) in terms of func- 





log S (u; A). If these equations were capable of solution, we might 





à; tions 


5s Bu 


log 3 s A). Except in ease p= 2, in which 4 p (p+1)= 3 = 7—1, 
40 à À 
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it is not however obvious* that the equations are capable of solution. It is there- 
fore of interest, and it is the final (though not the only) purpose of this paper 
to prove, that in the hyperelliptic case, for any value of p, the required expression 
can be effected. To be more precise, it is shown below, that if Q; be any one nor a 
. certain group of 2 characteristics, then, in the hyperelliptic case 


S(u + vj Qi) (u—v; Q) 
(5 Ql; €) 


ean be expressed, as an integral polynomial i in the p (p + 1) functions 


d | o | 
Ou, Ou, log > (v; Qi)» Ov, Ov; log à (v; Qi). 


I have desired to arrive at this result, starting only from the general results 
associated. with Riemann’s theory of- Abelian functions, and without assuming 
properties for which, though in some cases their general character is alreády 
well known, I was not able to give a precise reference to the existing literature. 
In some cases, to save space, I have ventured to give references to my recent | 
book on Abelian functions; these references are printed thus, [B. 25]. An 

analysis of the steps of the argument which leads to the final result, is prefixed 
to the development. ‘The formule in Nos. VII and VIII of this analysis would 
also appear to be of importance in the theory of the hyperelliptic theta functions. 


f 


ANALYSIS. 
I.— Of the method of the paper. 
We guppose the fundamental algebraical equation to be 
: y —4P() Q(@), 
wherein Q (x) = (x—e)x—26)....(z—ec(x—co) 
P (z) — (s —e)(a — a). (0 — 4), v 
that is, we suppose one of the branch places to be at infinity. We suppose the 


cross lines of the Riemann surface, by which we pass from one sheet to the 
other, to be ca, Cag, ...., Cpap, ca, where a denotes the branch place at 


* Apart from the general theorems announced by Weierstrass, Crelle, LXXXIX, 1880, p. 7, from 
which such a result was to be expected. 
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. infinity, and we call ci, a), @, ds, see + Cp, Up, C, Q, the ascending order of the 
branch places; we do not however suppose the quantities c, a,, etc., to be real 
. The dissection of the surface, whereby it is changed into the 2: connected 
surface on which the Abelian integrals are single valued, is taken to be that 
denoted by the annexed diagram. Other methods of dissection are discussed 
below; from the discussion the reasons for the adoption of this method will 
appear. 2 


(&) 


EAE TP NE 
ane n m Inn ud. PTUS 
E >r 
ane 
* 
PO 
w^ 
^ 
" 
r 
«a 
»* 


(b) 


. (a) 





(em) 


[The period of any Abelian integral at a period loop is the constant by , 
which the value of the integral on the side of the loop which is ón the left when 
the loop is described in the direction of the arrow-head exceeds the value of the 
integral on the other side. The loops themselves are called by the letters 
(5), (a4), - --. here placed in brackets. The loops (a), (a5), - .. . are.called the 
first, second, .... period loops of the first kind, the loops (b), (55), . 
called the first, second, .... period loops of the ene kind. In the a 
| p — 3 pairs of loops are not shown.] - | 

The finite branch places, taken in the ascending order, are frequently 
denoted, respectively, by bis 55, D bgu « by, 5,, Va, In some cases, how- 
ever, where no misunderstanding can arise a batch of & finite branch places, 
taken in the ascending order but not necessarily beginning with the branch 
place ¢,, is denoted by bj, 6,,...., dy. | . 
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It is known. T any one of the 2” theta functions arising from the funda- 
mental algebraic equation JE. 
= (e, Dea (2) 


is associated with a decomposition of the integral polynomial f(x) into two 
factors, in the form ENG 


fosg i pem 


in what follows we are primarily; though not exclusively, concerned with those 
. 2 functions which arise for all decompositions in which 4/2 *!*** has a i 
factor of order p + 1, namely, the factor which we have denoted by Q(x). . 
below, No. VII of the As di 


. Il.— Of two signs ds on the EM of .the Aena surface. 


^o-— TN: EX E "TENE" 
n (Dei (Ee. ema De (Eon) 
be two characteristics of half-integers, we use (after Frobenius) the abbreviations 
19. K| =Š qt) (E)- c2 


Further, b T Á any one of the 2p +1 finite branch places, and 20, ,, 20! 
denoting the periods of an integral of the first kind, w4, at the i-th period loops 
` respectively of the first and second kind, if . 


a ee + Boss E eee. + Bs Or, p; 


(so. that, a8 is known, ĝi, .... , Bj are integers), we put 


aea (5) 


. In regard then to the 2p +1 halfinteger characteristics, B, thus arising, it ` 


is important to consider the values of the two quantities | 


Sa, E. C 


wherein B,, B, are any two of the 2p +1 characteristics in question. The origin - 
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d 


of these two quantities will be seen in the two following Nos. II, IV respec- | 
tively. These signs may be replaced by the single one 


V (E)o eios 


but this i8 practically not very convenient. 


III.— On the fundamental radical functions. 


` On the p-ply connected dissected Riemann gurface upon which the Abelian 


- "integrals are single valued, there exist 2p + 1 single valued functions, of which . 


the squares are the 2p + 1 functions x — 5, b denoting any one of the finite 
branch places.. Supposing the values of y to be beforehand allocated to the 
places of the Riemann surface, they shall be defined by the facts, (i) that at. 
infinity the ratio of any two of them is unity, (ii) that their product is equal 
to 4y. We denote them by the symbols A/z — 5b. We are then able to define 
the symbols 4/5, — 6, as the value of ^/z — b at the place b. With this defini- 
tion we are able.to prove the equation 


| Jb, B, = Vb, — b, n Be BI, 
which holds for any method of dissection of the Riemann surface. 


IV.—Of the expression of a certain theta-quotient. 


If uf 2, ese., ut be a system of linearly independent integrals of. the first 
kind, and, as usual, dj, s.s., Qy being the branch places before described, 


Uy SU tee um t | "pex Bana gp) 


og (ul B, Bj) sm 
(u| B) 3° (u| B, 


then the theta quotient 


is equal to BN < Sue xd 
| | (z \&— b) ie bx, — b;) F(x,) | 
where F (x) = (w—m)(@ — a) -e (2 — uy). 


(C£, for instance, Bolza, American: Journal, XVII. (1895), where, however the 
sign of the right side is not made precise.) 
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V.— Of the dissection of the Riemann surface. 
. It is possible to take the period loops, on the Riemann surface, so that, 
when i > j, the value of each of the quantities | 2,, B,|, e 3 shall be indepen- 


- dent of i and j. This is manifestly a convenience. These iwo quantities are 
however independent; it is possible to choose dissections in which their values 


form any one of the four combinations (+ I, +1), (—1, m (+ 1, -— 
(—1, 4-1). We adopt as our standard method of dissection one in which when 
>J, l ' C 
` | B,, B,| = — | B,, B;| = +.1, | 


di Sth. 


Then we have, when 4 PE 


$*(u|B,B)S*(u) _ | y. 
Lus .b r 
ÉCOLE A EC à 2 (5 — Y — 8) P) 
VI.— Resulting preliminary formule. Introduction of sigma-functions. 
| | ; - " ` | : 
Let | ue ü n S x : da 


and let the value, when the arguments Uj, osa o, Uy aire zero, of the expression. 
1. 1 RE: aa a: | 
SO raya ou, $e Gy to Fe )S (14), 
wherein A, is the half-integer characteristic associated with the half- -period w^ *, 


be ‘denoted by à,; herein, as always in what. follows, if! (a,)/4 is MAEN to 
denote 





t/a, — e, / a, — Ba Va a. e Mao. 


the symbols Va,—c,, etc., being as in No. III; then, for a proper determination 
of the sign of the denominator; we have 


"Wl "/ P! (a,) ja. wit-IP Pm 


GP (a) WE DEF ray" 
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M 


where 4 P' Pa) denotes 
| | | M d, — a, Va — Oy, Ay « sei A d, — Oy d, ; 
the symbols Wa, — a, etc., being.as in No. III, and V4 (HIP (a) denotes 
dE Oye ens NO, — Qu Wy uq. e. ++ aya, 
Further we have | 


Š (ul A, P19 RG) a ; = 1y—A VFG) 


3 (u) =e Wa)» ICM | A P'(a,)' 
where | | 

"————— —Gá 

^/ F (a) = Nam... VO, — Bip j | E 


we have previously (No. III) defined the sense in which the symbols Ve — 5b. 
are used ; it is convenient also, as here, to introduce symbols denoted by Wb — <; 


we define then the symbol Vb— w, wherein b is any one of the 2p + 1 finite 
branch places, by the equation 


Mab iba. 


Such formule as these have of : course been given before (e. g. Königsberger, 
Crelle, LXIV (1865), for the case when the branch values c, d}, Cpr...» are 
real); but, I think, without the precise determination of the signs of the square 
roots involved which is necessary for the deductions to be drawn in this paper. | 

Further, B,, B,, denoting as before the characteristics associated with the 
half-periods uw? u**, and B,B, denoting the sum of these characteristics, 
without reduction, we put | | 


> ol BBS) ERES | 
(u|.B,) à (u|.B 6, V aD ees ce] 


where 5, ~ b, is written, instead of b, — b,, to denote that in the ascending order 
of the branch places, b, has a higher place than 6,, and «,, is a square root of 
unity, in fact defined by this equation, which we do not determine. 
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Then we find, if A = 8, Vb, ~b, a notation which will be Tue 
employed, that ; 


3 (u| B,B,B) 3 (v) | | 
X (u| B,) (u| B.) DE MS —_—= aya 


It is to be noticed that £, , = Cp, r, etc., as follows from the deii | 
We now suppose 5,, b,, b, to be chosen from the branch places Gy, - es dy] 
and we introduce the definitions TEE | 
o, (u)=" 23(u|4)/8 (0), 
o, ,(u) = — coL (u| A,4,)/3 (0), 


6, a (u) = + Lt. 3 (u| 4.4,4)/3 (0), 


wherein À, is the characteristic associated with the half-period w^, and A,A, 
denotes the sum of the characteristics A,, A,, without reduction, etc. Then, 
bearing in mind that the argument u, is given by 


3 1 g^ ld | »» a . 
na: 7 EREN 7 =. (bs 123x343) 


we find that the first terms in the expansion of c, (u) in a series of integral posi-. 
tive powers of 1,...., Up are the linear terms which may symbolically be 
denoted by | | x 








PEL, EE E T E ru, 
e a EE E 4, as say, 


provided we replace the powers of the symbolical guile £ according to the 
definitions 


ig 


| ET = th, P= wy; = 1, 2, .... e 
that is, the linear terms are | 007 ERO ox 


Uy F At TE iT + Ap 


Similarly the first, terms in the expansion of oc, (QU are linear terms given, 
symbolically, by 


P 


(E =e a;) , = p + £?-*B, + E+B +. LB —33 gay, 
ee ee eee ed B p—5341; 
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and the first terms in the expansion of 9, , ,(u) are quadratic terms given sym- 
bolically by 

$e (E) e ENE — EF, 
i Par PH a 
POSE Ea) 
and, after the division has been carried out, we are to replace the equivalent 
symbols £, & according to the laws ` | us 

| EST u= pT, put. (= 1, De) 

The function c, (u) is one of p functions; the function 0, a (u) is one 
of $ p (p —1) functions; the function o, s « (u) is similarly one of $ p ( p—1)(p—2) 
functions. | | | | 

These expansions show that the functions agree with the hyperelliptic sigma - 


funetions.considered by Klein. Cf. Burkhardt, Math. Annal, -XXXII (1888), 
p. 442. | T | | | 


where 


VIL— New expression of theta functions of three or more suffixes in terms of 
Junctions of one or two. suffixes. ` | 


Let bi, bg, «+++, b, 1 be any finite branch places, taken in any order ; let 


r (0) = ES), 


T, 8 


the notation being as before, and put | | 
Vis... = Sr, 01, 8 Ša, 361 TOPIC PPPP 12S, keese CET 
let the suffixes 1, 2,. T 2n be divided into two sets 7,,....,7, and &, ... T 
and put l | | 
D, = (b, —5,) e e o e (b —5,)(b, — 5.) .... (b, —5,,) .... (b. — bn), 
E, = (ba, —b5).... (b, — 5, (b, — Daa) «+++ (b, — 5)... «(bu — ba); 


then, if 34... , (u) denote à (u|.B1B, . .. ..B,), where B, . .. . B, denotes the sum, 
without reduction, of the halfinteger characteristics associated with the half. 
periods u^ ^, ...., u^ ^. we have the theorem | | 


d" 1 (u) Ss oon 95 (wu) — Dr, $81? Pr., Br * ee ey $.. a, V18.... 25 
| Èra, 8,? $r, Bre eS 45 Dr, Sa D,E, x 


Dr, a Pres Bar or Prin . 
A a 
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b . 


Further, if the suffixes 1, 2, ; 9n +1 be divided into two sets Tir EA r, . 
and 5$,...., 8, 4, and D, be defined a8 before, but j 


Bag By (s — ba, s — Bags) + eee 0 bad 
then we have the theorem : | 


Sn (u) S sn +1 (4) = d, : de ae se.) Sa (| Vis... 2p 
| Pr, Hn? Pr. 7° 9 © 84 Pr. 8,1 DE, 4: 


à... 8, ! Prost * peony Dr. Baa | 


‘In these equations à, is written for S (u| B,), and >,,, for ¢,,. (u).. 
We now suppose the branch places 6,,.... , 2,41 to be chosen from among 


the places 44, ... ., 4,; and we put 
m 3 (u 
o (u) = 


Oia... pn (%8) cay — SUE SCL ree) 


12. 
Os ani (9) = a eii Su A. pie 


wherein A, iio m" denotes the sum of the characteristics associated with the 
half-periods u^*,...., U” uu and 2n + 1 is supposed not greater than p, 80 
that we define, hereby, 2? sigma functions. Then we find 


| 09 7D (u). 0:3 ,... 34 (u) = in (aus Orie. (u) 1- 





| Ons (5). sis eu): 


and g" (u) O15 .... 1) (u) — Or, vd (u) r.. D Opi, DRE (wu). 1 . 
“ we * v.n ep vawawa eek d a 


Orm 8 (u), co. Oy, "AOI 
O, (U) ,....,0,.,,(u) 





These expressions bring into evidence the fact that oy....,(u) vanishes to order 
Pk, or & (E -- 1), when the arguments w,...., w are zero, according as # is 


~ 


- 


Baker: On the Hyperelliptic Sigma Functions. . 311 


even or odd; and — show that.the first terms in the expansion Of OG... on (u) 
in powers of dass de. are those given symbolically by 


X (E) vee (E) A «s Es 


where $E) = P(EJ(E—2)....(£—a), A (Ei, <+ e - E) denotes the product . 
of the squares of the differences of £j, ...., Én, and, after the divisions have: 
been carried out, we are to replace the powers of the Bassus gymbols 
ee rere A according to the law expressed by 


a Se — ; T1, 2,: n) 
c. = Us, EU Á ere tad 


Similarly, with 9 (£) — P(E)/(Ë—@) .... (E — aus), the first term in the 
expansion of Si mi (u) is given by RUE P | | 


tno) PTE CS s Ent). 


Cf. Burkhardt, Math. Annal, XXXII (1888), p. 442. The function 64, ..., s (U) 
has the ‘ algebraical characteristic’ given by ` | | 


p ux fu P (a) : 
diit ud 0) gay eT 


gemi a) ee (eau) n 
and the function 9055 .... e 4. (w) the algebraical characteristic given by 
| P (x) 
(&—a)....(—0m41). | 
jg +1438 = (e— a) eise n (E — am yi): 


pri 


E VII —New. expression for the square. of a theta function of three or more suffixes 
in terms of the squares of functions of one and two suffixes. | 


It is known that the skew symmetrical determinant of 2n rows and 
columns, of which the (i, /)*^ element a; ; is such that a, ; = — 4j, 4, Gi O, 18 
the square of a rational polynomial of degree n in the elements of the determi- 
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. nant; this polynomial—ealled by Cayley a Pfaffian—we Gains eh (123 -,. . 2n); 
it may be defined by the equation 


[12.9 2n) = as (34 . e IN) —ag(846.... 2n) —— x 
+ ay (236 EET in) — e008 + d, on (23 eer 2n — 1), 


where n — 2, 8, 4,. 


With this ion we have the theorem ess by the two following H 


equations 
anon tu). 9. [yes (19 552922); | 
S3 (u). y... an n (4) = (012... . 2n +1), 
where, if b,...., ne be. any finite branch places, and B,B,.... B, denote - 
the sum xm Pr of -the GhAneree MENEE associated with the half- 
periods y^^, s.e., ue, - | | | 4 
| | ey sa (U) = 3 (u| B,B,... B,), 
as before, and . | | 
= ay=% (u) when i<j, ay —S33(u) when i >, 
acm Su), ay, = — Su). | 


. These equations enable us to express the quotient 35... ,(u)/3  (u), in 

. which £72, as a rational integral polynomial in the 4p(p + D Rene 
St(u)/S (a), I (u)/ (u). | 
| In the applications which are here to be made of these expressions the 
‘branch places. b e.e e; Dg. L1 Will be chosen from: among a esae; Aps 


0 
i 


"4 


x= Bie an addition equation for the hyperelliphe theta functions and the 
resulting proof of the expressions of the quotients 3? (u| 4)/ (u), 
X (u|.A,A)/3* (u) by means of functions p, (u). 


Let A, denote the halfinteger characteristic associated with the half-period 
w^ *. and let Q denote any one of the group of 2? characteristics formed by the 
addition of 0, 1, 2,...., p of the characteristics A,,...., £p. Further, let 


pa (W) = — a on log S (0). 
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Then we have the addition equation (given by Kônigsberger, Crelle, ix) 
s (0) à (u + )3—)-X» (u| v) 3 (v| Q). 


Now suppose that in this a for small values of the arguments v, both 
sides are expanded in powers of these arguments, and the coefficients of the 
quadratic powers of these arguments on the two sides of the equation are equated 
to one another. As follows from No. VII, the only terms on the right side 
wherein the lowest powers of the arguments v are not of higher degree than the - 
second are those involving functions of one and two ne The left side is 
equal to 


s? (0) 3? (u) n- es Py (a) +. a] 


Hence we obtain 4 p(p +1) M PT the &p(p + 1) .quotients 
3? (u | 4)/3? (4), 3? (u | 4/4) [à (u) are — linearly by the functions 
Py (u). 

Utilizing the ions of No. VI to solve these equations we find, if 


| EDS Saas 
that | 
2 p- o | | 
964). "EN Se, C Pp, « (u)] E sd 


CE ET Is inna 


M, & mel f=] 





| where; with the meaning explained i in No. VI, 


M= iTe (PN Bere) 
and a, ~ a, is written instead of a, — a, to indiçate haba in the ascénding order : 


of the branch places Qj,» ee e, dg, d, has a — place than a,, or in other 
words, that r — s. E " 

Results of this form have been given before. See, for instance, Wiltheiss, 
Math. Annal, XXXI (1888), p. 417, and Bolza, American Journal, XVII (1895), 
and the references to Brioschi and others there given. 
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In these equations, and in the previous Nos. of this -Analysis, the function 

3 (u) is that given by | 
; eM 
me eL | 

where vi, ,.. . , v, are Eom 8 normal integrals of the first kind, the paride 
of v, being P | | 
| 0,....,0,1,0, D D ee ee ee 
vn denotes vn i. + ud vr? denotes ZErynn, (1,j—=1,....,p), aw 
denotes ZZ£ayuu,, (i, Jel serene OT wherein dg = a, and à the ip (p +1) 
quantities a, ; are thosé occurring in the equation - 


DITES uf? = an a wet Tea, 


where IL: * is Riemann’s normal elementary integral of the third kind, and 


F(x, g) is any symmetrical integral polynomial | in $, e, of degree p + 1 in. each, 
which satisfies the equations 


| F(z, 2) = 2f (2), ES F(z, | = = = f (2): 
The coefficients c; , are determinable by the fact that 
Y yw nu, = + LP Eg (Es) +26) oy — (Er E) 
q=] J=] 
whére the meaning is that after the division on the righthand 1 has La carried 
| out (as is always possible), we are to put po 
| ieu esr deu. (* — 1, D oves D) 


' In particular we may take each of oy to be zero. 


X.—A. Anneni orem. 


If Q be used, precisely as in No. IX, to denote one of a certain group of 2" 
characteristics, then we have the theorem 
S (ud vl Qu3(u—v|Q) - 
3 (u| Q) ) F (|Q) - 2 
- rational integral polynomial Q? lass. ae 5 
in the p(p + 1) functions Qu, Qu, . agent] D x °6 Se | 9. 


© This follows immediately by combining the pesti ut Nox wer md De. 
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| Two examples may be given; let c3... (wu) denote the function defined in 
No. VII; then : * & 


— (a) di dnt if 





n Sa 
gu (u) Ec EE Qu Ou; log ci; (u), 
we have | 


_ oy (u L2 ep " = = gu (u) — P (9) + (e + as + e) (pis (u) — Ps (0) 
| Coo E (mas es (s (U) — Paa (0) ) + pa (9) Pas (v) — fa (v) Pas (u). 
In particular, when, with ‘ | | 
f(a) = aie — 4 (o + 5.442* + 10.442? " 10.452 + 54e + 4), 


we take, as we may, 
. F(a, à) = tap apt 


we find LLLI "E 
and when, with — 
f(a) 4 E ER 


we take; as we may, with A4 = 4, 4,— 0, 24,— 0, 
Fe, à = Det [act Aaya (e + 2], 
i —0 | 


we find . a+ dy + Ce = 0, Ad, — 03 — 0. 
(8) For p= 8, if 





pul) = — xe loge), | 
we have m 
0C Ogg (U + v) Os (u — v) | 
Oins (U) Giss (V) 
= [pa (U) — £a (v) — [ag (U) — Pos (V) [f = — £u 9) 
+ [Pa (u) — £n (v)] [£s (u) — as (0) ] — [Pa (u) — Pa (v) ] [pa w Ew Pu (v)]. 


Equations of this form, in each of which there occurs only one function, and 
its second logarithmic derivatives, appear to be of importance, not only for 
the theory of theta functions, but also for the general use À of periodic func- 
tions of several independent variables, 
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Of the functions of u occurring on the right side of these .equationg, every 
p + 1 are connected by an algebraical relation; and they can all be expressed 
rationally by means of p + 1 functions having the same periods, and so con- 
nected. The discussion of these properties is reserved*—here the expressions 
are given in the form in which they naturally present themselves in the first 
instance. 


On THE HYPERELLIPTIO Siga FUNCTIONS. DEVELOPMENT. 
SECTION I.— Preliminary lemma. 
A certain factorial function. in general. 


I. Onany Riemann surface, dissected to a p-ply connected surface in the 
ordinary way, by (a)-cuts or period loops, and (b)-cuts or period loops, there 
exists one and only one single valued function satisfying the conditions, (i) of 
being infinite to the first order; with a residue equal to +1, atan arbitrary 
place'c, (ii) of vanishing to the first order at an arbitrary place z, (iii) that its 
value shall be the same at any two opposite points of an (a)-cut, while its value 
at a point on the left or positive side of a (b)-cut, say (b,), shall be e7*v** times 
its value at the corresponding point of the right side, vP*,... . , v? ^ being | 
Riemann's normal integral of the first kind. 

That there cannot be two such functions is clear, since fete quotient would 
‘be a single-valued function without factors at the (a) and (6) cuts, and without 
infinities; and having the value unity at the place c. 

. While, on the other hand, if Æ be a properly dco quantity, independent 
of a, and TIF * be Riemann’s normal elementary integral of the third kind, with 
z and c as infinities, chosen so as to vanish at the place #, the function is clearly 


given by Kets. 
There are reasons however ito this form: is not convenient ; we therefore 
introduce another. Let | 
o (u) — Se ee 
where nu denotes mu, ds ee Hati, em denotes ZXvnn,, and the summation : 
is in regard to each of m, s... ny over all integers from — - eto + œ; further, 


^ 


* [ Added, September, 1898. The reader may refer to a note in the Proceedings of the Cambridge 
Philosophical Society, May Term, 1898 (vol. IX, Part IX)]. 
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let 4Q be any odd half-period, that is, a set of p simultaneous pH of 
which one element is given by 


4 (Q) = 8 + T181 + ss. + Ta pth | ((—1,2,.... 1 p) 


then, assuming as known the fact that the function of « expressed by 

© (v^ * + 40) has p zeros of the first order, one of them at the place z and the 

others independent of z, and has no infinities, the factorial function in question . 

is clearly given by | | 
| (40 

f(a; 2,0) = eon or aid È Dera m Ka E 
! O(v^*--4Q) O - $10) 


P 
wherein (Dv), 6; (4 Q) represents the value,.&t the place c, of the differential 
{nl : ‘ À 


coefficient of the function O (v* * + $Q). 
II. For the function f(a; z, c) we have the property. 


fim om >f (e; te), 


namely, the value at any place Z, of the function defined in (I), with c as pole 
and z as zero, is the negative of the value, at the place z, of the corresponding 
function with the same pole c but a different zero z. | 

This is immediately obvious from the representation given, bearing in 


mind the equation 
O (v^ * 4+ 40) = g ire "e (vs? + 4), 


where e&v^ * is, for abbreviation, put for lu? f4....-- 50". This EORR 
expresses a fundamental property of the function ©. 

III. The proof of the property in (IT) can be given in a more elementary | 
way in terms of integrals of the third kind only. For that purpose we require 
a result contained in the following proposition : 

If P5? represent any elementary integral of the third kind, with faites 
at z and o, “and chosen so as to vanish at b, and if x, 2, a, v, be any places 
whatever, we have | 


Pr + Pr + P2 = odd integral multiple of zi. 
To prove this we notice first that it is sufficient to prove it for the case where 


the integral of the third kind is taken to'be Riemann’s normal elementary 
42 : 
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integral of the ‘third. kind ; the more general. statement immediately follows 
from this. Now if (x, ny be used for shortness to denote the function : 
'8 (v +409), it can be easily proved, by comparing the zeros and poles of the 
two sides of the equation and the factors at the RARE dooney! use the following 
equation holds : x 


, hence we have >. EM | - 
: zm — =f a ote nu L, wy [x m] [z EN a 
ID» "i + TS "+ Im 73 : 
€ Gn ^ a aic ; Vg] Lis Ly x, a] [9,23] X, Ta Tg, Vy ! 
. and, in virtue of the equation [x, z] = — e"*"^*[z, x], —! quoted, the right 
side is equal to — 1. | i 


Cor..1. Putting +=, and, for greater cie replacing a, Ta, Tg Te8pec- 
tively by z, a, b, we have the result . 


limit (e 8085), ies 


This includes the general form of the proposition. 
Cor. 2. In order to use the result of (III) to uid the result of (II), notice 
that, £ being an arbitrary place, | 


ad g0) gl é Fa; J;e) — QJ 
SE 2, o) — J (£5 7, c) 7 


(gi m o). tess e) Je mos. 
f(z; Z, 0) FE; £o) | 


- and therefore 


while algo . 
f(x; 2,0) = an? 
f (x; z,e) | 
thus 200. 4o. meemb5enh fon 0400 
> - .. Fle; E | 7 | 


which i is the result we desired. | 

This proof of the result in (IT) is to be preferred to the former one, Dome. 
although the theorem for integrals of the third kind upon which it depends We 
here been deduced from the properties of theta functions, that theorem is, I 
think, clearly capable of a more elementary proof by contour integration. 
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eda 3. It is easy to see that 


f(a; 2, oo Te 4 F(a 4, c)e 


In case x, a’ coincide respectively with z, z, this becomes the proposition in (II). 
The results in this Section I are of a preliminary character, and in what 
. follows will only be used for the hyperelliptic case. ` 


it Lo, 


SECTION" II. 
| Of meha: of iieii the hyperelliptic Riemann Surface. : 
The fundamental algebraic equation is taken to be 
p= 4(s—e)e— a)». (— a) — a — 0), =F (2), 


wherein C, 4,,....,0,, Qp, € are given (complex or real) quantities. Over the 

z plane we suppose a. iuo ai Riemann surface to be constructed, with p +1 

" cross lines, between the places (cy, ai), (Cy, you, "e ap), (c, œ). We 

suppose the branch values and the branch places c, ay, ... . always to be taken 

in the order. | | 
€, 04, Ogs Agy eoe oy Crs Aryen o, 05 Up, Cy D 


and shall often denote them respectively by 
b, bs bs, by, « eu b, 1, Dar, sees bey —15 bapi baptis a, 


using throughout the symbol a for the branch place at infinity. By the standard 
case we mean that in which Cis 04, e+e Ap, © are real and in ascending order of 
magnitude; by the difference 5, ~ b, we mean that in which the 6 of less suffix is 
subtracted from that of greater suffix, namely, $7»; thus in the standard case 

b, ~~ b, will be positive as well as real We. suppose the Riemann surface to be - 
changed into a p-ply connected surface in the ordinary way, by means of p 
period-loop-pairs, the sides of each of these pairs constituting a closed curve, and 
speak of the resulting surface as the dissected Riemann surface, using sometimes 
by analogy the word cuts in place of period’ loops. 

| Let wp*,...., "7" be any p linearly independent — of the first 
kind, single-valued upon the dissected surface; denote the periods of uz ^ at the 
first and second of the 4% pair of node namely, at the loops (aj), (bi), 
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respectively by 2o, ,, 2o; ,. Then if b denote any one of the (2p + 1) finite 
branch places, we have | 


ub = Boites + Ba, + Biona Heee ns (r=1....,p) 


where Biese., B are Kb which are immediately obvious by inspection 
in case of any specified dissection of the surface; these equations we denote by 


ur’ zd (5); a 


upon the properties of the (2p 4 1) halfinteger characteristics thus arising 
depends: the definiteness of the Geter Dunston of the signs of certain square roots 
arising here. 


If Q, K be any two half-integer ue given by 
het 0 Y. c i Or eee. = ECT I POTETE S 
9-i(1)71 Qr P) E=) = He, 
we use the abbreviations ose 2s 
Q p . o p’ 
( $) = gr = exp. “— bd = qg.— Mi, 
. : ral : 


real 


pan Dee C 


further, we denote the characteristic associated with the half-period w^" by B,; 
for our purpose the values of the 2p (2p + 1) quantities 


B 
B) |Buy Bi 


so that 


will bé found to be of importance. . 

It is convenient to choose the dissection of the Riemann surface go that, 
provided 47»j, the values of these quantities shall be independent of ¢ and j; 
we give therefore below examples of methods of dissection "— 


(I) whent>j, - 
AE Bi = | re ai = 
IB, B| = 1,. (z) = 1. and therefore | B,, ues 1, iG "=: 
(II) when 4 >J, | E 
— B, EUN — | B, TIENE 
| B;, Bj| = — 1, (z) = li and therefore |B; B,| — 1, (g)7 | 
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(ILI) when i > j, | 
| B,, Bil = E 1, m inm 1, and therefore |B, B| =—1, A = 
(IV) when $ >7, mE | 
|B, B| =—1, (5)-—1. and therefore |B, B,| = i 2.1 


namely, such isses ons are represented diagrammatically by the four following 


figures respectively : M 


M 
>a 


LLL 
mol 
men, 





(a) 


(m) 


(I) 
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We find for these dissections respectively, 


D mG G X >, 
e QD. em y 
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(Œ) wei) : XY , B i 
2e) CY) QG 
(IE) vmi, y EM y", r : E 3 : 
| "€ eri) Co r^ mm 
mem. 0 o oe 
SOS OM O0! 


from these the facts stated above as to the values of the Bones P B,|, (5 ) 


can be immediately verified. 

If we denote the periods of an integral u *, for the case (D), at the 4" period 
loops of the first and second kind respectively, by 2a, ;, 2a/ ,, and denote the 
corresponding periods for the dissections (1I), (III), (IV) respectively by 


[20,, Js» [20 di; [20, do; [20!, ds; [207 da, [20!, Jas 


we immediately find, supposing of course that the values of y are the same, at - 
any the same place of the surface, in all the four cases, that 


[o,, J= 0, To, Js = — o. [o, .], = al 4, quts 2, ees, P 
La, ie = — o, z Lo. i]s = 9, 1 lo, k= Or 4, £—1,2,...., P 


thus the matrices associated with the linear transformation (8.531) from case . 
(I) to the cases (II), (IIT), (IV) respectively, are those denoted by | 


— 1 oN - 0 1 0 — 
Co 2) Cio Go) 
It is to be observed that from each of the four dissections (1), (II), (III), (IV) 
we can immediately derive another by changing the direction of every (a) loop 
and every (b) loop. Thus, from (1) we can derive a dissection in which the 


periods are exactly equal to those arising in (II)—in which however the charac- 
teristics associated with the half-periods w^", w^^, wm? will have all their - 


elements negative.. The quantities | B, B,|, (5 B) are, however, unaltered by 
- the alteration of direction of every e) loop and every (b) us 


~ 


324 .  Barer: On the Hyperelliptic Sigma Functions. 


Sxcrion III. 
Of ihe construction of the functions ©. 
Denoting the characteristic associated with a half-period «^^ by 4 ( 7) and 


the matrices of the periods 2a, ,, 207, respectively by 20, 2%, we obtain the 
normal integrals v and the symmetrical matrix v by the equations 


u= 2w, ow =aT; 
then the funetion O (u|u* *) or © (u| B) is given by 


^g i 
puo mr 4-24 (5-3 ) 


where v (n + 4 Dé denotes ss (n, +491), T(n+4 7 denotes 


fra] 
b Y. (mit ann, +49!), g(n+4q) denotes y (n, 4-$9/), and the samma- 
r=] s=l rm] 


tion >: i is in regard to.each of n,...., n, over all positive and negative integers. 


It follows that, for the same values of the arguments v, the function is unaffected 
by the addition of integers to the half-integers $gl, >.. , $g! occurring in the upper 


line of the characteristic 4 T ; thus the function © (u|u^*) as defined by the 
q y 


dissection (II) differs from the function © (u| u^?) as defined by the dissection (I) 
only in the sign of the arguments v; that is, the even functions in (II) are equal to 
those in (I), but the odd functions have a different sign. Similarly the functions 
constructed for the dissection (IV) are derived from those for the dissection (I) 
by a formula given 8.558; the ratio of any function (I) to the corresponding 
function (IV) consists of a factor independent of the characteristic, multiplied by. | 
g, where e is 1 in the case of the even functions, and £ in the ease of the odd 
functions. ' | | 

It is clear that the theta functions arising for any one of the four dissections 
will be unaltered by changing the direction of every (a) loop and every (5) loop; 
for this change alters the sign of the characteristic and also the sign of the 
normal integrals. 


Further, iB: m i(1 a B, = -4(Ë L ) be the two characteristics associated 
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. respectively with the half-periods u* be u” = , and 

Gt k= 2M + À}, P E = 2M, + 2, da ss, p) 
where 4,, àl are integers each = 0 or 1, and M, M! are integers, then, by the 
ho characteristic B,B, is meant the characteristic (3 ). It is desirable 


to compare the dissections (T), (II), (III), Qv) in regard to the values of the 
integers (M, M"); we have the equation © | 


e[»| Gr) C] - eee (els CO): 


hence, TE the factor MEE as the reduction factor for the M Ld b,» b,, we find 
. that for the dissections 


t 


(I) and (II), the reduction factor is — 1 for all cases in which the bs of the 
two values 5,, b,—that is, the one of these occurring first in the ascending order 
of the 2p + 1 finite branch. places—is one of a,,...., @, and is otherwise + 1. 

(III) and (IV), the reduction factor is — 1 when the Saone brs b, are such a 
pair as c, and a,, and is otherwise + 1. 

In order to avoid the consideration of the reduction factor we shall fre- 
quently in what follows use © (u|.B, B,) to denote the function in which the 


t T te] and for this 


purpose we shall reverse the ordinary rule: Unless the Kidd as stated it will be 
intended in the function © (u| B, B,) that the characteristic ts unreduced. 


characteristic is not reduced, namely the function © BE ; 





SECTION IV. - 
Of the fundamental radical, functions on the Riemann -eurface. 


On the dissécted surface, if 6 denote any one of the finite branch places, 
either one of the square roots of x — b is single-valued; this follows from the 
fact that x — b vanishes to the second order at b and is infinite to the second 
order at infinity; to fix the value of this square root it is only necessary to 
specify the sign for some one value of =; we suppose the sign chosen for z= œ, 
and that this sign is the same for each of the 2p +1 functions in which bis in 
turn every one of the finite branch places ; supposing that the values of y have 

43 | 
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been alloeated to the places of the surface before dissection, and noticing that 
the sign of &.product of 2p + i.factors is altered if the sign of every factor is: 
altered, we agree that the signs of the functions considered, which functions are 
henceforth to be denoted.simply by symbols 4/z—5, shall be such that for a 
point in the lower sheet at infinity, the ratio j MS 


shall be equal to + 1; since this ratio is a single-valued continuous function 
whose square is + 1, it follows that, for every place of the surface, 





3p--1 — 
Y= 2 [|v z — b; 


ros] 
that is, Y= 2v x — ev X — 0 eene ME — Va. 


. Further, for the sake of definiteness, we suppose the sign of the infinitesimal at 
infinity, which is such that «= t°’, so chosen that at dans À for each of the 


functions Væ — b, ` ; 

lim Con) +1. 

t—0 
We may further suppose for real infinite x, and in the lower sheet of the surface, 
that ¢ is a real positive quantity. Thus in the standard case, for all real values 


of x greater than b, /« — b would be positive as well as real. 
Suppose now that, in the.abbreviated notation before explained, 


w^ v= 4 (3 


and let +Q acte an odd half-period—that is, a set of p elements each of the . 
form | 


ab dd. cl (G=1, 2, eee a P) 
wherein Es esse, 8ps 81, ee, 8, are integers; then, on the dissected surface, the ` 
function | | | | 
EU Pep 
| Y (Do) Of (4 Q) 


i1 
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` wherein the second factor of the denominator denotes the value at infinity of the 
differential coefficient in regard to the infinitesimal of the function O (v^ *+ $2), 
is single-valued and continuous, and has no zeros or infinities; at the 7" period 
loops respectively of the first and second kind the At of Ilio function has the . 


factors 
(er), (gri niet P= (ey, 


each of which is equal to unity ; thus the square of the function, being equal to 
+ 1 at the place infinity of the surface, is everywhere equal to +1. Thus the 
function itself, which is also equal to + 1 at infinity, is also everywhere equal 
to + 1. Hence, in the. notation employed in Section I, we have 


Va—b= ef (a; b, a), 


and this result is independent of the method of dissection of the surface. 


It follows that the factors of V x — ! L at the 7 Penn loops respectively of 
the first and second kind are 


erii, entr P -t ariv * — erii. 


Va—be (f). 

and it will be found that this relation may be supposed: to express another fact 
also. The factors of ^/c — b at the period loops are immediately obvious 
geometrically by considering the number of revolutions about the branch-place 
b involved in taking the function round the period loops. . The analytical proof 
has been preferred because it brings into greater prominence thé fact that the - 


result obtained is the same for any method of dissection. 
Let now d be another finite branch-place such that 


eid) 


let the signs ^/d— b, M/ b —d denote respectively the value of the function 
Az — b at d, and the value of the function ^/z — d at b; then it follows from 
Section I that 


this fact we shall denote by 


/d — b er *  — A/ b —d de^, 


328. ^ Baker: On the Hyperelliptic Sigma. Functions. 


and therefore . E T. | E 





Vb—b dirt Gera em mg FID, BI 
Vo—d | E : 


where B -i(5 2 D= ( à, by squaring it follows that for every method of 


dissection 
|B, Dj|=1, (mod. 2) 


and therefore that, also for any method of dissection, 


Nd—b = gli, B | R 
Vb—-d - 
Hence, in all methods of dissection for which, when $73, | B;, Bj| =1 (mod. 4), 
we have Vb, — b, 2 —iVvb,—b,; in all methods of dissection for which, when 
V Jj, | Be B| z—1 (mod. 4), we have ~b, —b= +ivb,— b, 

With more precise conventions we may use the result somewhat differently, 


namely, if for two halfinteger characteristics g=) K= (7), the 


symbol (2 ( @) denote &***, we-h avey (2) d — b — J (9) (5) M5 — d. 


In what follows any one of the p (2p + 1) signs ^/ b, — b, will be used to mean 
the value of the function /2x—b, when x is at b; and, in accordance with the 
established practice in the elliptic case (Schwarz, ** Formeln u. Lehrsátze," p. 24 ; 
Halphen, “Fonct. Ellipt,” I, p. 192), we shall take for the normal method of 
dissection, one in which, for i >j, | B, B,|=1 (mod. 4), as in the methods (I), 
. - (III) above (pp. 320 and 321); such a method may be described as a negative . 

method, those in which |B, B,;|=—1 (mod. 4) being described as positive 
methods of dissection. | 

It is easy to see geometrically, in the runs (I) and (TII), in what’way the 
negative sign.arises; let a continuous line be drawn in the lower sheet of the 
. surface from + œ to — o —indieated by the dotted line in the figures—so as to 
pass near all the cross lines of the surface; in reaching a branch-place this line 
| may be ‘supposed to describe a semicircle in the clockwise direction; thus -the 
description of the semicircle near a branch-place 5 gives for the function Mz — b 
a-factor —?. In the dissections (II), (IV) the corresponding semicircles are 


r 
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described in the counterclockwise direction, and give a factor + i i / — b as 
the describing point passes round the branch-place 5. | 

The question may arise whether the method of proof just given, depending 
on the theta functions, may not be vitiated in the hyperelliptic case owing to 
the occurrence of even functions which vanish for zero values of the arguments; 
it is for this reason we have, in Section I, given an alternative proof, depending 
on the fact that if P»*, denote an elementary integral of the third kind, with its 
infinities at 254 , La, then | 


m + Po F Pan = — odd integral multiple of 7ti; 


ous we | have deduced. this property by means of the theta functions, it appears | 
clear that it is capable of an elementary proof. | 
We shall for convenience introduce, beside the neton Foe by /z—5b, 
a function denoted by 4/5 —z, and defined, for every one of Hi finite branch- 
p b, jy the equation, — for every value of v, | 


ba ct jm — b, 
but some care must be exercised in regard to it; the value 
(v b, — X). = (iV x — bean = b, — b; =, detl Bi Bil A D, — by, 


ig equal to Vb,— b; only when |B,, B;| zz1 (mod. 4); that is, if for +> Jj, 
|B, B,| zz 1 (mód. 4), Vb; — b; can be interpreted as the value of Nb, —x when . 
w is at b, only vf, in the ascending order of the branch-places, b, has a higher place 
than b,. It is for this reason we introduce, and shall retain, the convention of 
using /b; — b; only as the value of V z — 6, when z is at b. — 

The function Væ — b, when x is near to b, has opposite signs in the conju- 
gate places of the Riemann surface—as is obvious by considering that we pass 
from one of these places to the other by a path going once round the branch- - 
place 5. But for values‘of x which are near to any other finite branch-place, 
the conjugate values of / x — b are not different, since the function. would other- . 
wise vanish at this branch-place. The question then arises of specifying the 
range of values of x for which the conjugate values of the function 7 a—b are 
_ the same; knowing the factors of Væ — b at the period loops, it is easy to do this. 
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Let AB bea portion of à period loop, P, Q being two places on 'opposite 





sides of this loop, in the same sheet as the loop, P being on the left side of the 
loop; let P’, Q be their conjugate places; let e be the factor of ^/z — b at this 
period loop, čą (= +.1) be the ratio of the values of Væ — at Q and Q, and 
Çp the ratio of the values at P and P', then we clearly have ¢p = &&,. By this 
remark it is easy to. prove the following rule : Let the period loops be projected 
upon the plane below the Riemann surface; the projections will form a network 
of closed curves which, for the moment, we may distinguish, from the period 
loops themselves, as barriers; let the conjugate places of the Riemann surface 
which project, on to this plane, into a-point lying within the barrier arising from 
any period loop, be e the places rs this period loop; then, di in the 
relation 

| Va—be( o) | 


formerly employed, there occurs a unity in the r™ place of the upper line of the 
symbol on the right, and a zero in the ^ place of the lower line, it means that the 
values of ~ a — b are the same for the conjugate places within the loop (b,) ; if there 
occurs a unity in the r^ place of the lower line of the symbol on the right, and 
a zero in the r place of the upper line, it means that the values of Vx — b are 
the same for the conjugate places within the loop (a,) ; if there occurs a unity in 
the 1'^ place of both the upper and the lower lines of the symbol on the right, it means 
that the values of /x— b are the same within the loop (a,), and also within the loop 
(b), except for that region which ts within both (a,) and (b,), where the conjugate 
values of Mo — b are different. For all gene not specified in ae enumeration Mi 
conjugate values are. different. 

For instance, if we take the dissections (I) or (II) and denote the barriers 
. which are the projections of the period loops (a,) and (b,) respectively by (at) 
and (57), 
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the function Væ — c, has its conjugate values equal for all values of x within 
the non-intersecting closed curves formed by the barriers (a!), (ARETE Oa 
for other values of x its conjugate values are opposite ; 


the function “x — a, has its conjugate values equal within the da 
(a), (bi), -.. . , (b), save in the region common to the closed curves (aj) and (57), 

. Where they are opposite; for values of c not enclosed by any of these barriers 

- (a), (8!),...., (bl), the values of Wx — a, are opposite ; | 

the function #x—c has its conjugate values opposite except within the 
closed curves formed by the barriers (b/),...., (B1). 

These facts follow from the values of the halfperiods u^ ° us ?', u^? given 
on pp. 322 and 323. The corresponding results for the de cine (III) and (IV) 
can be obtained in the same way, or are geometrically obvious from these. 

. To every function ^/z — b there are then certain characteristic period 
loops, namely, those at which its factor is — 1. On the Riemann surface the 
function &/z — b does not take every value, for it can take the values + B only 
when «= b + B’, and it may happen that for this value of x the conjugate 
values of “a — b are the same. If, however, we take two precisely similar and 
equal exemplars of the Riemann surface and make opposite conventions for the - 
sign of x — b on these two surfaces, so that at any two corresponding points, 
one on each surface, the values of “az — b are equal and opposite, and join these 
two exemplars into one surface by converting the characteristic period loops of 
the function ^/z — 6 into cross lines between the two surfaces, we shall obtain a 
surface of four sheets whereon a — b is continuous and single-valued, and takes 
every value twice. The behavior of “a — b on either of the exemplars is such 
that if the values of x — b arising thereon be mapped upon a. plane, the plane 
will be covered once with the exception of Æ holes, corresponding to the points 
of which no values of “x — b arise—k "— the number of characteristic loops 
belonging to V2 — b. 

We have proved that the product of the 2p n 1 functions A/z— b is by. 
It follows that for every value of z there is an even number, or none, of these 
functions, of which the conjugate values are the same. | 
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APPENDIX I vo Secrion IV. Application to the Elliptic case. 


| Replacing the letters.c,, a,, c which have denoted the branch places, respec- 
. tively by &, 6, &,, and taking a dissection of the type (I), we have 





E "== Jo Ja =G) i LC 


Mq —6,€ 6 , has factor —1 at hs (b); its conjugate values inside (b) are 


also 


equal, 
Mae Gye G) , has factor — 1 at loops (a) and (b); its conjugate values are 


the same inside (a) and inside (b) except for values of æ inside both 
(a) and (4), where they are opposite, 


x — eg, œ E j has factor — 1 at loop (a); its conjugate values inside (a) are 
the same. | | 
The values of 4^ *, = -f[ west in the two sheets of the surface, (iy outside both. 


the loops (a) and (5).are, for conjugate places, wand — u; (ii) inside loop (a), at 
conjugate places, are u and — u — 20; (iii) inside both the loops (a) and (D), at 
conjugate places of the surface, are u and — u — 29 — 2! ; (iv) inside the loop 
(b), at conjugate places, are — u— 20); herice putting 


(0) = 94 = vas, As (u) = ^ 2 — e, xa (U) = Vee, E 


the statements in regard to the three radical functions are easily seen to be 
summed up in the statements that y(u), %e(u), ya(u) are odd functions with’ 
the respective. is 6) for xı (u); 2o, 4o'; (ii) for ys (9). 40, 20 + 2a! ; 


~ 
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(iii) for xs (u), 4a, 20. These facts can be immediately verified by the ordinary 
formulse of elliptic functions. 

Further, on the surface thus dissected the function 

m (wea), = Ma aN 8 — 

does not take all values, because the values of the argument u and — u— 2a give 
the same values for the function. .To get all values we take two exemplars of 
the Riemann surface, defining the sign of ^/z — e, differently in these, and join 
them into one surface by making the loop (a) a cross line between them, so that 
the left edge of this loop in one exemplar becomes continuous with the right 
edge of this loop in the other exemplar, and vice versa. 


Dc C! 





In other words, if we take as the fundamental surface a parallelogram with 2u, 

2%) as contiguous sides, so that the opposite sides AD, BC represent respeotively 
the right and left edges of the period loop (a), the function sn (uv e, — e) does 
not take all values within this parallelogram because the values in the triangle 
ACD are equal to the values in the triangle CAB; to get all values we must 
take another equal parallelogram wherein the value of an (uv e, — e) at any 
place is the negative of the value of sn (ua/e, — &) at the corresponding place of 
the first parallelogram, and then join BC with A'D' and AD with BC’. We 
thus get the ordinary period parallelogram with 20’ and 4o as sides, in which 
8n (uV e — e) takes every value twice over. We may then also join DOD'C' 
with ABA’B', so obtaining an anchor ring upon whieh sn (ue, — & ej — - &) is single- 
valued, but takes every value twice over. - 

Another point may be noticed in this elliptic case; similar remarks apply 
in general; taking the dissection as before, and supposing e, &,e, to be real, 
and further supposing that for real large positive values of æ, in the lower sheet 
of the surface, the functions x — e, VE — €, “x — ey are positive, as well as 
real, then the half-period 


= do: 
cy =S) gc Vea V per 
44 . 
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is read and positive, while the half ania 


is + 4 times a real positive quantity ; thus R (2) i8 positive, while, as we have 


J 


seen, V e—a = — i ej — e, ete. - If, A we-had taken a dissection such. 
as (II) we should have obtained K (= 5) = = negative; and, nea 
Ve — e = + ne, =e, e — eg, ete. 


APPENDIX II ro SECTION IV.— On a certain prime function. 
If 4 Q be an odd half-period such that (cf. B. 302) 
EQ = $ (s F v9) = vont pm — mos, 
then (B. 427) we have, in ‘the function, | 


ça: 
pp 


vye 


9 (v^ * i LU El 
ny (8 — My) sse 


wherein C is a certain constant, and c, z denote the places conjugate to œ and z, 
‘a function which, as appears from the first form (m,,...., n, , being branch 
` places), is single-valued on the dissected Riemann surface, and has no infinities ; 
the function vanishes to the first order when x is at z, and to order p— 1, as a 
function of x, when x is at infinity. Replacing any factor æ — n, by x, — ngs, 
where x = z,/24, we have a prime form, with no infinities, and only one zero, at 
v =z. We consider, however, only the function. After what has been given, it 
is easy to determine the moo of this, regarded as a function of z, at the period 
loops. For id 


w (x, 2) = 






v (z—n4) ec (2 — n, _ 


| pn — i (a, + Tar), 
- go that m € (25) 
2 | + PR 


doi SO =o u.s. poh yh, fh e 


GG pa) 
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where-the dissection is supposed to be of the kind (I) ;. hence 
| sz Xo—(p,p—1,...:, 1, #=Eu—(1,1,....,1). 
Thus the factor at the £*^ (a) loop 


ents, C . 
Rai 


and the factor at the k period loop of the second kind is 


er rt (or + AT) g— is O 


iia, a er mi (vy "+ 37, 1), 





In particular we may take m, ng,» ee +) 7,4 = 04,05, o ee oy My_y, aNd FO — UT); 
then, with the dissection (I), the function of x given by 


w(x, %) =. 





has the following properties: (1) # vanishes when the place x is at the place z, to the — 
first order, and vanishes p —1 times at infinity ; (ii) t has no infinity ; (ili) w(x, z) 
= — w (z, x); (iv) at every loop of the first kind it has the factor — 1; at the it^ 
loop of the second kind it has the factor ` . 


(— De —k+ i e— O08 (ue + 3744), 


In the elliptic case the function is the odd theta funetion ; in case p — 2 it is 


TE) | iy 





SEOTION V. | 
| On the construction of the function 3. 
If R»* be an elementary integral of the third kind, with z, c as infinities, 


chosen so as to vanish at the place Æ, and be further such that Ree = Re, then 
there will be an equation of the form — 


p 


1 pim Yu iE 


wherein IE: is Riemann’s normal elementary integral of the third kind, 
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upt, s... , ug * are any. linearly ant integrals of the first kind, and the 
coefficients a,, are constants such that a,,—a,,- Taking then arguments 
diss vu Dos of which the periods of u, are 20, 1, oee e, 20, p, 295 pi e os Wy, pr 
these being supposed to satisfy the necessary relations (B. 197, 285), and deter- 
mining the arguments vj, ... ., o, and the matrix + by the equations denoted by 
u= 2QU , Q OT, 


the function 3(u [ (Qe is given by 


- i Biv (^k a?) e ier (nti Dt ing (+g) 





wherein aus = NE etc., and the summation is in regard to each of 
qYY. 
i) 
Associated with the functions S (u) there aro, beside the periods %, 9o, certain ` 
other quantities 27, 2x which are the negatives of the periods.of the integrals 
of the second kind Z^, .... , Lj * which arise (B. 194) in the equation 
Rei "ud y t8 y+ DIE 


DR ., GC 


(fees e, Ny from — o to + o. ` Thus. the function is equal to e 





wherein (z, 8), (o, d) are the values of (x, y) when æ is at the visi: 2, 0 respec- 
tively. 
The general form of Re : in the hyperelliptie case is 


I de | de 2ys + F(x, z) 
” ENS 8. A(— '- 


where F(x, z) is any rational vir polynomial, symmetrical in v, z, of order 
p + 1 in each, which satisfies the two conditions (B. 315) | 


F (z, 2) = 2f (2), | Lag FG. j| = © f) 


in case the fundamental algebraic equation be 
PEAH hawt ee + appt TIE dap paH f(a), 


it-can easily be verified that a possible ferm for the function F (æ, g) is that 
given by 


p+1 : 


Fe a [ 225; Ecl 
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and any other form for F(x, z) differs from f(x, 2) by an expression of the form 
(3m. Dp 


wherein (x, 2),..; denotes an integral symmetrical polynomial of order p —1 in 
each of x and z; conversely, the 3 p (p + 1) coefficients in (x, £&), are the arbi- 
- trary constants of the integral: E? *; by the suitable choice of these the quanti- 
ties ay in the ion of the functions 9 may be made to take any assigned  . 
values. | 
Another possible form for the function F A z), than the one f(x, 2) above - 


given, is that given by t 
| 4[P (x) Q() + Pe) Q(2)]; 


where | 
P (x) = (x — a) is (@— a), Q(x) = (u— a) -v (w— ox —c). 


Still another form for F(x, z), which is of great importance, may be most 
shortly defined thus: in the equation y? = f (x) put «= z,/2,, and write it in the 
form gai? t? = a? *?, the notation on the right being the ordinary symbolical 
notation for binary forms; then a possible form for F(x, z) is that given by 
2a? +laÿ+1/xf+1%+1 The advantage of this form is that the resulting integral 
H»* is covariantive under cogredient linear substitutions of the variables x, 2 
(cf. for example Klein, Math. Annal., XXVII (1886), p. 457). | 

In what follows we shall, ve the contrary is stated, suppose the sb 
 trary coefficients in the polynomial F (x, a) to be left undetermined. Writing 
then the expansion, 


cie pow ies 


zl jr] 


we may suppose the coefficients: c, ; to be at our disposal. 


Soon VI. | Á 


The expression diui quotients of the S functions with one suffix by means of 
algebratc functions. 


In this section we suppose the Riemann surface dissected in. one of the ways 
(I), (ID, (ID, (IV). We shall however ultimately adopt (I) as the normal 
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method of dissection. We use the following notations, other than those mer 
introduced : 


P(z)— (z—a) .. in (2 — ap), 9 (a) = i — 2) bod ru. 
= 4P (2) Q (a), =F (a): 
F (x) = (x — m(x — a) .... (a — 2); | 
uw HUE... uP, (121, 2,...., p) 





wherein FOF "at dm 

| af y ' E | 

dau prer; (? — 1; 255225, p) 

where p= BEG) PE = 
and ACIE aa a. VE, 

| PA arte) | 
then | = | n 

uA ES epi ee pum 

ia) j M a) 

and 


p—1 d E 
La areis. TA c) 
| ($21, 2,...., p). 

Further, putting ; 
P(x) =a? + mr F on a 
we have | p 
| A) art + (a, + hj) a? 7 "E sss. + (ap + Rat np FA») 
== 0ml t yy (a) oP? +... x, Li(2) BAY, 

so that 07 
aj + X (Ap) PF ee +41 (a) = 0 or P (a), 
according a8 - ZEE ir, or ir: 


thus P'(a,) 


s a (a) ta + s + Xp—1 (Gr) = 2y. WP Ca)’ 
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we shall, immediately, introduce a constant 4,, given, for a proper determination | 
of the sign ofthe denominator, by - 


A= (— 1} "4 CE a.) . 
MEM Pant) 
with this we have 


Up. + siiis +.... + Ypi (a) Uy = VATV,. 

Ifa, u,.... denote either linear functions æ — b, b — a, or differences such 
as b; — b,, between values of x at the finite branch places, we mean by Wau... 
‘the product VA Wu...., where “A, Wu,.... have the values previously - 
assigned to them. We have ed oeil / f! (a,) (a) defined — to 
this rule. 

If, in the weber V,, we suppose 2;, ...., p to be respectively near to the 
branch places a,,....,a,, and put a, = a, +4, we easily find that V,™ ^ van- 
ishes to the third order when r Æt, while P. * = hs hence when a,.... i 
. come to &,...., ay, the variable V; = t. 

For the integrals V, see B. 169; they are more convenient for our purpose 
than Weierstrass's integrals (B. 325—6). | 

We find the following equations to hold for the dissection (I): 


VEDE) = prep). VSP PPP m Pr (9) 

VE PG) =ë- Pa) o. J(-ij7HP(s-e-HP(e, 
VIPS) mee, VCI) TQ) eot Ca), 
VEG) = Fa) VHD mus) (VF), 
where in each case, except the last two, the expression under the square root on 
the left side is merely an abbreviation for a product in which each factor is a 
positive difference, that is, for a difference in which the branch value subtracted 
has a lower position in the ascending order of the branch places than the branch 
value from which it is subtracted; for instance, in these equations, (—1)' "P (a,) 
is an abbreviation for (a, — a) .... (a, — @,_1)(4,41—@) «+++ (ap — à). The 
same equations hold for the diissction (III). In the cases of the dissections (IT), 
(IV), the * occurring on the right side of these equations is to be replaced by — €. 
The expressions (—1)*7' t1F(a,), (— Dr n Fs), i in the last two of the equa- 
tions above, are abbreviations for 


(a, — 2)... (a, — x Sig i deol 
(e = E) ee + (Ce — Ba) e) 0), 
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respectively; they are introduced merely to ame us to write the formule more 
- conveniently. In the standard case, when the branch values cj, &,.... are real 
quantities in ascending order of magnitude, the expressions occurring on the 
left sides in these equations, except the last two, are real quantities, 
Consider now the functions 
L 3 (u [uh or) fd (0| u^ *) = Sule) d, (0 | w^ *') 
a= a EG SO 


n 3 (ulus) = a zele ar), 


The quotient | / N'a — Cy N'a — Ln — Cy 

b ul AL (o o RT 
is, on the dissected Riemann surface, a single-valued continuous function of each 
OF Meet without zeros or infinities (B. 309); its value when the arguments 
. wv vanish, that is, when q= a,....,a,=—a,, is +1. As the square of this 
function is +1, the function itself is +1. Thus, n the case of the dissections (I), 
(H1), we have 
| i u ^/ F (c,) V F (c,) ) 
d, (=s (—23) 71 (8)? t P (o, ze / P V P(e) ) 


= / (— 1)?— "FIP 6) - 

WI) 1" P(o) 
(cf. Weierstrass, Math. Werke, I, 1894, p. 330, remembering that the branch 
places are here numbered in the reverse order. Cf. B. 569). | 


The function: 2) 3: (our) 
3(u FO lu * 
aw) == SG s. 





1)?- -T-+] 


when x,,...,ax, approach respectively to siad a,,18 equal to 4; hence tlie 
quotient 
| al, (u) [TREES ETE, 
~ a, — d Wa, — a, 


.. wherein, in the denominator, there are p — 1 factors ^/ a, — a;, is (B. a equal 
to + 1, namely, for a dissection. (i) or (IID, | 


— iv Fa) 
(— 97 Q7 P'(a,) 


pris VF) 
= (— 1) "AP 


a ee 





au) = 
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From these results we can deduce values for the quotient 


3 (| u® *) S (u|u* *) 
Su ' 3(u) .' 


we limit ourselves to.the dissection (I). — 


We have unt unt. dde. | (r= 1, 2 ssp) 

' and (B. 285) (| 
sferra) 

J(u +i a. uM Io 


if, therefore, in the expression obtained for cl, (u), we put a,...., a. respec- 
tively at 6,...., 6 4, 6, Crises. ss Cpi in which case u, = uy, we obtain 


Lal abe =(—1) Hi ~ (e — c, 
HO) NES 
= (—1)P r+ ie Z pr O ni M Q (c) 


— NVQ (e)  N(— IER (e) 
NP(G) mæ 9 Pc) | | 
= “Es 4 (— 1y- Ve eun. 


P (e) 





from this equation we define one of the square > roots of Wf (c,)] 4 by the equa- 
tion |. | 





(VFJ = (— 1) -+ PT) 93 (0)/3 (0| w* 9), 
and hence obtain | 


3S(uu-»*) _ F(s) - 
. 9 (u) (V7 (o) A 


and we put similarly 


(v CEEE or (arr + F (e)y 


equal to m (—3*7'*1(v FP (4) 


that is VTT TP (c) $ (0)/3 (0| u* *) 
45 | : | 
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and so obtain 3 (ulus “) veut Fo) 

i > (u) A (—1)9 P (0,)/4) -- 
Cf. Weierstrass, Math. A I, 1894, p. 135. 


Next, if in al, (u) we put 2,,...., a respectively equal t0.4,,...., @—1, 8 
OQ, iis Gy, and therefore u equal to u^", we obtain | 


w= [sors] (DVJ 


where (D Pet is is the value when z =t’, and £ is small, of the integral 


Wf" (a) Ne) f" P(x) dz 
| Pa) m—a, 2y. 
and is therefore equal to 





_ NP (a)/4,. 
| | iP (a) "HG 
hence we have | 
ile 3 (0) nli _P'(a,)_ 1 
SOli VF (aj)]4 | 
iiir a, — Gr) «+2 + (Gp 1 — aj (as 177 dee 


^/ P' (a, 
= dye cyt gd. 
We define now one square root of i/ f! (a,)/4 by the equation 
(WF (873) Vay =i n7 P] S (9)/3: (0]* 9), 


and hence obtain . 


S (ulur 2). - FG 


| S(u) (vF lanay 
further, we put 


(MEDEEA aF, or (eot Ww o1) 


equal to - (—)-7 "(iv f! (a,)/4) (a) E}, 
that is, to ! =r + Pia) S (0)/2 (0|u* *), 


or i (— 1y P (a) $ (0)/3 (0 u^ ), 
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and so pbtain 3 (u an RR i A/ (— D FF) 
ZEE à (u) (pem ( 4) 
Cf. Weierstrass, Math. Werke, I, 18 94, p. 135. 
The results thus obtained may be summarized as follows: 


Let LI NP a) NE Pa) 
CPGE) — (CTS 


` where the signification of the denominator is determined by 


> (0 u^ 41) 0 … | 
7 S Miis 

also let EtPo J (— 1)?" TIP (e; "UP 
(VP (e)]4) "Uc DE-FTY (0) [4 


so that. 3 (0|w* *y 
S A == Ur ; } 


then we have in 


3 (u| ur > = (ay ra, VTE, S (u|u* *) | 


$ (v) JP la)’ Sq) CC RE) 








aX 
ze x 








d 


ie ro Seorion VL— The Elliptic case. 





. Replacing c,, a,, c respectively by cs, €, € we have 
| u zm uf ^5 muto uw +o! — U, Bay, 


$( jus) = 8 (0 + a= U |3 (1)) = 8 (— uL [es e. 
oie as(ore—of()= decr) - ia 

PAT ORNE E 
3() — —3(o4v—U).. = Een SG). 
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where the notation is that of Weierstrass (cf. Formeln u. Lebrsitze, or Helphen, 
_ Fonct. Ellipt., I, p. 252), and eig eme He): algo, if u[20 — v, 


[spo (ules DN we LL 5; * [i 1e DL. 


. =e 21 
~~ Baa (6 — &)(&»— 6). 


| where 3 is the quantity so denoted by Halphen, p. 259. 
Therefore our results give, 


— 134/200 (4 — «Xe —4) n — i 
- m VETE 


SONNEN MR M es — € 
$ " "(V(«—a—e) We Ex La 








` 9o — y, — OWN Gy ~~ & 
$ ''" (Wia—ey(a—e 
and | mE 
ES UOS 7e -. HS 
TO es CCE ET) DÉS 
So (v) _. N £5 77 X NT — € 


3 (v) Vas ama (V (s — lc 7) BE 
93 (2)... A e&— 9m 


SOTE YE Chron coor) aa 


Comparing the forms for M/S, 35/3,, 3/9, with those given by Halphen, 
Fonct. Elliptiq., I, p. 258, we immediately see that the determinations + 
by us for the square roots are given by 


(1 (& —e)(&— @) = — Ve — Ve e, 

(V(e—ee—4)»- NVa eaea es 

(V(a—4)(4—@) = ' Va—eva—^ 
and that, with these determinations,.the values found from our formulæ for the. 


quotients J ()/34 (r), So(rv)/di(v), os (2)/34 (>) agree with those given by Hal- 
phen, p. 260. | 
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It is to be remarked that the formules of Halphen contain one, namely, . 


Ne — e = vz —— dy, of which we have not put down the generalization. This 
_ is given by Thomae, Crelle, LXXI adc p. 216. | 


‘SEoTION VIL 


The expression of 2 ve of two or more suires algebraically. 


- If in general the quotient 3 (u |u% " rd EU à bs) / 3 (u), where 5,,. .., 5, 
are any finite branch places, and the Aeneas is not reduced, be denoted a 
^ Quas. s (4%), and for £7 1, the quotient, of two determinants of the p™ order, 





wherein 4 24 £— 1 or &(b — 3), u= —p—1—ik or p — $(& 4-1), according 
as b is even or odd, and $ (x) = (x — b) ....(x.— 5;) be denoted by 7 ... 2,; 
then (B. 312) we have | 3 | 


| Tob, x us E^ t | 


S(u|u» 4 ur) Su) 
3 (u|u* 5)S(u|u9 b) 
: i = À, RUM AUFS / 


where C is a conr ani We proceed to icone the ralis of C. 
Let u* ^—4 (7), yen sii) the notation being as previously explained. 
Then if v = u + ur TO, wy where Qu, w denotes a period, we have (B. 286) 


3 (v |ut b) wg 9 (u Hu b um ds) 
5 (0). — gno ° CEN 


= etm "qe ma 9 (u|u DE 


namely, 





9 (u|u^ 
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where the characteristic denoted by um + um ig wasddonod, adii 18 


aie 23 (9) = engen Meet page, 
| a Tus 3 (u|u* ^ Su). 
and if | | nat une a 
uclwuwe»^.-L....-4 uw, 
F(a) = (z—2). -- - (wa), 
| G (2) = (2—2) +++ (2 — 2)» 
the - side 18 i (Section VI) to 






ert o ="? aa M G (bs) v G ^ G (bs) 


| WF (b,) 
Now from uw” de Jeb ut» A abi — = Qp, a 


it follows that z,, s.a, %, % are the Zeros, and Tyree sy Dp, € are the poles of 
a rational di therefore given by 


F G prp DE omes 2 m (a - — z) Pp (m) 
(of B. 318), and hence it follows that | 


G (ba) _ | i M - l 
Fu -6— hee ure E 


and therefore that  - 


Papa puhh) S (u) (Boy ogn O F 

sq) = pas wp mae 
| D — y E | PN q BN mi CN 
where for B, zi (,). B,=4(2) we mane (ai) =e" " 

This equation is true in the case of either of the dissections (I), (IL), (IIT), . 
(IV); supposing the dissection to be of the kind (1), and that, in the ascending 


d order of the branch places,. b, is higher than LA we have ( 5). — by) 


= b. Hence, retaining the notation u*%-+.u% for the sum, without 
reduction, of the characteristics denoted by w u^ and y^^, we may write 


$(u|u*5i--u^*)3(u) 
S (u[w* 7) S (ulus S = = ah hc DS (s — BY E 5) m e 


' ^ BAKER: On the Hyperdlipio Sigma Functions. — 847 > 


where & , is +1, but is | perfeotly definite ‘We do not here determine its 
value. 

Now let 5,, bg, b, be any ihres finite branch lacs ahii. for definiteness, 
we suppose to be in ascending order. Then we ean determine in a similar way 
the constant factor in the algebraic expression of the square of the function ` 

. 9 (u|u* ^» 4- usb LE uo) X (u) 
© S (u|u* ») S (u|u* 5) S (u|u* 5) ` 
For denoting 3 (u | ut r- u^ ^ + un ^) momentarily by dus Hi etc. and putting | 
y sue * eq utm, | 
= u=v+u"? | 
where the sign = indicates that the rad cn on the two sides may differ by 
a period, the function 


Sis (u) 93 (u) — 95 (v) P lo) 
Je (U) Mo dt 93 (V) Xs (v) NE "n : 
| = (s Gr —b)[4 z He b,) E on i 


where s, is the value of y when x is at 5, and A aed ; Zp are zeros of the 
rational function , 


A ED wn —h) 
ra TET Se — a) F(a)’. 
expressing that z,...., are zeros of this function. we derive that 
x : 


2 (5 bye — EG) 


a 


= (z, — b1) F(2,) OH LL 
--lu — b,)(%, — bs) G (a) 2 qe a) FE" (ax) 
- >- (y — 5) Fle) y li oos 
bs FRÈRE He An G' (z) Pour = 
ï _ 1 Y. Y eaaa Ea) 
b, — bs my P ea RT AIF DE a — a) (a. — ba) G' (2) | 
| (2, — b) (e — bs) F (z,) 
> aye FG ES za), — by) PC 








71 (a, — bı) TFC Lx db LN on ?] 
Fh 
porcum Jr) hr 69 gg] 
b,—b, F (b, b,— b, F (b, | 
F (b). aay 


d b, — b, G (5,) Tib. 77 c 
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now we have seen that 


| | 4 FS ES (b — b) TG. | 4 : CE = (b xx b) TE by 3 





therefore 


2 1 1 
eue cuya R — bs Tibb, Tod, 


9 p 
= ra niero an —bh . "à 
DEN 
Tv, Tib bs i=l (zi vend by) (x; a AE HS bs) E" (zx) 
270 nb, | 5 
Ty b, Tib bs ; i " 


Hence we have, for either one of the dissections (D, (1L), a (IV), 


S? (uluh * + u* ^ ate ay 5) SA ( (u) i SE, (u) X (u) 
+ Televisione" ES 
ty (tu) 3: (u) I (u) (u) 38 (v) 9* (v) 
Sis (U) s, (u) S (u) 93 (u) ` Sr (u) 33 (u). vl 
E CONNU ne —k)4 inh. pin A 
which, in the case of the dissection (I), is equal to | 
4 (by — bs) (b — 21) (bs — bi) TE, Dads 3 
we can therefore write, on the whole, 


Sys (ut) H (u) 
S (v) da (14) obs (12) 


=. ED (aim Ey dj by) FD, 


wherein the + sign denoted by ess is perfectly definite, it being remembered 
that in Su) the characteristic is the sum, without reduction, of the character- 
istics in 94 (u), 9, (u), 3 (v). 

We now.proceed to show that 

| pg — — Ezg Eai Eig 
where & = £g, En == fg; Esa — Esg are the signs before introduced. 


~ 


N 
x 
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For denoting mr, 88 755 (u), and remembering that iti is a periodic function, - 
we have found that | ' 
v) = w+ u^ 1) — 4 EFT u) , 
Tas ( ) Til + ) 7015 (a) Ts (u) 
while adn in case of the dissection (I), 


mao) = — 2% Sn (o) 3 (e) _ eg  Sus(u) 3 (u) 
Sah IOR) VE Sau) Su) 






= — b lava (o) b CERIS. bg — bi 
L2 4638 Es Tha (U) | | 
8 &g Tha (V) Ths (U) | | 
and comparing this with the former dits we have the equation i in question. 
The obvious equations 


Tyg — Tag = (Dy — be) vss, | 
(b — bs) 76s + (by — 51) ni + (b, — bs) Tt = 0, 





give | | 
=a (b; — bg) (bs — b1) (b; - — ba) ig = (ba — ds) 765 + (bs — 51) 6 + (bi — 55) 705, 
and therefore, for the dissections (I), (II), (HD), EY), 


aos Ga 65 ) 9? (u) 325 (u) | l : . | 
= (Be) st(w suc) + (29)st coste + (2) sk cost; 
in particular, for the dissi (1) we have B 
D (u) Yes (u) = 31 (u) Sh (u) — SE (u) 98 (v) + H (u) (u), — 
an equation which, for our purpose, is of importance. | 


The corresponding expressions for functions of four suffixes may be set 
down here. We have 


Ur V . | (2, — zy 
le -XXad ry 


and hence we find | 
703 Ms, — Mu = (b, — 5b,)(b, — 4) mages 


and 


(b; is b,) (b, — b4) as 76, + d bU — bg) 7t Mog + (5 — by) (b — b,) 763 y = 0; 
.46 . | 
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^ thence we deduce 

. (6, — - bg)(bs —b)(b — ») (b — b,)(b3 — bi) (bs — b) Tess | 

(m (b — b) (b — 5.) rb rs + (bs — bbs — by) 7d mtg + (bi — 5) (b — bi) 7s Tu 
SEOTION VIII. | | 


The first terms in the expansion of a pu of one, two or three A" 





Putting : 
, S(u|u* *) = Sd .. tias (Uys key Ups F Qs ee ees Us + :...], 
where (u,...., Up) ie an integral polynomial in s4,...., % of order k, 
we have from the results of Section VI, taking 2;,...., 2, near to &,....,4@, 

respectively, and a, = a; + &, the equation m | 

CAP APE, sy n 
Ag ee t Py m Vars = i,t, Ls 
| = d. 


=j ota mala). +): 


hence the first terms in the expansion of - 
x Su] ym a) 
| | 3 (0) 
. that is, the linear terms, are i 
| Uy F Uy 1X1 (Br) + dx (89); 
this may be symbolically denoted by 
Fa 4 PQ 
Ea,’ 
where, after the division of P(E) by £—a,, we are to replace E 7! by w and 
EO by uw. 
^A Qonsider next 


3 (u| 6% + ut ^) 


> (u) 
— = Mulu” e 3 (u|u* 9) 2 NEN CE 
bit, V bs — by $0) . S(u) 42 (æ; — By) (a — ba) F" (2) : 
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and suppose that b,, b, are taken from among the p branch places a,...., 0, 
and are in ascending order, it will be sufficient to consider the case when they 
are respectively a, and a,; then denoting Eaa, by ey and supposing oa, + B, - 
for k= 1,...., p, the quantities 4,...., ¢, being small, we have to the first 
approximation m | | 


S (u|u* E ur *) M i OER a E 











S (u) = heu aa iah -ah P (a) Ar - P (a j) /d4— ds 
= $a V a, — Es Pa rt ats 
= ies 2, — a 7e Od 
| E i] — 
Kp 
Do Dom de 
so that if | 


| | — Xp (a) —— Xp — i (Qa) 
| Ai (n d) a, — ds : ? 
the expansion of the function 
| | = EnA à (u wh fue) 
| N'a — à 3 (0) | 
begins with. = = 
| Up —1 F Uy A a) +... + ub , (a1; 23); 


this expression may symbolically, as just on be denoted by 
[fe P(é) ee Ez 


£—a Pier 


that is, by | Vip 


where, after division, we are to replace £'^! by u, and E? byw. Itis to be borne 
in mind that in this statement the characteristic denoted by u®%+ uw" is 
unreduced. | | 

Putting now 


(og = &g/ Ag — Gs, os = Eg MV ds — ay, Cig = &g V d — 04, 
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where d,,4,, à, are in ascending order and chosen from among the p branch 
places d,,...., ap, and & = Ena» etc., as before, consider the equation 


à (u|u^ ^ En qs a p t a) 


à (u) | 
= $ (u| uns) 9 (u ME 3(ul ES i y P! (æ) 
-stalna SE. 3 (u) ss (m. — as) (0 — a)’ 


which has already been established - ^ Writing for the moment 


= » Gis ete, COSS OP 


we have j 


Y = i 
à ; 53 ay — A) (2; — as) (zi— as) P (m) 
— 4954s TS 
` © 0$ — ds pa TUER TR ay) P (m) ^" enh) Ps Dr c 


9 HGS Ge 1 ge 17] 
A, — Ag - Q1 Qs EE 1938 Šis - 


pete. 
Eu 18 18 | 
and, for small values of the arguments the first terms of this expression, as 


follows by what has Just previously been established, are those d | 
denoted by 


203. 1 pPO — PE) PE) PE psi ae 
Ag— dg Ay Ag Àg E— as ( — a) (E! — ay) |. £—a — dy ( (E — eJ(E — as as) 

where £/ is a symbol Ld. in its interpretation; with E hence, if we put 
| | - Phe) 7 

OT ale aa — a) 


the fret terms in à (us| us ^ + w^ a " u^*)/S(u) are those symbolically 
denoted by 











DXX P (E) > COLE — a)l -aë —a)- (E— aN — aE — — a] — a); | 
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now, sq far.as the interpretation is concerned, 


(E — a)(ÉE— a) (E — a3) — (E — a£ — a)(E — a) 
= (E — a(E — a£ — ag) — (E — a£ — a (E — a) 
=} [(E — a)1( — as) (E — as) — (E — a£ — as) f 
(000 —(£— a)i (E — ay — a) — (E — -ay(E — &)}]. 
= $ [(E—a)(£ — £)(as— a) — (E — ay — E) (as — a3) ] 
= M £ (ay — ay). 


Thus, finally, we may state the result bi saying that the function 
+ Ar 3. ue ^ -d- u^. p =) 
eae > (0 


has for the lowest terms in its expansion those of the second degree in %,..., Up 
which are symbolically denoted by 


+40 (8) OEE ey. 


Thus, for example, when p= 3, @(£) — 1, and the function begins with the 
‘terms denoted, by 4- $ (E — £'', namely, 


| + 5 (uy, — Bu} + uta) = ts — ui; 
while, for p = 4, $ (E) = £ —a,; and the function begins with - 


Fi] — GE) + af] — 288 + 77]. 
= CE pare tee € c | 

— ja (E EN — EE" — EP) 

— aL (EE — 4 P — 96") 

= — A + uu, + a, (ust — ut) + al (wus — us) - 


Cf. Schottky, “ Abriss einer Theorie der Abelschen Functionen von drei Vae 
beln” (Leipzig, 1880), p. 149, and Burkhardt, Math. Annal, XXXII (1888), 
p.442. The form $ (x) = P (z)/(z—2) .... (x — a) is in fact that denoted, by 
X Klein, by q? *—*, associated with 9 (u|u* ay +... fur). | 
The results oaned in this section may bó summarized as follows: Let 
a, ru um 2, | 
es 3 (0 
eu) = — 3 $( (uut pun) 


$ (0j 


" Nm e m CES. 
iin Ons A e à (0). 
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where the characteristics are unreduced; then the first terms in the expansions 
of these functions are, respectively, those denoted by 


PO/E—a), PO/E—a)E-a), 106p EEE, 
— e(D- P(IÉ—o)E—a)E—a). Fu, Mau, 


where 


SECTION IX. 
Expression of. the function S (u|u* ^ + .... + u* 9) in terms of functions 
Ju), S(ulu^9"), Juju” ™ + u^). 
We have, for the dissection (I), and when the characteristic denoted by 
u^ ^ +. u^ ^ is unreduced, and the places b,, b,, 6;,.... are in ascending order, |- 


$S(u|u-^-Eu^$»(u O E y 
ÉD OUR = te — ham lind Dee is Ey Fr): 


we write 


a, b, a, b, 
pa (u) = SEE HE 


the cháracteristic being unreduced. Further we write, for the present, 
Su) =S (u|u), Jy = S(ulus ^ + u^ ^). ete. 


Then we have found 


Su (u) (u) — — Gos Cig ae 


. ES (u) ds (u) 33 (w) | 
and : | . Ts — Mg — (b1 — bz) Tss, 
80 that | : " 
1 Sg(u9(u | 1: Sa(u)S(u) _ |bh—5 Mau) — 


gan ex (u) Sy (u 2H in 3 (u) oy (U) Gag San Sig X (u) 9s (u) Xs (u)' 


(S6) (u) = — Ene 13, (u) o (9) — D (9) f ()] 


A (u) A (u) Shh i 
Pis (tt) Pas (u) | 


or 


mist 
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and it is manifest that the function 


5: (u) Pa (0) — D (2) $a (v) ` 
177 0g, | | 
| being equal to 3 (u) 3455 (u) / 55s sı Sis, 18 unaltered by the interchange, of any two 
of the suffixes 1, 2, 3. Further (B. 280); if a^ bs mm (2 » u^ * p um Os — =G j 


Pis = + ue) = go — Baty | 2T 
— gh O) ~ art oh (u Tet — So (ds (v l 
de Padis " SOM CEES J 


we make frequent use of this fact in what immediately follows ; for the sake. of E 
. brevity the right hand will be denoted, more shortly, by 
^») ¥ à 3; Das — de Pig 
" ES Pa 013.633 SG bs) 
Also we put 


nea Cis Ose Gia Gos Goes + + Sin gk + Seay, ky 


. where any symbol č, = s. vb, — 5, b, — b,, the difference being taken so that 5,, b, 
are in ascending order. 

Consider now 2n indices 1, 2, 3,...., 2n; divide them into two sets 
T,,...., 7, 800 8, 8, .... 8, ; let E 


= (b, —5,).... (b, — Drab — 5.) .... (b, — Dra) © + e e (Bn — 5,), 
= (ba —5,).... (Bs, — Don) (Ca, — 5,).... (ba, — 5)... (5, — ban); 
then we proceed to show that | 


$/^—? (u) 3n... . Ga) (u) =] Drs, Pre er «Pris | Vis … cn) | 
$us Quo Pres | Dn En 


. and further, taking (2n +1) indices 1, 2:0 ss . (n 4:1). and dividing them 
into two sets r,,....,7, and 8,,8,,..:,,8,41) d putting ` 


D, = (b, — er fU brn) ++ . ( brni — On)» 
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as before, and 


~ 


. E, a = (b, — b.,) Y pik bad — b.) a 
. : X (ba ES 5,)(5,.., — "hats xs -h, aa) 
= By (b, — 5, (b — bn.) ++ « On bu), 


then we proceed to prove that 


de mines Du necis Vi ey, 
"5 | f Pris, Prs =- RE D, Bat 


Pres, Pen : Nr +1 


the latter result has been shown to hold for n = 1; we deduce that if the latter 
result holds for any value of n, then the former Pe holds for the value n+ 1, 
and that if the former result holds, the latter result holds; by combining these 
we have the truth of the theorems in general. © -> : 

If in the latter result we increase u by u% br, ;,, we obtain, dividing out by 
a certain exponential factor, - 


(n D, E, 
3. (w) Diss .... Ga +9 (4) EE = 
V1 .... $n +1) 


ES Pras 181 : | ea ee Creat Mens Prater 


1 Jr, Pr s 4-181 p SC rs, : 


MET ME Tni Sy b, —b pee.) 


fatl 


LS Prag stag 7 ans 


[oo or, 418541 E: 


71 Ty +1 
C. C 1 Sy. Pr, +1 81 — à. 1 Drs . 
TaTa +1 281 T +1 S. b un op mm ade | 
r, T, +1 - i 
Ü 4 1l LAE APR Orn Pre tas 
^78 a 1 Ta +1 88 4.1 9 : b. — : 


Ta Ta +1 


Pris Pros $., 8, 1 
Qr, STEA Pranga 4 





Pre ya 8: Re Prager sati 
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and hence s 
S^ (u) Jiss... (2n 4-2) (u) = Pes, Pre V2 .... @n+9 | 
Pres Dre. | D, in 1 
Preity iis LM 
Further, assuming E | i; 
SOP (u) Ds a(t) ee m | Pre eee» Pan | 
a 6^ j ^ 13 .... 


) 4. es 


À eui ea Dra 


we obtain, increasing u by u% da4., and dividing out by a certain exponential 
factor, m | | 


ne (uy De Ea 
Maa (u) ST ennt | 1 (u) ao 


Via cuss (82) | 
č č 1 dy, Pr CES de, 1 Pris, | C. | d m Pry su m Sy, aa Pris, 
Ti Saja 981 841 À bb LT OM Sapi 88 TR iai 


C 4 1 Sy, $, ui Lm Sy, is Pres, 4 d 1 Su Press à 1 SEN Qr. 
Ta 8, 1.1 98i Ent] E m ) ** *3 5f, 8.1.1 bd b, RS 
| 8 j A 8 +1 


Ta 4-1 


= (— ye Sr She hres Gece CIS (M i 
E eL s | 
S, Fro wd * | 2 
S PE "TS ia Dre, potis de, Pr bn Sy i Pris ? 0 


9 5» €& 6 «4 99 & P on "à b 6 9o à On € P 9 fh 96€ 9 9 9 9 98 ^ 6 9 9$ 9*9 9 eee ease 


oe, Pre be 41 i S ires, DEP da, Prat pa a ee Pres, : 0 


Gui ae Cris [om a RUN ^ oe De, Pes ) de d SR 
SCOR 


(bs, M b, NUR (Be, m - Pris: : ERE. Pris) Pr, 8,1 


- 
"- 
'"* 989989 440 8e 066 88 6 « 


PNE weeny Pr ss Pry bai) 





so that | : | 
= (u) J „esa +1 (U) =. de, pw d ’ Js, ) Sapa Y nto. 
Pris, SORA. Qro, Pr: 8, 41 | oss 


* 9$ 9 9 9v 98 nm 9 € 9$ 68 9 c 


Qai ous 
47 | ` + 
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SUMMARY OF SEOTION LX. 


. These results may be summarized as follows: Let 2, 2,,.... be any quan- 
tities whatever ; let | | 


ass... a (U) = (u |u“ up... H un»), 
where b,,.:..,b, are any finite branch places, and the characteristic is unre- 


duced ; let p = g, Vb, — b, — b,, where the difference is to be taken so that 5,, 5, are 
in ascending order; let y, be the product of all the $ 4 — 1) quantities 0: 





in which 7, 8 are à pair of different suffixes chosen from 1, , k; then putting . 
| | — 3 (u) | 
ir — $(0)' 3 
c u = (—1 5e. qr n= 1 2: 
. 2 … tn) ( ) ; ( ) Seo ; S (0) ( ) 
| Ans eee Aang oY n (u) 
0 apy (u OMB mpl omes meni, (n= 0, 1, 2,... 
T 12... ga 0 (U) = C rA 3 (0) ) 
we have | | i 
ot) (u) 735 .... any (U) = | Ors, sn (0), TURO aS: 
i ® $ 9999 ses , E, i 
Or 5 (a), ertt) 0, a, (wu) 
and | | | | " 
c" (u) O19 .... Qn 4- 1) (u) = | Or. 8, (u), see) Org (u) 1 
| 7059928460, D, E, ii 
CC) PNE (u) 
Os, (u) pot a. 
where, in the former, if 7,...., 7 and 8,,...., 8, be any decomposition of the 
indices 1, 2,...., (25) into ino sets of n each, then 
D, -— 6, - i b,,) ey Oe, dd b,,) Op b,.).. Oe, — b, ) ace Mon (5... — h) ? 
E, = (b, — 5,,) .... (5; — 5,)(5, — 5). - S (Be, — b,)..….(b, 154) 
and in the latter, if,r,,....,7, and &,....,8,41 be any decomposition of 
1, 2, ...., (2n + 1) into two seis of respectively n and n + 1 terms, then: D, is 
a8 Dole and 4 , i 


E. 4.1 = oe LE (5, — i ie D.) M (b, d bs...) K 


In these results, as already stated, 5,,...., 5, ,, are any finite branch 
places, and, correspondingly, A4, ... s As, 1 are EOS quantities. 
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| But in the application which we make of the. formula, 5,,.. erine will 
be chosen only from the p branch places a,,...., Qp, and, corr dec 
Anse. Agapi will have the values before assigned to them (Section VI). It 


follows then from the form of these equations that, in the expansion of the o 
functions in powers of w,,...., u,, the' function oj... a (uv) will begin with 
: terms of degree n, and the fono C3 … an 4- n (U) will begin with terms of 
degree (n-F 1). In other words, c,...(w) vanishes to order $k or (k+ 1) 
when the arguments u,,...., Up vanish, and has parity (— 1)*, or (—19** 5 
according as k is even or odd. We shall obtain presently the actual forms of the 
leading terms in the expansions of the functions, from which it will appear that 
the functions agree with those considered by Klein. In fact, for b— 2n the 
function -P (z)/(a—a).-.. (x— a) is to be identified with that denoted by 
Klein by $2*!-**, the additional factor being æ—a which is here to be 
replaced by 1; the $% is to be identified with the symbol u used by Klein; in 
other words, the function o5... (uw) is that whose .algebraical characteristic is 
given by the decomposition | | 


(x — a) P (x)/(x—2a).... + (x — a); Q (x). CNN s) 


Siniianly for k= m +1, we have u = 4 (k + 1), and On... | n1) (4) TOC 
to the decomposition | | i 


P ()f(a — a)... (s— d G —a) MOER a)... (ea). 


‘(Compare B. 436). | 

| We now obtain the leading terms in the expansions of each of the functions 
Cis .... ony (U) On.. pne The deduction is an immediate consequence of the 
fact (Scott, 5 Determinants, ? Cambridge, 1880, P. 121) that the determinant 




















Ta — M Wy — ‘En d, 
is equal to | 


(= 1n "n (ae; — x;) LI i — ay) / Il (4 —2).. "u- — An) - 
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From this we find (cf. Section VIII, Summary) that if £i, E vig Se. VE equivalent | | 
symbols, to be afterwards interpreted by the rule ` P 


Heu, Bw, Ge 1,....05 7H...) DP) 


‘and $ (x) = P(x)/(x— &)....(x— agn), then the function oy... ax (v) begins. ` 
with the terms denoted by 2m | 


are) ENTONCES 


where A(&,...., E) i is the product of the squares of the inc of the quan- 
tities &),.. dS While similarly the function 03 .... gx 4. (u) begins with the 
terms denoted by ` = poft s 


way $ (Exar) A (Ersre Ei 


where @(x) = P(x)/(x — a) iu TN +1). Cf. Burkhardt, Math. Kei 
X XXII (1888), p. 442. | 


SECTION X. 


Baprsion of the square of a theta function of Vives ‘or more sufixes in terma ` 
è of . the squares of the functions of one and two suffixes. . 


' The results of the present section are conveniently awn terms of 
^ the algebraical expressions known as Pfaffians, in regard to which, therefore, 
gome preliminary remarks should be made (cf. e. g. Scott,. '' Determinants,” Cam- 
bridge, 1880, p. 74). 

Let (12) denote any slgobraical quantity, and (21) = — (12), and let 
(12.. .. k) denote the integral rational expression, of order k in the quantities 
(re), hich i is defined by the equation 


(1 2....5) = (12)(84.. B= (091248) D + ens -. : Do 
| | + Gus. k—1) 





En _=(12)(84).2 EP + 


where the other terms of the latter form are obtainable from the one written 
down by interchange of the indices 2, 3, 4,...., with proper changes of sign. 
We suppose # to be even, = 2n; when k is odd the function vanishes identi- 
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eally. The: square of the function is equal to the eee ean: whose (t, js 
element is (ij) when i<j, and —( ji) when $7». 

In regard to this expression we utilize the. two resulta : 

' (I). If in the expanded result every element such as (1 2) be — by 
(zy12), that is, by 

| (wy)(12) — (21)(y2) + (@2)(y1), 

" æ and y being indices other than 1, 2,...., 2n, the result will be 
(zy)^71(ay1234.... 2n — 1. 2n), 


namely, we have 


~~ 


(xy12)(xy34) ... (xy2n —1.2n)3- ... = (xy) (xy1234 ... 2n — 1. 2n). (1) 
For instance, n being 2, it is.easily verified by direct calculation that 
(ay12)(ay84) — (xy18)(ay24) + (wy14)(my 23) = (y)(91234). 
(IT). If in the expanded expression of the Pfaffian i 23... 2n +1), 


namely, 
(y1)(28)(45) .. s(n. nF) st 


we replace every element whose symbol does not contain the index y, ch as 
(23), by a Pfaffian of four indices (zy23), and replace every-element involving y, 
such as (y1), by the corresponding element in which c at Y, namely (x1), 
the result will be | | 
(zy) (2128 . . . . 2n F m Fi), 

namely, we have | | 

(x1)(xy238)(xy45) ....(xy2n.2n +1)+....=(xy) (x128....2n +1). (I) 
For instance, when n — 1, we have, as 18 easily verified, i 

(w1)(wy23) — (x2) (xy13) + (x8)(xy12) = (#y)(x123). 

To prove (I), notice that the expansion 


[(«y)(12) — (a1) (y2) + (z2)(y1)] - -~ . [(ey)(x8) — (xa)(y8) + (x8)(ya)] - - 
[(zy)(2n — 1. n) — (2n — ym) + (z2n)(y2n — 1)] =- +. 
i (xy (128... . . 2n) 
+ (ay)? (12)(34)... (2n — 1 2n)(&B)(ya) +. 
: (y : Q 2)(34)....(2n— 1 Md ya!) =. 


H (28.6989... «8s … ZI EET 
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wherein, in the second line, the product (1 2)(34)... . (2n — 1 2n) does not con- 
tain the factor (aĝ), and in the third line the product (1 de ae —12n) 
does not contain the terms (a6), (a/8") , and so on. | 
Now the aggregate of the terms in the last line, which are those in which no 
factor (ay) enters, is zero; for to every term (xf:)....(x6,)( yay)». ..(ya,) we 


may make correspond re term, also occurring in this line, which differs. ` 


from this one only in the interchange of two of the indices B,,....,6,; on 


account of this single interchange this corresponding term will have a different 


sign from that of the term written down, and the two terms will cancel one 
another. | 

A similar argument applies to every line of the expansion except the first 
and second; for instance, in the third line corresponding to the term 


(cy) ^ (1 PR -« (2n — 1 2n)(xB)(yo)(x8" (yo?) 


(ay) (12/84)... .. (2m — 1 2n) (x (ya) (x8)(ya'); 
which, on account of the interchange of B and £’, has a different sign from that. 
of the term written down. 
The first and second lines together clearly give . 


(xy) ^! m 23.... 2n) — (z1)(y88 .. Fa + (z2)(y13 .... 2n) —... E 
= (ay) 7" (ay12. . <. 2n 2n), | 
which proves the theorem. 


— The result (II) can be deduced from (T). In ae of that theorem, the 
expression on the left side of equation (II) i is in fact | 


(1Xeg)* 7! (ey8.... . 2n + 1) — (o3 Gg) 7 (j13... 9n + 1) +. 
| | | + (x2n + Dey- : epa. .. 2m) | 
(ay (Ya 23 ... . 2n + 1) — (z2)(zy18 .. .2n +1) +. 
MM FEED 2d) 
= (ey) [(exy12.... m + 1) + (xy)(x123.... 2n + 1)] 
= (zy)*(2123 .... 2n + 1),. since (zzy12....2n +1)= 0; 


there i is a term ` 


and this proves the result i in question. . | 
.In the applications now to be made of these theorems (I) and (Il), we 
put 3, (u) to denote 9 (u|w* "+ u%*), where b, b, are any two finite branch 


Ae 
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places, and, more generally, du .... a (U) to denote 3 (u |u” ^ +.... 4% ^, and 
we put, for the elements (rs) of the Pfaffians which occur, 
when r<s, (rs) -- — Sj, (u), with (0a) = (uw), 
r8, (re) = — X, (u), with (r0) = — 8 (u); 
for the sake of brevity we replace 32, (u) simply by 32,, and 92 (u) by M. 
The results to be obtained are those represented by the equations 


PD (u) SE s (u) =(12.. .. 9n), = 
o (u) Sy... ng (4) = (012.. „e 28 + 1), | | (n=1, 2, 3,....) (III) 


which hold for the dissection (I) of the Riemann surface by means of which the 
theta functions are defined. 
. The method of proof i is by induction. We haye already proved (Section 


YID that | : 
E (u) 94 s (u) = EOR (2 — 3 (u) Si (4) + 35 (u) 95 (v), 


or, ag we write it, 
> = » 23); 
we assüme that 


g?r 35. m e (012. ... 9n. 2n +1), 
and we deduce that 


US man ans Ts 2n 4- 2), 
and | 
S? Se... an e = (012. na 2. a, 3); 

these suffice to prove the resulta (IIT) in all cases. | 
It is worth while to illustrate the nature of the proof in detail by deducing 
from $3 34, = (0123) the next following case, namely, the equation | 


F Jas = Sis Sh — Sis 35-3595. 
We have, as cases of the equation 3? Xas = (0123), the dolus wher 1, 2,8,4 
are associated with any four finite branch places i in ascending order, namely, 
F Sig = H 95i — 383%, T 3135, 


F Sig = H Igu — DE DU Im 
$335, = HS — - SESH + 3131 
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from these we due P . : 
3P (SE, Sta — 94, 91, + 9h Sx) = 9: (95 N — Sh Sh + 91,93) ; 
but from $294, = (0123), by i increasing the argument by the half-period w^ *, 
we deduce 
| SE Siss = Se Nas UCET 


hence the result i in question follows.. In other words, the functions a (u) 9 «(2 : 
3? (u) Kiss (wu) are square roots respectively of the: déterminants 


0 $ 3j i3 3$ $ 0 } Xe; Ss: Ju * 
— À, 0 ; ' Sha is — 95, 0, ds JE 
— à, — Se, 0 ; S -— Ja ` —95; 0, S 
—3, —M, —3& 0 | fs —3 —3 o | 


Similarly, for the next case, we deduce from 9 d = (1234) that 
-S Sois = Mas Ms — Stas Ha + Sis Ihr 


and Hero by substitution of the Pfaffian expressions for OSes, ete., that 
H esis "M 2345), which is a square root of the determinant 


: E X ; f d T 13 35 k 
— À, 0 , tm Ma Je Ms- 
—395.—35 0, . My Sh, 3h 
` — 3, jos tT — Jg, 0, S33; S 


— M, + Sh, — 95. — 35; 0, Js 
— À, ius T — ds) — Sis; — Ms 0 


We pass now to the Le of the general formulæ (II); if i in the equation 
35^ Sis. .@n 4 = (012..... 2n m + 1), namely, 
G*3 eda BIO ccs dais I 
we increase the argument by the half-period us pm we obtain 
EE TIT LIMIT CENE NC E ve; 
here the right side is 7 mE m 


(1.22 + 2)(028 2n + 9)... (0. 2n. m4 1. n + 2) d ve 
= [(z1)(xy23)(xy45) o (my 2n 9n Ww 1)z ....](— TE 


BAKER: E the  Hyperelliptie Sigma Functions. | 365 


where g is put for 9n + 2 and y bs 0; by the theorem a of this section this 
is equal to 
(— 1*3 (ay) (2193 .... 2n + 1), 
= (0 m+ 2)" (193 .... on + 2), 
| = X ,,(128.... m+ 2); 
thus | S98, angg = (128.... 2n + 2). (a) 


, Replacing, in the last obtained equation, n by m — 1 for convenience of writing, 
we have ; | 
ye ES S595. Fr "LITT 
and hence, eine a half-period u® ™=+1 to the argument, 


35^ eee dis... (m4 1) — 9 Ms 8m + E TENE T d Sim — 1.3m tm 4 1 E 54094 
E (012 2m-4-1)(034 2m +1) ci . (0 2m —1 2m 2m -1)3- ..., 
= (sy12)(zy34) . . . (xy 2m —1 2m) £... 


where x,y replace 0 and 2m + 1 respectively ; by the theorem D s of this 
section the right side is-equal to 
` (xy) 7T (xy12834.... ct i 2m) 
= (0 2m + 1)^—71(01234 .... 2m. 2m + 1) 
= $8") .(012...6 2m. 2m + 1); 


" hence, dividing by Sr and replacing m by n +1, we have 
HOD SE 4277 (012.....2n + 2. 2n.-- 3). (8) 


Non the fiat te equations (III) is identical when n= 1, and the 
second of these equations holds for,m = 1, it follows from the equation (a) that 
the first of the equations (III) holds when n= 2, and thence, from the equation 
(B), that the second of the equations (III) holds for n = 2, and so on. 

Two remarks are to be made: | 

In the first place the two results in equation (III) are not to be regarded as 
independent; since if in 95, .. an +1) (v) we suppose the branch place bya pı to be 
the branch place a, at infinity, the function becomes the function 95, . ,, (wu), 
while similarly the results for smaller values of n are to be regarded as particu- 
lar cases of the results for larger values. (Cf. B. 473, 526.) 

In the next place, in the applications which are here to be made of the 
equation (IIT), it will be supposed that the branch places b, on .... are chosen 
from among the p Dices iess d 

48: 
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.  SEorron XI. 
Proof 7 an addition for Die theta functions. 


The equation in ES 18 given by Königsberger, Crelle, LXIV (see also 
B. 457). Let B, denote the characteristic associated with the-half-period u® ?, 
b, being one of the 2p + 1 finite branch places; let A be an arbitrary half 


. integer characteristic. Denote the 2? characteristics A, AB,....B,, formed by 


adding the characteristic À to any combination of 0, 1, 2,...., p of the charac- 

teristics B,,...., B, by Qi, Qu ...., Qo, where s = 2. Then if C be the 

characteristic associated with the half-period u'» ^ -E.... -F w^, every one of 

the quantities 3 (0| CQ, Qj), where ? is not equal to 7, vanishes in the hyper- 

elliptic case, — the — C Q, Q; is not necessarily odd. 

For | | 
| (CQ. Q= a a a ede es oa Sea (0 kb p) a 

i LR... d - um A aaa EE qp umm c 
SS IEEE REY ni, 
maie Or at- aes + ufr —1 pi af. 4^ a» 

provided | 


(i . ee + 1 a) = (a, a, ee 9 * 3 a, b, 43 eee is b,), 3 


wherein, in the bracket on the right hand, the number of letters a is k; and 
is not zero. In other words, by taking z,,...., x, , respectively equal to 
(hys p Oy Dey owes, Oy —where the number of letters a is 4 — 1—we can put 
the liaifrneriod with which the characteristic CQ, Q, is i into a form 
differing only ki periods from 


wm toam LLLI s yis 
this proves (B. 258) that the function 3 (0| CQ, Q,) vanishes. ” 


Now, since 2? + 1 theta functions of the second order and of characteristic 
- gero are connected by a linear equation, there exists an equation 


23 (u+) 9-9 = Sao, 


.. 80 that 


Bager: On the Hyperelliptic Sigma Functions, — . 367 
wherein @, @,. -.., @, are constants. In this equation increase w by the period 
Q, + Qo, ; then it becomes | 

a3 (u 4- v| + Q)3 (u—v|O + Q) 2 Ya, et * 9 S* (u| C + Q, + Q); 
Ael "d 


therefore, putting u — 0, we deduce 


a, g Jea Q,) AO + exo v; 
PAS S*(0 didi ic 
and therefore, aseuming that 3 (0|u» ^ +... ur P is not zero, | 
er 3 v| C + Q.) 
Qc 3 (0]0) ' 
did i apu S (u— 0) Yers (ul Q) (109). 


which is the addition oo in question. In regard to. the assumption made, 


the half-period ` 
aba + ES + qun oe 


can be congruent to an sa pressing of the form 
ue aL. + uen &- pue” | 


only if a be among the set &,,....,b,; as we have-excluded this possibility, the 
funetion 3 (0| C) doés not vanish (B. 260). | 

In what follows we consider only the case when the branch places 5,, . . . , 5, 
are the p places a,...., a, ; and we take the characteristic À to be zero; then 
the two results we have obtained are: | 


(i). Let A, denote -the half integer characteristic TT with the half- 
period u^ ^, and consider the 2? characteristics 


0, Aya see 4 dios udi esses A, adi s A4... Ap; : 


if @ denote any one of. these characteristics, other than the first, the function 
3 (u| Q) vanishes for zero values of the argument, though the characteristic Q is 
not necessarily odd. This result holds for any Ayperelliptic case. | 
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(i). We have, in the hyperelliptic case, 
- (0) (u + v) 3 (u — v) = z% (u| Q) F (v| D, 


where the summation extends to the system of 2? basta shes enumerated 


.. In (1). 


SECTION XII. 


Proof that $ (wu + v)3 TET 3? (uy S? (v) is expressible as an n integral pol; ynomial | 
in each of the sets of $ p (p + 1) functions 


o o 
Qu; Ow log à (u), Go, 9v; log à (v), 


and deduction of a set of 2° formule of this kind. 

We put | 

br on - di NEL 
Pu (u) = Ou, Qu; log > (u), 


and, in the equation, proved in Section XI, 


S? (0) S (u + v) $ (u — v) = I (w) 3 (v) + E X (u) 91 (v) + 3 3 (u) 3} (v) 
+E Sp (u) Ha (0) + ees 


wherein $,(u) denotes $ (u|w* *), ete., we suppose w%,...., %, to be small, and 
expand both sides in powers of w,,...., Up, and then equate coefficients of the 
same powers of w%,....,%,, on the two sides, up to the second powers of 
these quantities. On the - side the functions of three ot more suffixes do 
nof give any powers of w, ...., t below the fourth (Section IX), and therefore 
the coefficients in the expansion of such functions do not enter into the resulting 
gt Supposing that 


(u) — 


S (0) - PACE Ss MINE eaten aes 

$e = 4m. + Pi +... | 

Sy (u) :. | ($95 1, 9 2c) 
Agt +....+ Pyu Ho Le. | 


5 co) 
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the developed equation, as far as it involves second powers of w%,...., Up, is 
1 — XX 141 py (0) —1 + XEog tu 


+8 ++ P Eu + + ru EO f, 


and by equating the coefficients we have the following +p (p + 1 PR for, | 
the determination of the $p(p + 1) quotients 


d) 3:6)/3 0), BARO (Gm 1, 2... p) 
as integral polynomials in the quantities p, (v), | 
un oul), = Pte) + ZX (0) 
— ês — pa (v) -XB) DD. qi), 
omm — Pao) -XAnao* TEM By), 


Cop  — Ppp (0) SET + TTAB 
— Cp, p— 1 Pp, p — (7X T 


eee see ese ene eae se és nee sen seu 99 


_ the solution of these equations is given in the next section. | 
Substituting in the addition equation of Section XI the values for gi (u), 
gi (v), qu (u), q (v), which result from these equations, it takes the form 


| S&*(0)S(u--v)S(u—v) . 
CO sra) c E — a P E 
TXX ARE. 


wherein (py (wu), gg (v)) denotes an Pl e linear in each of the 
two sets of $p(p-- 1) functions py (u), py (v); but, now, it follows from the 
formule (Section X) 


33 0 — 9 (u) $5. (u) = Ja du- Mun: SE aes 
D (u) Sis... m (U) = À Mess mi eee 
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that the quotients gi. . NT , of three or more suffixes, are expressible as integral - 
polynomials in the quotients qi(u), gy (u) of one and two suffixes, and therefore 
as integral polynomials in the $ p (p + 1) functions py (u). 

Hence the function 9 (u + v) $ (u — v)/ S (u) 3* (v) is expressible as an n integral 
polynomial in the p (p + 1) quantities py (u), py (v). 

We pass to a further consequence. Suppose that in the addition formula of 
Section XI we increase the argument wu by Qg, where Q is the half integer 
acne associated with & half-period of the form 

u^... E T 


then the formula becomes 
FOS (u +0] Q)3(u—o] Q)  9* (u| Q) V (9) + ES (ul Q) 3*(v| QD, 
where Q, becomes in turn every one of the. 2 — 1 characteristics formed by 


combinations of 1, 2,...., p of the fundamental characteristics A,,...., 4p; 
hence | x 


$(02(u--vlQ 9(u—v|Q) Ho) , -Vulg Pol Q. 
-— args Q9 (eg Sl). +z% (w|Q)- Selo. Q 


here, on the right side, every theta quotient which occurs is of one of the forms - 
al (u QQ) X (0| QQ) | 
3(uQ)' Fule)’ 


where Q, is one of the. group of 2? characteristics previously. considered ; 
. now we have shown that every quotient 9* (u| Q,)/3*(u) is expressible as an 
integral polynomial in the functions 9? log X (u)/Ou, Qu, ; it follows that every. 
quotient 3* nelle d Q) is M E as an integral pues in the 
functions | ` 


py («| 9) = val log S (ul Q); 


we have therefore the result: 
Let Q be any one of the group of 2° gum S | 
=, rv" Á, ; Ai 43. NU S PE eee 


before considered ; let gy (ul Q) = — 9' log à (u| Q)/ Qu. Qu, ; then the fune 


S (u--v| Q3 (u—v| 9) 
¥ (u| Q) S9 (v| Q | 
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8 expressible as an HO mem in ae p(p+1) functions py "M 
Py (w| Q). 


 Seoron XIII. 
Explicit determination of the $ p(p- 1) theta quotients d z d (u), în terme 
of unctione. py (u) ` 


To solve the equations of Section XII we notice that; as follows from Sec- 
tion VIII, the dissection of the Riemann surface being (I), we have 


A, + a, B; + ....-- 0271 D, 


an i [zs —1 (4) + ages (a) 4... baby, (a) ta] 
E when i dr, 
| = 3 P'(a) = in; f (2)]4, when T 
and 
Asta Bs. ecbapP, | 
— ÉD GG a) tob a a) + a7 (an a) +P (0)] 


$m. bed ofr, 2H, 


= =— À LIU), when $c [erm 


iliosélose taking the last p of the T before given (i 369), and remember- 
ing that P,, — 0 for every value of r and s, we have 


Ex p n Ppp (u)] TT + [ep p—1 + 855-1 (2) a? +... + Ie + pitu)]t 
= P, ih, N Ff" (a,)/ 4G (u) i | 
= if (a)/4.g (u); 
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also, fica the same equations, . | . 


_¥ Steg + eu] tad? 


izz] j=l 


. | | 
—VW[A +4, Bt... ba PLA + a Bet... ba P qi Qo) 
i—1 l 


- 


p» p | | | E P 
ASD Sl Agta, Byt + Py] lyt e Bt. Far Pa] gi (a), 


tel Jj=1 


T Mn P! (ap) P' (a, 
= ux Ped en ^g s (%); 


a, F (a.)]4 7 (a,)/4 g su) 

d, ^ a, 
. where a,~a,, = (47e. — &,), denotes the difference so chosen that a, a, are 
in ascending order. un | | 


If then we write M, = iv f' (a,)/4, so that P'(a)=X M,, we have 


Pulur 


3 (u) EE p, i + Pp, ;(u)] ai 














S (uut pu a DE 
(ule put). Er Stunt ve 7i 


F(u) © MM, 


or, using the — functions (Section IX), 
cu) _ 
OL "qe Xr. +P», OL: 


Ore (U) — 
o (u) TETE a > CHEM KOC 


i=l] j= 
E (e —&).... e — 9). 
It is to be noticed. that if instead of the function S(u) we use St), 


= e?" $ (u), where Cu? denotes a quadratic form in 1, . . | 1 Up 2 Yo. Ug, 
: f : . -—lIjzsl- 


> 
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then the quadratic form 4 cu? occurring in the expansion, Stn =1+dow+..., 


is increased by $ C), and the function py(u), = — 9° log S (u)/3u, Qu, is dimin- 
ished by Oy. In other words, the quantities cy + p, (u) are independent of the 


a(t 
i e )) to the | 
g —— avi, | g \ ES a : 
j £ )) re (u i E )) : mu is as it should be, because 
the quotients q, (u), q, (u) are equally independent of the exponential factor e. 
' The quantities ay occurring in the exponential e, are such that - 


de de 2ys-- F(x, z) _ "P 
VE [Xx a IE: ay) Yuste up 


particular exponential by whieh we pass from the functions O (u 





functions 39 (u 





where u? ^,. , V^ " are the fundamental integrals of the. first kind, I: 


Riemann’s normal elementary integral of the third. kind, and F(a, z) is a 
rational integral expression, symmetrical in z and z, and of otagi p+ 1 in each, © 
which satisfies the equations 


Fe) = 3/0), [ore ‘= = 4 fo, 


(cf. B. 194, 315); conversely, any rational integral expression in æ and z, of 
order p + 1 in each, which satisfies the equations just written, may be used in 


the integral 
f *dadz 2ys+ F(x, 2 
a Ye Y8 4 (x — g 


and will give rise to corresponding values for the quantities ay; for the differ- 
ence of two such expressions as .F (æ, z) is necessarily of the form 


(z — 2 [x, z] 1 


where [z, z],..; denotes a rational integral expression symmetrical : in w, 2 and of 
order p — 1 in each. Particular forms of such an expression F(x, z) are 


(a) if | 
l O O don rA TER ag 


F(a, D = Dee Ca + À ZUM 
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f@)= a+, 
F(x, 2) = 205 apt"; 
F(a, 2) = 4[LP() Q()+ PO QG. — 


When the expression F (æ, z) is once made precise, or what is the same thing, 
when the quantities ay are given, it should be possible to determine the coeffi- 
cients cy occurring in the expansion | 


s) trente + out. Yr 


we proceed to. prove in fact that these coefficients are given by the equation - 


Elo ue = — A[P(E) Q (E) p — F (E, £) : 


where, on the right hand, after the division has been oe out, as is always 
possible, we are to put 


B cus (=H, Heu, Heu. 


For this we may employ the formula 


pu OS FP Js gh} d= 1 P(r) Le) — 299. 2Y Ya 


1 4 — m)" 


v 
ih 


1 


which is independent of the particular form of the polynomial F(a, 2) adopted; 
this formula is deducible by differentiation from the well-known formula | 


" u^ Ot fs + aki #) JO (u* Hu 5... w 
> IE. = tog [9f a pL ate I a, RE. ewm e 


where 2, c; denote the places conjugate to z; and c, respectively. 
It is easy to see, by differentiation of the — 


HORS Peste 


il j=l 
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that whén the arguments are zero, | - 
Py (0) = — cy; 


hence, if in the formula quoted above we put = A, ty = lyya eo e, =a, We 
obtain 


- E V cyat Los l— + F(a,, a) : " (ò) 


=i j=l 4 (a,—a,)* 
and, similarly, if we put «= a, g,— Mia: D = Ge... WI c vases. 
= ap, we obtain | | 
= Fæ, a) | | 
RN i— 
2,5. iat in lim. ips ay , (e) 


from the $p(p — 1) +p = ip(p-d 1) linear equations (à), (e), we can deter- 
mine the $p (p + 1) quantities Cy; iti order ge to prove the formula 


Y Seventh P(e Q(z) + P(z) Q(z)] — F(a, 2) 


i=] j=l 4 (% — ay 


it is sufficient to prove that it includes the equation (ô), (e). E is immedi- 
ately obvious. 
In ee when, for. 


| nn Iu LL EE 
we take 
F(a, wp Ca + ilet], 


i= 


we find 
V e, d 1 — ni og 


j=1 


. and therefore, if | 2 
GENE P) et + dat dst. + des 


we have | hi Th cer 
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It follows from ibus results that the formule. put down at the commence- 
ment of this section can be written 


S? (uu y(t) NT 51 F(z, | 
— M, Sao = of = de Pa Cu mc 
M,M, —S(uwtLu) _ = 06) 60. | 


fi " (a, — à) 3 a | 
Pp p | 
F(a,, as) 
=2, 2% a wut) T 
‘in ing second of these the ae oes is (Section VI) equal to 


F(a,,a,) . 


a, cy 








M, M, T2 log SG) 3 
from the first of these we can deduce the — satisfied by the values of ' 
Èis» ++- © Which satisfy the inversion equation i | 

| um E uus b und; | (* = 1, D uve D) 
for let the coefficient of a? +1 in F'(w, z) be — 
| P(e) ct Ha bte + bo; 


lim. Fea = —iT(a); 


then we have 








| CEST 4) 
further iu 
T (a) _ T(a) . 
P(x ) T=] > Gare 
where "2 diii 
- and therefore Y | 
| 2 LE = 09 — tot 4) P (a) 
: bonos | (æ — m). eec 2), = F(z), 


p) aw PF) 
= P( HE P 2 
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is (by: Section VI) equal to | 
P) +5 E "go. 

= P(e) rl [X«- "Pp (u) — 1T, idi 
= PG + 8 TG) Ge A) PG) -Ya- L (a); - 
T—— Byres ap is 
TODOR 4 4—9 PG); 
in particular du | 000008 


pil 


F(x, z) E qz. WEN T a 


and Aspi — 0, 25541 4, we have 1G) = 4a, t= 0, 4 — 4, A=4, and the 
equation becomes l | 


g?*—a* 1g, (et acit) — es -— Pp, Aides 


(Cf. Bolza, American Journal, XVII (1895), and B. 324.) 

For the sake of completeness we put here also a particular case of a 
formula given by Bolza Se a Nachrichten, I from the $p(p+1) 
equations expressed by 





i=] j=l 

Pp. 

s (u) a 

i=l M 
where NE W = UZ” dn HUP? (—1, 7 wee 5) 


‘and z,, x, are chosen from a; .... ,,, we e can obtain the algebraic expressions 
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of the $}p(p+1) ivisslitbà s (u); the result is that, for any. values of zand 2, 
we have, with F (à) = = = (x — %).. en — ay), 


$ Brno 


e P 15i — roroi’ er) er) MG, uf. 
(Fe) P (9) — Fe) Pla) JL F( 


x) 90: — Ps) Q(z)]. 
(x — a) F(a) F(z 


^ 


to prove this it is.sufficient to see that. this last result includes the $p(p + 1) 
equations before given. 


Now m z,,9, for x, g, the right side of the 
. formula last written becomes 


icol olg cuu enit abemus | 
JO FQ) , JG) F(), P()Q + FO) Oe) 
tly FOG at | 


(a — zy 
— 4[P (2) Q (a) + P (a) Q(:)] gg 
| 4 a, — 9.) 


P 
2 = F (a Le — 2 r Je 
F2 2 oy Voi = + Fa zx, 


E is in —' with $p(p—1) of the equations in question; while, 
dividing by ~?—! and putting z g—$,, we obtain 


[ IM 


Y p, Greis =P (e) = =lim, PE es (s) T) 
| cie (ly + lim. 1. ae zy 
which is in accordance with the last p equations in question. 


In conclusion we calculate the values of. cy, cu; n for 72, with various 
hypotheses in n regard to F(x, z). 
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When | | | 
fe) =A aM ha pas 
F(z, 2) =S £ [2A + Agi 41 (2 + 2)] 
| TAREA Go) Fes DAE d] E PP DU E Gn] 
we have already found | 


a Cg, 1 = Cy, 9 = 04 ag, Ca, 3 = — ay — 05; 
. thence from 


| On + Cis (ai F 25) + 652,0, = — Flair) 


4 (a — ag)’ 
we have " — F(q, 2) | 
; | n 4 (a, — a, 
now | 


F(z, 2) — f (2) — f (2) 
= (æ — z} [~ 24 — Mer) — M 
and therefore 
465 = Aq + Ag (a, + a5) An + a) + Sura apad à); 
Or, if we write : 


- f(x) = 4 (e+ 545a E 104g? + 1042? + 4x + A), 


then Cn = 104, + 104, (a + 5) + 54, (a, + af 
| + (a + as (a3 + a; ay + a5). 
If, however, with | 
f(x) = = Apa Ge 
we take di F(a, » = 25 aè, 
then 7 Cn + ey (a + 2) + ez, | 
= Pegi + pigs — taag | 
(x —2) | . 
em Ty (pq) (Pa q: + Ps qa), 


as can easily be calculated. Hence, putting 


f (a) = 4 (5 + 5At + 104,29 + A0 Ag? + 5A + À), 


~ 
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E with A — a, — as, fiy = a, 4, that MELLON E 
a= hm — 24; Gg = iy — Ay, on = — A} + BI Ay — 10hi As + ha A, + 645; i 
if we denote these by = C? On; and those just found by s, Cig, Ci, We have | 
ay — 0s = AY, | ^n — bp = À Cy —Cù = 44; . | 


In other words, the theta functions formed with F (x, 2) equal to the former 
value are obtained from those formed with i (x, a= — 28; a, by miuiupyug by ` 
the factor -- 


e^ + As tg + 44; uy : E 
Section XIV. 
` Evaluation of S (u + v) (u — v)/ 3 (u) ¥ (v) in certain cases. 


. Putting Su (u) => (ul ee “) we work out first the case, in whioh 


, p= 2, of 
Sus (U + v) dis u—o) 
SEC (u) 3s i v) 
I the addition hrs (Section XI), by adding. the hálf-period 


u^ ^ + u^ to the argument u, and dividing by 35 (u) >is e) we obtain, on the | 
hypothesis of the dissection (I), ! 


SOS +) Su(u— 7). S oM d 3 8 - 
MG) B X X & X A o 

where $,9,,.... denote 9 (u), $ (u|u* *) ,.... and 6,6,.... denote $ (v), 
3 (v|u*), .... oo s | p 


Ly = — A log ie (u) + Cy; 


= pallu bus) + egy 
we have  (Bection ae | | 


= =9— aves +n + I Ld; ? 
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hence. | 
MM, 3^ (0) Su (w+) Sia (u — v) 
dg — 04 s (U) sie v) 
= (Ly — — Lis) ay d T (Ly, = LaNa "E: a) + Li — Ly 
n a, + Ls) — (D a+ Li) Leg 05 3- Ly)]; 





a, — a 
where Ly is the same function of v e Ly is of u; and if we use p, to denote | 
Py (u|u ^: -+ u”), and py to denote g;(v|u^ = + u^ **), this gives | 
(Pss — Pis) 44 dg + (Psi — Pa (a + Az) + $5 — £n 
+ (Pa + Cn)(Pa + 09) — (£5 + eus + 05); 
= fu — Ph + (Pa — "oO t as + Cox) + (Pan — Pis) (2105 — Can) + Po Pis — Pos Par- 


Recalling the definition of the o-function (Section 1X). we therefore have the 
result 


H cule tree (o — o) = Pu (u) — pu (0) + [Pn u) — pa (v)](a + as + às) 
E + [ea (u) — ea (v)] [a as — ea] 
+ £a (9) Pe (o) ie Pn (u) Pa (v). 
Hence, if 
GA Ag iP beet Auf + dat, 
F(x, 2) =D a à [ay T SP (x + 2) , 


we have (Section XIII) | 


oR P * d, ome ") = Pa (v) — eu (v) + Par ( a Pas (v) — £a (v) £a (V); 


‘while if 
Sf (x) = 4 (a? + 54, 2* + 104, af + 104, 2? + 54, —7" 
m — ai, 
and F(a, z) = 2a a’, 
we similarly have 


OT Cae) ET 


c3, u) o2, (v Pan (u) — Pu (v) — 24, [Pis (u) — fg (v)] 


+ À, [Ps (U) — Pre (v)] + £a (U) Pre (v) — fu (v) pas (u). 
50 - | r | 
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In either of these the function p, (u) is given by 
gu (u) = — log Gy, (u). 
s (0) = — xx log es (u) 


The forms here obtained for the right sides in these equations can be 
variously modified by utilizing the fact that the three functions Pu (u), Pis ms 
£;; (u) are connected by an algebraic equation. 

SOURIRE next the case, for p = 3, of the function 


K . + v) Jgs (u — v) 
Fjes (U) Xas (V 


where 344, (u) = 9 (u| u* % + u^ * u^ *).. We put; in the course-of the work, 
Sigg for 335, Cu) and Oy for dus (v); ete.; further, we put EV 
_ 92 = 
ET TN © — 

| | Py (v) = Go, de, E 33s (9) = Py, 

and è - © Å= pa— pn F= pa — Pa, 
“B= Pre — Pas G = Pa — £51; 
= Pa — P33, H= Pa — pre ' 
We have, for the dissection (1), 
SP 35, = 3134 — Non T 9991» 
(3 235 58. 35 RS A, 
| Sh. Ses’ Shs Ma She Dhs hs 
also, by the addition formula (Section XI), by increasing the argument u by 
the half-period u* * + w^ + u^, we have. 
3* (0) Jes (u + v) Sass (u — v) 


and therefore 











- Des (U) Mes (V) 2 
Le, Py 3 Ce DINEM 
-Pa Sn Sip Un Xo Us Où Us 
2 s l n, Gi _ Je 0 — 9» 85 
Ses Vis X28 ir 35s Oss 
3 A 2 at — | 
iss 128 p g- - 198 E) 














"DEP i 
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now we have proved (Section XIII) that 


A2 | 
2 (aj (a, — a.) 2 
TE San at [oy - acento], 


t=] jul 
3 
3 


S: )7 dc 2 be suos : LM - 





| hemos if r, 8, é denote 1, à, 3, in some order, we have, the function py (a) being, 
- as before Bn derived from Su (9), 


9 Hu) sm dy) n p 
e 4) 3- Geze CEN À ie 
(44.45) st — i "m Loy, ELS 


AM, {=t 


tai [cy + £y i). 





thus, in the notation previously explained, 


3? (0 Sa nsi) Sg (u — v) 
M, M, M, 


= X (a — alte a, F + GA + Baya, + Ca a} + Fay as (a, + a5) | 
es Sus a) SSH (ys) 


where the sign of summation refers to the three suffixes dı, Ag, ag, to be menus in 
cyclical order, 


deos asas — er aJ — Ba — CA T e 


as can.be iminediately verified ; now we have seen (Section VII) that 





5 (u) = Ai Ag Ag dus (u) 
i um Con Cs > (0) ' 
where | A; M, = P (a) = (a.— a)(a, — a) ae : 
hence E 


Oig (u + 0 o (w—v) _ ate irm -aya 04) SP (0) $c (w + v Sasa (u— v). 
5s (U) ois (2) Ss (v) Na (v) 
p^ A" S (0) Sus (u +o) Sue (u— D) , 
— (a— as) ds — aam) Sas (U) Mas (V 


z: a finally, | 
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. " 


ND an v) = [ps OF — ga (v)? — m (u) — £a wy] [has (u) p "m | 
| = [Ps (u) — Pa (*)] [Pn (u) — £u (v)]. H æ À 


+ [pro (u) — $1: (v)] | Pss (u) — Pas (9)]- 


Other cases can be similarly worked out. In accordance however with the 
results enunciated by Weierstrass, Crelle LX XXIX (1880), every p + 1.of the | 
functions p, (u) are connected by an algebraical equation, which is in fact not difficult - 
to obtain. It becomes therefore proper to investigate the modifications following 
from the introduction of these algebraical equations. For the present paper it 
is sufficient to have investigated a method WAR the actual equations can 
always be calculated. | | 
CAMBRIDGR, September 10, 1897. 
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